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1 Introduction
Coding theory is the study of reliable communication through a noisy channel. The chal-
lenge of coding theory is to construct codes with little redundancy that have strong error-
correcting capabilities. Finite geometry has contributed in this endeavour in several ways,
one of which is explored further in this article. More specifically, we investigate linear
codes constructed from certain matrices arising from finite geometries. Almost 60 years
ago, Weldon [18] initiated the study of such codes by analysing codes constructed from the
incidence matrix of classical projective planes1, because they allow an efficient decoding
algorithm. More general classes of codes arising from finite geometries have been investi-
gated since, see e.g. [11] for a detailed survey. Most attention has been paid to codes arising
from the incidence matrix of a finite projective space. This works as follows. Choose in-
tegers 0 ≤ j < k < n and a prime power q. Construct a 01-matrix M whose rows and
columns are indexed by the subspaces of the projective space PG(n, q) of dimension k and
j respectively. Let M have entry 1 in a certain position if and only if the corresponding j-
and k-space are incident. Then the code to be studied is the row space of M over a finite
field, typically the prime subfield of Fq . The minimum weight of this code was determined
by Delsarte, Goethals, and MacWilliams [7] in case j = 0 and by Bagchi and Inamdar
[2] for general values of j. Stronger characterisations of the codewords of small weight
are known, see e.g. [1]. The dimension of these codes was determined in case j = 0 by
Hamada [9], but is still unknown if j > 0 and k < n− 1.

In this paper, we study a similar code. Choose integers 0 ≤ j, k < n and a prime
power q. Construct a 01-matrix M whose rows and columns are indexed by the subspaces
of PG(n, q) of dimensions k and j respectively. Let M have entry 1 in a certain position if
and only if the corresponding j- and k-space have a non-empty intersection. Let Fp denote
the prime subfield of Fq and Cj,k(n, q) the row space of M over Fp. The length of this code
equals the number of j-spaces of PG(n, q). The dimension of this code was determined by
Sin [14]. The general formula is quite involved, so we will not state it here. However, the
case of interest to us are the codes C1,1(3, q), and for this fixed set of dimensions j, k, n,
there is a simple formula for the dimension of the code.

Result 1.1 ([14]). Let p be a prime and q = ph with h ≥ 1 an integer. Then

dim C1,1(3, q) = q

(
2p2 + 1

3

)h

+ 1.

Yet, determining the minimum weight of Cj,k(n, q) is still an open problem for j, k > 0
and j+k ≤ n−1 [11, Open Problem 2.4]. In this paper, we determine the minimum weight
of C1,1(3, q) for sufficiently large q. For a set S of lines in PG(3, q), we call the 01-vector
whose positions are indexed by the lines of PG(3, q) and that has a 1 exactly in the positions
corresponding to the lines of S, the characteristic vector of S. For any line ℓ of PG(3, q),
we refer to the characteristic vector of the set of lines having non-empty intersection with
ℓ simply as the characteristic vector of ℓ. Our main result is the following.

Theorem 1.2. Suppose that q ≥ 19 and let c be a non-zero codeword of C1,1(3, q) of weight
at most q3 + 2q2 + q + 1. Then either

1Actually, Weldon [18] studied codes from projective planes arising from perfect difference sets. Classical
projective planes are known to belong to this category. It is still an open conjecture that no other projective planes
do. This conjecture has been verified for planes up to order 2 billion [3].
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(1) c has weight q3 + q2 + q + 1 and c is the characteristic vector of the set of absolute
lines of a symplectic polar space W (3, q), or

(2) c has weight q3 + 2q2 + q + 1 and c is a scalar multiple of the characteristic vector
of a line.

Moreover, (1) occurs if and only if q is even.

In order to prove this theorem, we use a classification of small blocking sets on the
Klein quadric. Metsch [12] proved the following result, where δ denotes the Kronecker
delta.

Result 1.3 ([12, Theorem 1.1]). Let B be a minimal blocking set with respect to lines on
the hyperbolic quadric Q+(n, q), with n ≥ 5. If

|B| ≤ qn−1 − 1

q − 1
+ q

n−1
2 − δn,5,

then B is contained in a hyperplane section of Q+(n, q).

It is easy to check that a minimal blocking set B with respect to the lines of Q+(n, q),
which is contained in a hyperplane section, can take two forms:

1. B is a parabolic hyperplane section of Q+(n, q), in which case |B| = qn−1−1
q−1 .

2. There exists a point P ∈ Q+(n, q) with tangent hyperplane P⊥ such that B consists
of the hyperplane section P⊥∩Q+(n, q), where the point P is removed. In this case
|B| = qn−1−1

q−1 + q
n−1
2 − 1.

We are specifically interested in the case n = 5, but we need to strengthen the above
result slightly by removing the term δn,5 from the upper bound on |B|. We will do this on
the condition that q ≥ 4, and prove the following theorem.

Theorem 1.4. Suppose that q ≥ 4. Let B be a minimal blocking set with respect to the
lines of Q+(5, q). If |B| ≤ q3 + 2q2 + q + 1, then B is contained in a hyperplane section
of Q+(5, q).

Overview. In Section 2, we state the necessary background. In Section 3, we prove
Theorem 1.4. Finally, in Section 4, we prove Theorem 1.2.

2 Preliminaries
Throughout this article, p denotes a prime number, h ≥ 1 an integer, and q = ph a prime
power. The finite field of order q will be denoted as Fq .

We recall the basics of the theory of linear codes, see e.g. [17, §3]. It will be convenient
to represent the ambient vector space of a linear code as the vector space FS

q of functions
from some finite set S to Fq . Given a vector v ∈ FS

q , its support is defined as

supp(v) = {s ∈ S || v(s) ̸= 0} ,

and its (Hamming) weight as wt(v) = | supp(v)|. The (Hamming) distance between two
vectors v and w is dH(v, w) = wt(v − w). A subspace C of FS

q is said to be a linear
[n, k, d]q code if
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• its length, which equals |S|, is n,

• its dimension is k,

• its minimum distance min {dH(v, w) || v, w ∈ C, v ̸= w} equals d.

It is well-known that the minimum distance of C equals its minimum weight, which is
defined as min {wt(v) || v ∈ C \ {0}}, where 0 denotes the zero vector.

The standard scalar product on FS
q is defined as follows, for v, w ∈ FS

q :

v · w =
∑
s∈S

v(s)w(s).

If C ⊆ FS
q is a linear code, then its orthogonal complement with respect to the standard

scalar product is denoted as C⊥ and is called the dual code of C.

The projective space corresponding to the vector space Fn+1
q will be denoted as PG(n, q).

From now on, all dimensions will be projective dimensions. A space of dimension k is
called a k-space for short. Let Gk(n, q) denote the set of k-spaces of PG(n, q). For a
subset S of Gk(n, q), define its characteristic vector as

χS : Gk(n, q) → {0, 1} : κ 7→

{
1 if κ ∈ S,

0 if κ /∈ S.

For an integer j and a k-space κ of PG(n, q), let χ(j)
κ denote the characteristic vector of

the set of j-spaces of PG(n, q) having non-empty intersection with κ. We refer to χ
(j)
κ as

the characteristic vector of κ.

Definition 2.1. Let q be a power of a prime p, and choose integers 0 < j, k < n. The code
Cj,k(n, q) is defined as the Fp-span of

{
χ
(j)
κ || κ ∈ Gk(n, q)

}
.

The code of interest to us is C1,1(3, q), which we will simply denote as C(3, q). The
code C0,1(2, q) also plays an important role in this article, as we will heavily rely on the
characterisation of its small weight codewords by Szőnyi and Weiner [16].

Result 2.2 ([16, §4]). Suppose that q ≥ 19 and that c ∈ C0,1(2, q) with

wt(c) <

{
3q − 3 if q is prime,
3q − 12 otherwise.

Then c is a linear combination of at most 2 characteristic vectors of lines.

We end the preliminaries by discussing quadrics and symplectic polar spaces. We refer
the reader to [10, §1] for an in-depth treatment of quadrics, and to [6] for a more general
treatment of polar spaces. A form b : Fn+1

q × Fn+1
q → Fq is called bilinear if it is linear in

both arguments. We call a bilinear form b reflexive if either

• b is symmetric, i.e. b(x, y) = b(y, x) for all x, y ∈ Fn+1
q , or

• b is alternating, i.e. b(x, y) = −b(y, x) and b(x, x) = 0 for all x, y ∈ Fn+1
q .
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Now suppose that b is a reflexive bilinear form. A non-zero vector x ∈ Fn+1
q is called

singular with respect to b if b(x, y) = 0 for all y ∈ Fn+1
q . We call b degenerate if it has a

singular vector. If b is non-degenerate, then it induces an involution ⊥ on the subspaces of
Fn+1
q defined by

π⊥ =
{
y ∈ Fn+1

q || (∀x ∈ π)(b(x, y) = 0)
}
.

Since the subspaces of PG(n, q) are essentially the subspaces of Fn+1
q , we can interpret ⊥

as being defined on PG(n, q). Note that ⊥ reverses inclusion. Any involution on the sub-
spaces of PG(n, q) that reverses inclusion is called a polarity. A subspace π of PG(n, q)
is called absolute with respect to the polarity ⊥ if π ⊆ π⊥.

If b is a non-degenerate alternating form on Fn+1
q , then n is necessarily odd, and up to

a change of basis, b is given by

b(x, y) = x0y1 − x1y0 + · · ·+ xn−1yn − xnyn−1.

We call the corresponding polarity ⊥ symplectic, and the set of absolute subspaces with
respect to ⊥ is called the symplectic polar space W (n, q). It is worth noting that every
point of PG(n, q) is absolute with respect to a given symplectic polarity ⊥, and that a line
ℓ through a point P is absolute if and only if ℓ ⊂ P⊥.

A form f : Fn+1
q → Fq is called quadratic if f(αx) = α2f(x) for all x ∈ Fn+1

q

and all α ∈ Fq . A non-zero vector x is called isotropic with respect to f if f(x) = 0
and anisotropic otherwise. A point P ∈ PG(n, q) is called (an)isotropic if its coordinate
vectors are (an)isotropic. The set of isotropic points of PG(n, q) with respect to a quadratic
form is called a quadric. Every quadratic form f gives rise to a symmetric bilinear form
b(x, y) = f(x+ y)− f(x)− f(y). We call f and its corresponding quadric degenerate if
some isotropic vector x is singular with respect to b. The non-degenerate quadratic forms
on Fn+1

q have been classified.

• If n is odd, there are, up to a change of basis, two non-degenerate quadratic forms on
Fn+1
q . They are of the form

f(x) = x0x1 + · · ·+ xn−3xn−2 + g(xn−1, xn)

for some non-degenerate quadratic form g. The corresponding quadric is the hyper-
bolic quadric Q+(n, q) or the elliptic quadric Q−(n, q), if g is reducible or irre-
ducible over Fq respectively. The corresponding bilinear form b is non-degenerate
and defines a polarity ⊥. If q is odd, then the set of absolute points with respect to ⊥
coincides with the quadric Q±(n, q). If q is even, then ⊥ is a symplectic polarity.

• If n is even, there is up to a change of basis a unique non-degenerate quadratic form
on Fn+1

q , given by

f(x) = x0x1 + · · ·+ xn−2xn−1 + x2
n.

The corresponding quadric is called parabolic and denoted as Q(n, q). Let b denote
the corresponding bilinear form. Then b is non-degenerate if and only if q is odd, in
which case Q(n, q) is the set of absolute points of the corresponding polarity.

We also use the notation Qε(n, q), where ε is either −1, 0, or +1, according to the
quadric being elliptic, parabolic, or hyperbolic respectively. In other words, Q−1(n, q) =
Q−(n, q), Q0(n, q) = Q(n, q) and Q1(n, q) = Q+(n, q).
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Let π and ρ be two disjoint subspaces of PG(n, q) and let S be a set of points in π. The
set ρS =

⋃
P∈π ⟨ρ, P ⟩ is called the cone with base S and vertex ρ. By convention, ρS = S

if ρ = ∅ and ρS = ρ if S = ∅. Every quadric is a cone with as base a non-degenerate
quadric. We call a subspace π singular with respect to a quadric Q if π ∩Q is a degenerate
quadric. If P ∈ Qε(n, q) and Qε(n, q) has a polarity ⊥, then P⊥ intersects Qε(n, q) in a
quadric PQε(n− 2, q). We call P⊥ the tangent hyperplane of P . A subspace contained in
Qε(n, q) of maximal dimension is called a generator.

Result 2.3. (1) The quadric Qε(n, q) has qn−1
q−1 + εq

n−1
2 points.

(2) The quadric Qε(n, q) has
n−ε
2∏

i=1−ε

(qi + 1)

generators, and their dimension equals n+ε
2 − 1.

(3) Let G denote the set of generators of Q+(n, q). Then the relation{
(π, ρ) ∈ G2 || dim(π ∩ ρ) ≡ n− 1

2
(mod 2)

}
is an equivalence relation on G, having two classes of equal size.

An equivalence class of generators of Q+(3, q) is called a regulus, and two distinct
reguli of the same quadric Q+(3, q) are called opposite.

Lastly, we discuss the Klein correspondence. This is a bijection between the points of
Q+(5, q) and the lines of PG(3, q). For this reason, the quadric Q+(5, q) is also called the
Klein quadric. The lines contained in Q+(5, q) correspond to the sets
{ℓ ∈ G1(3, q) || P ∈ ℓ ⊂ π} of lines in PG(3, q), with P and π an incident point and plane
of PG(3, q). The equivalence classes of generators of Q+(5, q) are called the classes of
Greek and Latin planes. The Greek planes correspond to the sets {ℓ ∈ G1(3, q) || ℓ ⊂ π}
with π a plane, and the Latin planes correspond to the sets {ℓ ∈ G1(3, q) || P ∈ ℓ} with
P a point. A parabolic hyperplane section of Q+(5, q) corresponds to the set of lines of a
symplectic polar space W (3, q). A tangent hyperplane section of Q+(5, q) corresponds to
the set of all lines having non-empty intersection with a fixed line of PG(3, q).

3 Blocking sets of the Klein quadric
In this section, we extend Result 1.3 in the case n = 5 to Theorem 1.4. We will closely
follow the original proof by Metsch [12].

Definition 3.1. A blocking set of a quadric Q with respect to the k-spaces is a set B of
points of Q that intersects every k-space of Q. We call B minimal if none of its proper
subsets is a blocking set.

From now on, blocking sets are always considered with respect to lines. We focus on
Q+(5, q), which will simply be denoted as Q. The corresponding polarity will be denoted
as ⊥.

Metsch proved the following result.
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Result 3.2 ([12, Lemma 2.2]). Let B be a blocking set of Q with |B| ≤ q3 + 2q2 + q. Let
H be a hyperplane of PG(5, q) such that H ∩B is not a blocking set of Q.

(1) If H is a tangent hyperplane, then |H ∩B| ≤ |B| − q(q2 − q + 1) ≤ 3q2.

(2) If H is a non-tangent hyperplane, then |H∩B| ≤ 4q2−2q. If in addition |H∩B| >
3q2 − q, then every line of H ∩Q meets B in at least two points.

We extend this result using similar arguments to the following lemma.

Lemma 3.3. Suppose that q ≥ 3. Let B be a blocking set of Q with |B| ≤ q3+2q2+q+1.
Let H be a hyperplane of PG(5, q) such that H∩B is not a blocking set of Q. If |H∩B| ≥
3q2 + 2, then H is a non-tangent hyperplane, |H ∩ B| ≤ 4q2 − 2q + 1, and every line of
H ∩Q meets B in at least two points.

Proof. Note that the case |B| ≤ q3 + 2q2 + q follows from Result 3.2, so we may suppose
that |B| = q3 + 2q2 + q + 1.

In case that H is a non-tangent hyperplane, put P := H ∩ Q. In case that H is the
tangent hyperplane of a point P0 ∈ Q, put P := (H ∩ Q) \ {P0}. In both cases, P is a
minimal blocking set of Q.

There exist integers δ, c0, c1, d,∆ such that the following properties hold:

(a) every point P ∈ P belongs to c0 lines of Q that do not lie in H;

(b) every line contained in P lies in c1 planes of Q that do not lie in H;

(c) δ points of P are not in B;

(d) d is the maximal number of points of Q \B on a line contained in P;

(e) ∆ = |B| − |P|, which implies that |B \H| = |B| − |B ∩H| ≤ δ +∆.

Note that |B \H| = δ+∆ or |B \H| = δ+∆−1 and that the latter occurs only when
H is the tangent hyperplane of a point P0 ∈ B.

Since B meets every line of Q, d ̸= q + 1. The definition of P implies that P meets
every line of Q. Since, by hypothesis, the points of H ∩B do not meet every line of Q, we
see that P is not contained in B. Hence, d ̸= 0. Thus 1 ≤ d ≤ q.

If X is a point of B that does not belong to H , then X⊥ meets H in a quadric QX

of type Q+(3, q). Denote by z the maximal number of points of Q \ B that lie in such a
quadric QX . In case that H is the tangent hyperplane of a point P0 ∈ Q, note that P0 does
not occur in any of the quadrics QX .

Then every point X of B \ H is perpendicular to at most z points of P \ B. On the
other hand, a point P of P \B belongs to c0 lines of Q that are not contained in H and as
each of these lines meets B, the point P is perpendicular to at least c0 points of B \H . We
now count the pairs (X,P ) of perpendicular points X ∈ B \H and P ∈ P \B. We obtain
that |B \H| · z ≥ δc0.

Since |B \H| ≤ ∆+ δ, this implies that

(∆ + δ) · z ≥ δc0. (3.1)
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Consider a point X ∈ B \H for which the quadric QX has exactly z points in Q \B.
Since every line of QX meets Q\B in at most d points, a simple double counting argument
(cf. [12, Lemma 2.1]) gives

z ≤ |QX |d
q + 1

.

So this upper and lower bound for z imply that

δc0
δ +∆

≤ z ≤ |QX |d
q + 1

. (3.2)

By definition (d) of d, P contains a line ℓ with exactly d points P1, . . . , Pd in Q \ B.
The point P1 belongs to c0 lines of Q that do not lie in H and each of these lines meets
B \H . In this way, the point P1 gives rise to at least c0 points of B \H . For the point P2,
the same holds, but c1q of these lines on P2 lie in a plane of Q on Q+(5, q) through ℓ, so
that the corresponding points of B \H might have already been counted using the lines on
P1. Thus P2 gives rise to at least c0 − c1q new points in B \ H and the same is true for
P3, . . . , Pd. This shows that

|B \H| ≥ dc0 − (d− 1)c1q. (3.3)

But |B \H| ≤ ∆+ δ, so δ ≥ dc0 − (d− 1)c1q −∆.
Inequality (3.2) remains true, if we replace δ by this lower bound for δ. This gives,

after simplifications using that |QX | = (q + 1)2, that

(dc0 − (d− 1)c1q −∆)c0 ≤ (q + 1)d(dc0 − (d− 1)c1q). (3.4)

There are two possibilities for the intersection of the hyperplane H with the quadric Q.
Either H intersects Q in a non-degenerate parabolic quadric Q(4, q) or H is the tangent
hyperplane P⊥ of a point P ∈ Q.

Suppose by contradiction that H is a tangent hyperplane. Then c0 = q2 and c1 = 1.
The bound on |B| gives ∆ ≤ 1. From (3.4), we obtain

(
dq2 − (d− 1)q

)
·(

q2(q + 1)− d(q + 1)2
)
≤ q2(q + 1), so d = q. Then |B \ H| ≥ dc0 − (d − 1)c1q =

q3 − q2 + q, and thus |B ∩H| ≤ 3q2 + 1, a contradiction.
Therefore, H is a non-tangent hyperplane. Then c0 = q2 + q and c1 = 2. The bound

on |B| gives ∆ ≤ q2. From (3.4), we obtain (dq − d+ 2) (q − d) ≤ q2, so either d = 1,
d = q − 1 or d = q.

If d = 1, then (3.2) implies that δ ≤ q + 1 and therefore |B \H| ≤ q2 + q + 1. Also,
(3.3) implies that |B \H| ≥ q2 + q and therefore δ ≥ q. The latter means that there are at
least q points in H ∩Q not in B, and since d = 1, these points are pairwise non-collinear
in Q. Take two of these points. The number of points of B \H that are collinear with both
points is at least q2 + q− 1, since each point belongs to c0 = q2 + q lines of Q+(5, q) \H ,
and |B \H| ≤ q2+q+1. There are at most 2 points not collinear with both. The q2+q−1
points that are, belong to a hyperbolic quadric Q+(3, q). If we take a third point of B \H ,
then it can be collinear with at most 2q + 1 points of that hyperbolic quadric Q+(3, q), i.e.
at most 2q + 1 + 4 = 2q + 5 lines of the c0 = q2 + q lines of Q+(5, q) \H through that
third point can be blocked by B, a contradiction.

If d = q−1, then (3.3) implies that |B\H| ≥ q3−2q2+3q, so |B∩H| ≤ 4q2−2q+1.
Moreover, d = q − 1 means that every line of H ∩Q contains at least two points of B.

If d = q, then (3.3) implies that |B \H| ≥ q3 − q2 + 2q, so |B ∩H| ≤ 3q2 − q + 1, a
contradiction.
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Result 3.4 ([12, Lemma 2.4]). Consider in PG(4, q) a degenerate quadric Q′ = PQ+(3, q)
for some point P . Assume that B is a set of at most (q + 1)2 + (2q − 3) points of Q′ such
that P /∈ B and such that every line of Q′ meets B. Then there exists a solid S with P /∈ S
and S ∩Q′ ⊆ B.

We are now ready to prove Theorem 1.4, following a similar strategy as [12, Theo-
rem 3.1].

Proof of Theorem 1.4. Let q ≥ 4. If |B| ≤ q3+2q2+q, then this follows from Result 1.3,
so suppose that |B| = q3 + 2q2 + q + 1.

Let F be one of the two equivalence classes of planes of Q. Then |F| = q3+q2+q+1,
and every point of Q belongs to q + 1 planes of F . It follows that

∑
π∈F |π ∩ B| =

|B|(q + 1). Since |B| ≤ q(q + 1)2 + 1, this implies that there exists a plane π ∈ F with
|π ∩ B| < q + 2. It follows from a result of Bruen [5] that |π ∩ B| = q + 1 and that
ℓ := π ∩B is a line.

Consider a point P of Q \ B. Then Result 3.4 shows that |P⊥ ∩ B| ≥ (q + 1)2. It
also shows that |P⊥ ∩ B| < (q + 1)2 + 2q − 2 implies that there exists a solid S in the
hyperplane P⊥, with P ̸∈ S and S ∩ Q ⊆ B. Since P ̸∈ S, the subspace S meets Q in
a quadric of type Q+(3, q), which has (q + 1)2 points. For every point P ∈ Q \ B, put
eP := |P⊥ ∩B| − (q + 1)2.

Now we prove the following result.

(1) The set π \ ℓ contains at least one point P with eP ≤ q − 1, at least two points P
with eP ≤ q, and at least q+2 points P with eP < 2q− 2, unless eP = q for all the points
P ∈ π \ ℓ.

Recall that π∩B = ℓ. Every point P of π\ℓ is perpendicular to |P⊥∩B| = eP+(q+1)2

points of B. But then P is collinear to eP + (q + 1)2 − (q + 1) = q2 + q + eP points of
B \ ℓ. Then every point of B \ ℓ is perpendicular to q points of π \ ℓ, unless this point of B
lies in the second plane of Q through the line ℓ.

Therefore, ∑
P∈π\ℓ

(q2 + q + eP ) ≤ (|B| − q − 1)q.

So ∑
P∈π\ℓ

eP ≤ (|B| − q − 1)q − (q2 + q)q2 ≤ q3,

since |B| ≤ q3 + 2q2 + q + 1.
Since |π \ ℓ| = q2 and since the upper bound is q3, there exists at least one point

P ∈ π \ ℓ with eP ≤ q − 1, unless eP = q for every point P ∈ π \ ℓ. It is also valid that
there exist at least two points P ∈ π \ ℓ with eP ≤ q, and, since q ≥ 4, at least q+2 points
P ∈ π \ ℓ with eP < 2q − 2.

Case 1. Assume that for some point P ∈ π \ ℓ, eP ̸= q.
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By (1), we find q + 2 points P1, . . . , Pq+2 in π \ ℓ, with ePi < 2q − 2. For each of
these points Pi, the hyperplane P⊥

i contains a solid Si, with Pi ̸∈ Si, and such that all the
points of the quadric Si ∩ Q belong to B. These quadrics Si ∩ Q are hyperbolic quadrics
Q+(3, q)i.

Here, π ⊆ P⊥
i . Since all the intersection points of the plane π with Si belong to B, and

π ∩B = ℓ, necessarily the line ℓ ⊆ Si.
For i ̸= j, the subspace Si ∩ Sj is either the line ℓ or it is a plane that meets Q in two

lines, one of which is the line ℓ. In particular, at most 2q + 1 points of Q lie in Si ∩ Sj . It
follows that the union Si ∪Sj contains at least 2(q+1)2 − (2q+1) = 2q2 +2q+1 points
of B. Also, as ℓ belongs to all the subspaces Si, the union of three of the solids Si contains
at least 3(q + 1)2 − 3(2q + 1) + (q + 1) = 3q2 + q + 1 points of B.

By (1), we may assume that eP1
≤ q−1. Consider a point Pi with i ≥ 2. The line P1Pi

is a line of Q; so it lies in two planes of Q. One of these planes is π. Let π′ be the other
plane. Then π′ meets Si in a line and this line lies in B. As |P⊥

1 ∩B| ≤ (q + 1)2 + q − 1,
at least two of the points of this line must lie in S1. Hence, the line π′ ∩ Si lies in S1. This
shows that S1 ∩ Si is a plane that meets Q in two lines π ∩ Si = ℓ and π′ ∩ Si.

The solid S1 lies in q+1 hyperplanes. One of these hyperplanes is P⊥
1 . As |P⊥

1 ∩B| =
(q + 1)2 + eP1 ≤ (q + 1)2 + q − 1 < 2q2 + 2q + 1, the hyperplane P⊥

1 cannot contain
one of the solids S2, . . . , Sq+2. Since S1 spans a hyperplane with each of the q + 1 solids
S2, . . . , Sq+2, it follows that there exists a hyperplane H on S1 that contains at least two of
the solids S2, . . . , Sq+2. Then |H ∩B| ≥ 3q2 + q + 1. We may assume that S2, S3 ⊆ H .

In order to prove the theorem, it suffices to show that H ∩ B meets all the lines of Q.
Assume that this is not the case. As |H ∩B| ≥ 3q2 + q + 1, Lemma 3.3 shows that H is a
non-tangent hyperplane, that |H ∩B| ≤ 4q2 − 2q+ 1, and that every line of H ∩Q meets
B in at least two points.

Consider the three solids S1, S2, S3 of H . The line ℓ belongs to all three of them. As H
is a non-tangent hyperplane, it meets Q in a quadric of type Q(4, q). Thus ℓ meets (q+1)q
other lines of H ∩ Q = Q(4, q). Each of these lines meets B in at least two points. One
of these two points belongs to the line ℓ. Of the (q + 1)q lines of H ∩ Q that meet ℓ, at
most 3(q + 1) lie in one of the solids S1, S2, S3. Therefore, at least (q + 1)(q − 3) lines of
H ∩Q meet ℓ and are not contained in S1, S2, S3. Since each line of H meets B in at least
two points, each of these (q + 1)(q − 3) lines contains a point of B that is not in S1, S2

or S3. Different lines yield different points of B, since H does not contain a plane of Q
(or, equivalently, H ∩Q = Q(4, q) is a generalised quadrangle) [13]. Thus we have found
(q+1)(q−3) extra points in B so that |H∩B| ≥ 3q2+q+1+(q+1)(q−3) = 4q2−q−2.
But |B ∩H| ≤ 4q2 − 2q + 1, a contradiction.

Case 2. Assume that for all the points P ∈ π \ ℓ, eP = q.

If eP = q for every point P ∈ π \ ℓ, then |P⊥∩B| = (q+1)2+q ≤ (q+1)2+2q−3.
So for every such point P ∈ π \ ℓ, P⊥ contains a solid S, with P /∈ S and S ∩ Q =
Q+(3, q) ⊆ B by Lemma 3.4. Moreover, S ∩ π = ℓ for each such solid S. We want to
find points P1, P2, . . . , Pq+2 such that for the respective solids S1, S2, . . . , Sq+2, it holds
that S1 ∩ Si is a plane for all i = 2, . . . , q + 2, since then we can continue with the proof
of Case 1.

First choose q + 2 arbitrary points Pi ∈ π \ ℓ. The line P1Pi lies in two planes of Q,
one of which is π. Let πi be the other plane. Its intersection with Si is a line ℓi that is
contained in B. If this line ℓi also lies in S1, then S1 ∩ Si is a plane. If this is the case for
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all i ∈ {2, . . . , q+2}, then we are done. So suppose that this is not the case. Then ℓi ̸⊆ S1

for a certain i ∈ {2, . . . , q+2}. W.l.o.g. this is the case for i = 2. Since ℓ2 ⊆ P⊥
1 ∩B and

eP = q, P⊥
1 ∩ B = Q+(3, q)1 ∪ ℓ2. Now, for any other point Pi ∈ π \ (ℓ ∪ π2), ℓi must

lie in S1, since otherwise P⊥
1 ∩B contains at least q− 1 more points (those extra points on

the line ℓi) and therefore eP1 ≥ 2q− 1, a contradiction. So S1 ∩ Si is a plane for all points
Pi ∈ π \ (ℓ ∪ π2).

The remainder of the proof is the same as in Case 1, starting from the paragraph that
begins with the sentence “The solid S1 lies in q + 1 hyperplanes.”

4 Small weight codewords of C(3, q)
In this section, we determine the small weight codewords of C(3, q). We do this by inves-
tigating the small weight codewords of a code that contains C(3, q).

Definition 4.1. Let C(q) denote the code spanned by C(3, q) and the characteristic vectors
of the lines of the symplectic polar spaces W (3, q) embedded in PG(3, q).

First, we prove that C(q) = C(3, q) if and only if q is even. We actually prove a similar
result for a more general class of codes.

Definition 4.2. Let 0 < i < j < n. For c : Gj(n, q) → Fp, define

proj(i)(c) : Gi(n, q) → Fp : µ 7→
∑

λ∈Gj(n,q)
µ⊆λ

c(λ).

Lemma 4.3. Let 0 < i, j, k < n, i < j. A function c : Gj(n, q) → Fp belongs to
Cj,k(n, q)⊥ if and only if proj(i)(c) belongs to Ci,k(n, q)⊥.

Proof. Observe that proj(i)(c) belongs to Ci,k(n, q)⊥ if and only if for each k-space κ,∑
µ∈Gi(n,q)
µ∩κ ̸=∅

proj(i)(c)(µ) = 0.

On the other hand,∑
µ∈Gi(n,q)
µ∩κ̸=∅

proj(i)(c)(µ) =
∑

µ∈Gi(n,q)
µ∩κ̸=∅

∑
λ∈Gj(n,q)

µ⊆λ

c(λ) =
∑

λ∈Gj(n,q)
λ∩κ̸=∅

c(λ) = c · χ(j)
κ ,

where we used that

| {µ ∈ Gi(n, q) || µ ⊆ λ, µ ∩ κ ̸= ∅} | ≡

{
0 if λ ∩ κ = ∅
1 if λ ∩ κ ̸= ∅

(mod p),

because the number of i-subspaces of a j-space, having nonempty intersection with a given
subspace, equals 1 modulo p, see e.g. [4, Lemma 9.3.2].

Hence, proj(i)(c) belongs to the dual code of i-spaces and k-spaces of PG(n, q) if and
only if c · χ(j)

κ = 0 for each k-space κ, which is equivalent to c ∈ Cj,k(n, q)⊥.
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Proposition 4.4. Let S denote the set of absolute lines of a symplectic polar space
W (2n + 1, q) embedded in PG(2n + 1, q). Then χS ∈ C1,n(2n + 1, q) if and only if
q is even.

Proof. First suppose that q is even. Consider a hyperbolic quadric Q+(2n + 1, q), and an
equivalence class R of the generators (n-spaces) of Q+(2n+1, q). Consider the codeword

c =
∑
λ∈R

χ
(1)
λ

of the code C1,n(2n+ 1, q). Take a line ℓ in PG(2n+ 1, q). Then c(ℓ) equals the number
of generators in R that intersect ℓ non-trivially. Suppose that ℓ intersects Q+(2n + 1, q)
in m1 points. The number of generators of Q+(2n + 1, q) of R through a point P equals
0 if P /∈ Q+(2n + 1, q) and equals the number of generators of R in P⊥ otherwise, with
⊥ the polarity associated to Q+(2n + 1, q). Since P⊥ intersects Q+(2n + 1, q) in a cone
PQ+(2n − 1, q), this number equals the number of generators of one equivalence class
in Q+(2n − 1, q), which is given by

∏n−1
i=1 (q

i + 1) (where we use the convention that an
empty product equals 1) by Result 2.3(2) and (3). Let m2 denote the number of generators
of Q+(2n+ 1, q) through ℓ. Then

c(ℓ) = m1

n−1∏
i=1

(qi + 1)− qm2 ≡ m1 (mod p).

Hence, c is the characteristic vector of the singular lines of Q+(2n+1, q). Since q is even,
these are the absolute lines with respect to ⊥, which must be symplectic, again by q being
even.

Now suppose that q is odd. Let ⊥ denote the polarity associated to W (2n+1, q). Take
a 3-space Σ of W (2n + 1, q) such that Σ ∩ Σ⊥ = ∅. Then the absolute subspaces of ⊥
contained in Σ are the lines and points of a W (3, q) in Σ. Consider a hyperbolic quadric
Q+(3, q) in Σ and let R+ and R− denote its two reguli. Consider the function

c : G1(2n+ 1, q) → Fp : ℓ 7→


1 if ℓ ∈ R+,

−1 if ℓ ∈ R−,

0 otherwise.

Then proj(0)(c) = 0, hence c ∈ C1,n(2n+ 1, q)⊥ by Lemma 4.3. Therefore, if χS would
be in C1,n(2n+1, q), then χS ·c = 0, which means that S contains the same number of lines
of R+ and R− modulo p. Hence, in order to prove that χS /∈ C1,n(2n+1, q), it suffices to
show that there exists a hyperbolic quadric Q+(3, q) and a symplectic polar space W (3, q)
in Σ ∼= PG(3, q) where the reguli of Q+(3, q) do not contain the same number of lines of
W (3, q) modulo p.

To this end, consider the symplectic polar space of PG(3, q) defined by the bilinear
form

b(x, y) = x0y1 − x1y0 + x2y3 − x3y2.
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From now on, let ⊥ denote the polarity of the symplectic space W (3, q) corresponding
to b. A line through two distinct points of PG(3, q), with coordinates x = (x0, . . . , x3)
and y = (y0, . . . , y3), is absolute if and only if b(x, y) = 0. Now consider the hyperbolic
quadric with equation x0x1 = x2x3. Its two reguli are

R+ = {⟨(α, 0, β, 0), (0, β, 0, α)⟩ || ⟨(α, β)⟩ ∈ PG(1, q)} ,
R− = {⟨(α, 0, 0, β), (0, β, α, 0)⟩ || ⟨(α, β)⟩ ∈ PG(1, q)} .

On the one hand,
b ((α, 0, β, 0), (0, β, 0, α)) = 2αβ.

Since q is odd, this means that R+ contains two absolute lines. On the other hand,

b ((α, 0, 0, β), (0, β, α, 0)) = αβ − βα = 0,

so all q + 1 lines in R− are absolute. Note that q + 1 ≡ 1 ̸≡ 2 (mod p), which finishes
the proof.

Now we continue our investigation of the small weight codewords of C(q).

Lemma 4.5. Given c ∈ C(q), there exists a scalar α ∈ Fp with the property that c·χS = α
whenever S is one of the following types of sets:

• S is the set of all lines in PG(3, q), i.e. S = G1(3, q),

• S is the set of lines in a plane of PG(3, q),

• S is the set of lines through a point of PG(3, q),

• S is the set of lines through a point in a plane of PG(3, q).

Proof. Let χ either be the characteristic vector of the lines of a symplectic space W (3, q),
or a vector of the form χℓ for some line ℓ in PG(3, q). Then for each of the sets S listed
above, χ ·χS = 1. The proof for the other codewords of C(q) follows from the linearity of
the code C(q).

Note that if α ̸= 0 in the above lemma, then c · χS ̸= 0 whenever S is the set of lines
through a point in a plane. Therefore, the image of supp(c) under the Klein correspondence
must be a blocking set with respect to the lines of Q+(5, q). If wt(c) is small, then we can
apply Theorem 1.4 to obtain strong structural information about supp(c). It remains to deal
with the case α = 0.

We will use a result in projective planes that is a special case of a result in general
combinatorial designs. For a proof, see [15, Theorem 3.1] for the projective planes and
[15, Theorem 4.1] or [8, Corollary 5.3] for the general result.

Result 4.6. A set S of lines in PG(2, q) covers at least (q+1)2|S|
q+|S| points.

We need one more small lemma, and then we are ready to deal with the case α = 0.
Given a function f , and a subset S of its domain, denote the restriction of f to S by f|S .
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Lemma 4.7. Suppose that c ∈ C(q).

• If S is the set of lines in a plane π of PG(3, q), then c|S belongs to the code C1,0(2, q)
defined on the lines of π.

• If S is the set of lines through a point P , then c|S belongs to the code of points and
lines C0,1(2, q) in the quotient geometry through P .

Proof. Suppose that S denotes the set of lines in the plane π. Then for each line ℓ, either
ℓ ∈ π and χ

(1)
ℓ|S = 1, or ℓ ∩ π is some point P , and χ

(1)
ℓ|S is the characteristic vector of the

lines through P in π. Similarly, if χ is the characteristic vector of the lines of a symplectic
space W (3, q) with polarity ⊥, then χ|S is the characteristic vector of the lines through the
point π⊥ in π. In all cases, these vectors belong to the code of C1,0(2, q) defined on the
lines of π. Then this is valid for all c ∈ C(q) by linearity.

The proof is analogous for S equal to the set of lines through a point in PG(3, q).

Proposition 4.8. Suppose that q ≥ 19. Let c ∈ C(q), with c · 1 = 0. If c ̸= 0, then
wt(c) ≥ q3 + 2q2 + q + 3.

Proof. Assume that c · 1 = 0 and c ̸= 0. In order to apply Result 2.2, let δ denote 3 if q
is prime and 12 otherwise, in which case q ≥ 25. Take a plane π which is not disjoint to
supp(c) and let S be the set of lines in π. Consider the code C1,0(2, q) of lines and points
in π. Then c|S ∈ C1,0(2, q) by Lemma 4.7. Now suppose that π contains fewer than 3q− δ
points of supp(c). By Result 2.2, c|S is a linear combination of at most two characteristic
vectors of points, i.e. c|S = αχ

(1)
P +βχ

(1)
R for some scalars α, β ∈ Fp and points P,R ∈ π.

Lemma 4.5 implies that c · χS = c · 1 = 0. Since α+ β = c|S · 1 = c · χS = 0, it follows
that α = −β. Note that α, β ̸= 0 and P ̸= R since we assumed that c|S ̸= 0.

We conclude the following. For any plane π, one of three cases holds:

• π contains no lines of supp(c),

• π contains exactly 2q lines of supp(c), and there exist two distinct points P,R in
π so that the lines of supp(c) contained in π are exactly the lines of π containing
exactly one of the points P and R,

• π contains at least 3q − δ lines of supp(c).

Completely analogously, any point of PG(3, q) belongs to 0, 2q, or at least 3q− δ lines
of supp(c).

First consider the case where some plane π of PG(3, q) contains 2q lines of supp(c),
and let P,R be as above. Then every point of π not on the line ⟨P,R⟩ belongs to two lines
of supp(c) in π, hence, such a point belongs to at least 2q − 2 lines of supp(c) outside of
π. Also, P and R lie on at least 2q lines of supp(c). This yields

wt(c) ≥ q2(2q − 2) + 2 · 2q = 2q3 − 2q2 + 4q > q3 + 2q2 + q + 3.

If some point P belongs to exactly 2q lines of supp(c), we can apply a similar argu-
ment. Indeed, by using the duality of PG(3, q), we can swap the roles of points and planes
in the above argument.
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Thus, the last case to consider is the case where no plane or point of PG(3, q) is incident
with exactly 2q lines of supp(c). Take a plane π containing a line of supp(c). Then π con-
tains at least 3q − δ lines of supp(c). By Result 4.6, these lines cover at least (q+1)2(3q−δ)

4q−δ

points of π. Each of these points belongs to at least 3q − δ − (q + 1) = 2q − δ − 1 lines
outside of π. Therefore,

wt(c) ≥ 3q − δ +
(q + 1)2(3q − δ)

4q − δ
(2q − δ − 1).

Plugging in that either δ = 3 and q ≥ 19, or δ = 12 and q ≥ 25, yields

wt(c) > q3 + 2q2 + q + 2.

Theorem 4.9. Suppose that q ≥ 19 and that c is a non-zero codeword of C(q) with wt(c) ≤
q3 + 2q2 + q + 1. Then one of the following cases holds.

(1) wt(c) = q3 + q2 + q + 1, and c is a scalar multiple of the characteristic vector of
the lines of a symplectic space W (3, q).

(2) wt(c) = q3 + 2q2 + q + 1, and c is a scalar multiple of χ(1)
ℓ for some line ℓ.

Proof. Define α as c · 1. By Proposition 4.8, α ̸= 0. As noted before, Lemma 4.5 implies
that supp(c) is equivalent to a blocking set of Q+(5, q) under the Klein correspondence,
whose size is at most q3 + 2q2 + q + 1. By Theorem 1.4, there are two options:

• supp(c) contains the set S of lines of a symplectic space W (3, q). In this case, let χ
denote χS . Since S ⊆ supp(c), wt(c− αχ) ≤ wt(c).

• supp(c) contains the set S of lines that intersect a given line ℓ of PG(3, q) exactly
in a point. In this case, let χ denote χ

(1)
ℓ . Since ℓ is the only possible element of

supp(χ) \ supp(c), wt(c− αχ) ≤ wt(c) + 1.

In both cases, we find a codeword c−αχ of C(q) with (c−αχ) ·1 = 0 and wt(c−αχ) ≤
wt(c) + 1 < q3 + 2q2 + q + 3. By Proposition 4.8, this implies that c = αχ.

Note that Theorem 1.2 follows directly from Theorem 4.9 and Proposition 4.4.

Remark 4.10. Theorem 1.2 requires that q ≥ 19, but for q = 2 we can give a complete
classification of the codewords of C1,1(3, 2). First, observe that for every q, 1 ∈ C1,1(3, q).
Indeed, if c is the sum of χ(1)

ℓ over all lines of PG(3, q), then for every line ℓ, c(ℓ) equals
the number of lines intersecting ℓ, i.e. c(ℓ) = wt(χ

(1)
ℓ ) ≡ 1 (mod p). Therefore, c = 1.

In C1,1(3, 2), there is one zero codeword, there are 28 copies of W (3, 2) in PG(3, 2)
giving us 28 codewords of weight 15, and there are 35 lines in PG(3, 2), giving us 35
codewords of weight 19. For each of these codewords c, 1 + c is also a codeword. This
accounts for 2(1 + 28 + 35) = 128 = 27 codewords. By Result 1.1, dim(C1,1(3, 2)) = 7,
so this accounts for all the codewords of C1,1(3, 2).
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[16] T. Szőnyi and Zs. Weiner, Stability of k mod p multisets and small weight codewords of the
code generated by the lines of PG(2, q), J. Comb. Theory Ser. A 157 (2018), 321–333, doi:
10.1016/j.jcta.2018.02.005, https://doi.org/10.1016/j.jcta.2018.02.005.

[17] J. H. van Lint, Introduction to Coding Theory, volume 86 of Graduate Texts in Mathemat-
ics, Springer-Verlag, Berlin, 3rd edition, 1999, doi:10.1007/978-3-642-58575-3, https:
//doi.org/10.1007/978-3-642-58575-3.

[18] E. J. Weldon, Difference-set cyclic codes, Bell System Tech. J. 45 (1966), 1045–1055, doi:
10.1002/j.1538-7305.1966.tb01686.x, https://doi.org/10.1002/j.1538-7305.
1966.tb01686.x.

https://doi.org/10.1016/j.jcta.2018.02.005
https://doi.org/10.1007/978-3-642-58575-3
https://doi.org/10.1007/978-3-642-58575-3
https://doi.org/10.1002/j.1538-7305.1966.tb01686.x
https://doi.org/10.1002/j.1538-7305.1966.tb01686.x

	Introduction
	Preliminaries
	Blocking sets of the Klein quadric
	Small weight codewords of C(3,q)

