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Abstract

In this paper, we expound weaker forms of increasingness of binary operations on a lattice by
reducing the number of variables involved in the classical formulation of the increasingness prop-
erty as seen from the viewpoint of dominance between binary operations. We investigate the
relationships among these weaker forms. Furthermore, we demonstrate the role of these weaker
forms in characterizing the meet and join operations of a lattice and a chain in particular. Finally,
we provide ample generic examples.
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1. Introduction

Over the past years, the theory of aggregation, initiated by researchers in the field of fuzzy set
theory, has grown into a field of its own, with far-reaching applications in data science, statistics
and machine learning [[13} 29} 31]]. The focal object in this theory is the concept of an aggregation
function allowing to turn a list of input values into a single representative output value. The
original setting of the real unit interval has long been replaced by more general structures, with a
growing interest in partially ordered sets, and lattices [[10]] in particular.

Increasingness (equivalently, increasingness in each argument) is fundamental to the notion of
an aggregation function. However, it has been recognized that this may exclude certain sound

*Corresponding author
Email addresses: ytwang.math@whu.edu.cn (Yuntian Wang), lemnaouar . zedam@ugent . be (Lemnaouar
Zedam), bghu@whu. edu. cn (Bao Qing Hu), bernard.debaets@ugent . be (Bernard De Baets)

Preprint submitted to Elsevier October 18, 2024



functions used in practice for fusing data, such as the mode function or the Lehmer mean. To
overcome this problem, weak monotonicity [3|] and directional monotonicity (6} (19} 20] (for a
discussion of maximal directions of monotonicity, see [8]) were proposed as relaxations of the
increasingness property. These notions were further extended to structures more general than the
real unit interval, such as Riesz spaces [26], bounded chains [16], lattices and even trellises [32].
Further, in the interval-valued setting, directional monotonicity w.r.t. an admissible order [25] and
conditional monotonicity [[17] were studied. Besides, there exist also other different weaker forms
of increasingness that are restricted to the real-valued setting, such as cone monotonicity [3l] and
curve-based monotonicity [14].

Given the availability of an order relation, increasingness is also a natural property of aggrega-
tion functions on bounded posets and lattices. In the context of lattices, by reducing the num-
ber of variables involved in the classical formulation of the increasingness property, Zedam and
De Baets [32]] explored cross-increasingsness and some restriction-less forms of increasingness,
which can be employed as weaker forms of increasingness when characterizing the meet and/or
join operation of a lattice. This study also considered the less-known structure of a trellis (a
pseudo-ordered set with meet and join operations [27]]), showing that a further generalization of
increasingness is not always that trivial.

Along a different line, the concept of dominance as a binary relation on the set of binary operations
defined on the same poset was introduced in the field of probabilistic metric spaces [28]], where it
appears in connection with the construction of Cartesian products of probabilistic metric spaces.
Later, the dominance relation between t-norms was investigated in the context of the construction
of fuzzy equivalence relations [9}[11,22] and fuzzy order relations [5]. A long-standing conjecture
about the transitivity of the dominance relation between t-norms was disproven at last [[18} 24].
With the growing interest in the dominance relation, more general classes of binary operations
were considered in [21), 22} [23]].

A well-known basic result is that the increasingness of a binary operation on the real unit interval is
equivalent to this operation dominating the maximum operation or, equivalently, being dominated
by the minimum operation. Inspired by this intimate relationship between the dominance relation
and the increasingness property as well as the reduction of the number of variables considered
in [32], we develop a systematic way of proposing weaker forms of increasingness of binary
operations on lattices. More specifically, since the classical increasingness property is expressed
in terms of four variables, we reduce the number of variables to three or two in different ways.
The relationships between the resulting weaker forms of increasingness are explored, especially
for commutative binary operations. As a continuation of the work in [32], we also show that
several of these weaker forms (which are incomparable in general) allow for characterizing the
meet and join operations as specific idempotent operations.

This paper is structured as follows. In Section 2] we recall some basic notions on lattices and the
dominance relation needed in this paper. In Section 3] we reduce the number of variables by one
in the above three equivalent forms of increasingness, to obtain three families of weaker forms of



increasingness expressed in terms of three variables. We carry out a similar analysis in Section[4]
where weaker forms of increasingness are expressed in terms of two variables. In both sections,
we consider the relationships among the different weaker forms. We discuss the characterization
of the meet and join operations on lattices and chains as a by-product. In Section [5| we explore
the relationships among the weaker forms of increasingness expressed in terms of two and three
variables. Next, in Section[6] we present Hasse diagrams summarizing and unraveling the intri-
cate relationships among the various weaker forms of increasingness introduced, with particular
attention to commutative operations. Section[7]is devoted to examples. Finally, we present some
concluding remarks and future research lines in Section [8]

2. Preliminaries

In this section, we recall some basic concepts and results about lattices, existing weaker forms
of increasingness of binary operations on lattices and the dominance relation between binary
operations.

2.1. Basic definitions of lattices
In this subsection, we recall some essential notions from lattice theory [4,[7, [12].

A binary relation < on a set L is called a partial order (relation) if it is reflexive, antisymmetric
and transitive. A set L equipped with a partial order < is denoted by (L, <) and is called a partially
ordered set, or a poset for short. A poset (L, <) that has a bottom element 0 and a top element 1
(i.e.,0 < x <1, forany x € L) is called a bounded poset and is denoted by (L, <,0, 1).

A meet semilattice is a poset (L, <) in which every two-element subset {x, y} has an infimum,
denoted by x A y; a join semilattice is a poset (L, <) in which every two-element subset {x, y}
has a supremum, denoted by x Vv y. A lattice, denoted by L = (L, <, A, V), is a poset that is both
a meet semilattice and a join semilattice. Note that x < y if and only if x A y = x if and only if
x V y =y. A bounded lattice is denoted by L. = (L, <, A, V, 0, 1).

If x < yand x # y, then we write x < y. If neither x < y nor y < x, then we say that x and y are
incomparable, and write x || y. If any two elements of a poset (L, <, A, V) are comparable, i.e.,
x <yory<x,forany x,y € L, then (L, <, A, V) is called a totally ordered set or simply a chain.

The dual poset L4 of a bounded poset L = (L, <, 0, 1) is defined as .9 = (L4, <9, 1,0), where <¢
is the converse of <, i.e., x <4 y if and only if y < x. Similarly, the dual lattice L9 of a bounded
lattice L = (L, <, A, V, 0, 1) is defined as L9 = (L9, <9, v, A, 1, 0).

2.2. Properties of binary operations

In this subsection, we first recall the classical notion of increasingness of binary operations and
the dominance relation between binary operations. We also introduce some shorthand notations
that will become clear further on.

Definition 2.1. [13] Let L = (L, <, A, V) be a lattice. A binary operation F on L is called:



(i) <’-increasing (referred to as property 17), if for any x, y,v € L, it holds that

y<v=> F(x,y) < F(x,v), 2.1

(ii) <’-increasing (referred to as property I§ ), if for any x, y,u € L, it holds that

x<u= F(x,y) < Fu,y); (2.2)

(iii) <-increasing (referred to as property 1), if it is <-increasing and <’-increasing.

Note that for a commutative binary operation, properties 17 and I§ coincide. Obviously, 7,
implies both 77 and If .

Next, we recall the dominance relation between two binary operations on a lattice.

Definition 2.2. [[1] LetL = (L, <, A, V) be alattice. A binary operation F on L is said to dominate
a binary operation G on L (or, also, G is said to be dominated by F), denoted as F > G, if for
any x, y,u,v € L, it holds that

F(G(x,),Gw,v) 2 G(F(x,u), F(y,v). (2.3)

We recall a well-known result.

Theorem 2.1. [1] Let L = (L, <, A, V) be a lattice and F be a binary operation on L. Then the
following statements are equivalent:

(i) F is <-increasing, i.e., for any x, y,u, v € L, it holds that

x<Zuy<v= F(x,y) < F(u,v), 2.4)

(i) A> F,i.e., for any x, y,u,v € L, it holds that

Fx,yY ) AF(u,v) > F(x Au,y Av); 2.5

@iii) F > Vv, i.e.,for any x, y,u,v € L, it holds that

F(xVu,yvuv)> F(x,y)V F(u,v). (2.6)

Consider two properties p and ¢ that an operation on L = (L, <, A, V) can satisfy or not. We use
the notation p = ¢ to denote that p implies g and p < ¢ to denote that p and q are equivalent, prig
to denote their conjunction and pLiq to denote their disjunction. Let 7 represent a set of properties
of operations of interest on L, then (P, =) is a poset. If any operation satisfies a property ¢ on [L¢
whenever it satisfies a property p on L, then p is called dual to q.



3. Weaker forms of increasingness expressed in terms of three variables

3.1. Definitions

In this subsection, we introduce three families of weaker forms of increasingness obtained by
reducing the number of variables by one in Theorem 2.1, We use the symbols .7, ./ and ¢
to distinguish the weaker forms obtained from Eqs. (2.4), (2.3) and (2.6), respectively, comple-
mented with a subscript to indicate the number of variables involved and a superscript allowing
to distinguish the different weaker forms in the same family.

In the following table, the leftmost column indicates the two variables identified in Theorem [2.1]
whereas the other columns indicate the resulting property.

B4 Ay 5

x=y I;:XSu,XSU:F(x,x)SF(u,U) M%:I"(.\*..\’)/\[’(u.z')zI’(.\'/\u.,\'/\z') Jxl:F(x\/u,x\/L')ZF(X,X)\/F(u,l,')
X=u 132: M%: JSZ:

xX=v Ig:yﬁ&xﬁu;\F(x,y)SF(u,x) Mi:I"i.\'.»\'JAI'(u;.\'lzI‘(,\/\//‘,\W\'b ‘733:F(x\/u,yVX)ZF(x,y)\/F(u,x)

y=u I?:xgy,yﬁv:’F(x,y)sF(y,v) M;IIl.\'.»\‘)\/‘(»\‘.l'bz/‘(.\A»\’.»\’/\l‘) ,_’]34:F(x\/y.yVU)ZF(x.y)vF(y.U)
y=v I§:x5u: F(x,y) < F(u,y) Mi:F(x,y)/\F(u,y)ZF(X/\u,y) Jf:F(xvu,y)ZF(x,y)VF(u,w
u=v 136: x<uy<u= F(x,y) < F(u,u) Mg’: F(x,y) AN F(u,u) > F(x Au,y A\ u) ,_’]36: F(xVu,yvu)> F(x,y)V F(u,u)

Table 1. Properties resulting from the reduction of the number of variables by one in Theorem 2.1}

The following remark can be easily verified from Table[I]

Remark 3.1. The following equivalences hold among the properties in Table|l|(equivalent prop-
erties are indicated in the same color).

: 2 2 2 5 5 5 4
O MeTelieoladM e J’ 1) o 1.
(i) M} & MS, T} & J8 M3 & Mjand J7 & J, which can be obtained directly by
relabelling the variables.

Therefore, the eighteen weaker forms of increasingness expressed in terms of three variables col-
: : _ _ {71 72 73 74 75 76 gl

lapie 1n1to te;1 different weaker forms, namely %3 = U M3 U #; = {I s I3 , I3 , I3 , I3 , 13 , M3,

ML T

Moreover, for commutative binary operations, some additional equivalences hold.

Remark 3.2. Let L = (L, <, A, V) be a lattice and F be a binary operation on L. If F is commu-
tative, then the following equivalences hold:

(i) F satisfies Ig if and only if F satisfies 72;

(ii) F satisfies 132 if and only if F satisfies Ig if and only if F satisfies 7.



Therefore, for commutative binary operations, there are only seven different weaker forms of in-
creasingness expressed in terms of three variables. Moreover, for commutative binary operations,
Mg and J33 can be further simplified.

Proposition 3.1. Let L = (L,<,A,V) be a lattice and F be a binary operation on L. If F is
commutative, then the following equivalences hold:

(1) F satisfies M; if and only if for any x,y,u € L, it holds that

F(x,y) > F(x Au,y A x);

(ii) F satisfies J33 if and only if for any x, y,u € L, it holds that
Fx,») < F(xVu,yVx).

Proof. We only prove (i), since the proof of (ii) is similar. Suppose that F(x,y) > F(x Au, y AX),
for any x,y,u € L. Then we have F(u,x) = F(x,u) > F(x Ay,uAx) = F(x Au,y A X).
Hence, F(x,y) A F(u,x) > F(x Au,y A x). Hence, F satisfies M; The converse implication is
obvious. O
The following remark expresses the duality among the weaker forms of increasingness.
Remark 3.3.
(i) Mj is dual to J; .A/lg is dual to J2;

(i1) 131 is dual to 136; Ig’ is dual to I;‘;

(iii) 73 and I3 are self-dual.
3.2. Weaker forms of increasingness on lattices

In this subsection, we study the relationships among the different weaker forms expressed in terms
of three variables of lattice-valued binary operations. In this subsection, we always assume that
the underlying structure is a lattice L = (L, <, A, V).

The following proposition directly follows from the definition of increasingness.
Proposition 3.2. 1> N1} & I,
Proposition 3.3.

(i) MjuJ) =>1;n1;

(i) MjuJ) > 1;N1;

Proof. We only prove (i), since the proof of (ii) is similar. We prove that Mé = 131 r 136.
Suppose that F satisfies M; For any x,u,v € L such that x < u,x < v, it holds that F(x, x) =

6



F(uAx,uny) < F(u,u). Hence, F satisfies 131 M Ig. The proof in the case that J,' = 1, M 136
is similar. ]

F(x Au,x Av) £ F(u,v); for any x,y,u € L such that x < u,y < u, it holds that F(x,y) =

Next, we give some examples to illustrate that the converse implications do not hold in general.
Example 3.1.

(1) Consider the bounded lattice L; = (L, <, A, V) shown in the Hasse diagram in Figureand
the binary operation F on L in Table The operation F satisfies 131 and Ig, but not Mé,
since F(bAa,bAc)=F0,b))=b>0=bAa= F(b,b)A F(a,c).

F|0 a b ¢ 1

¢ 0/]0 O b b c

a al0 0 a a O
b b|b a b b ¢

0 c|b ¢ b ¢ 1

1 la ¢ b ¢ 1

Figure 1. Hasse diagram of L. Table 2. The binary operation F on L.

(i1) Consider the bounded lattice L, = (L, <, A, V) shown in the Hasse diagram in Figureand
the binary operation G on L in Table|3| The operation G satisfies 133 and I;‘ , but not M;,
since G(aA 1,1 Ab)=G(a,b)=a>0=aAb=G(a,1)AG,b).

1
G0 a b 1
a b 0/0 O » O
ala a a a
0 b|b b b b
110 a b 1
Figure 2. Hasse diagram of L,. Table 3. The binary operation G on L.

To characterize the properties in more detail, we will separate I§ and Ig" into two parts relative to
the diagonal section.

Definition 3.1. Let L = (L, <, A, V) be a lattice. A binary operation F on L is said to satisfy
property 179, Ig’b, I,f @ or If *b_if it satisfies the corresponding implication listed in Table

Note that in all the tables, the first column represents the values of the first variable, whereas the first row represents
the values of the second variable.



above the diagonal below the diagonal

2|10 x<y<v= F(x,y) < F(x,v) I7": y<v<x= F(x,y) < F(x,0)

| I0: x<u<y= Fe,») <Fuy I,": y<x<u= F(x,y) < F(u,y)

Table 4. Properties obtained from I§ and Ig.

Remark 3.4. Let L = (L, <, A, V) be a lattice and F be a binary operation on L. If F is commu-
tative, then the following equivalences hold:

(i) F satisfies Ig’” if and only if F satisfies If’b;
(ii) F satisfies Ig’b if and only if F satisfies I;o’”.
The following remark expresses the duality among the weaker forms of increasingness.
Remark 3.5.
(i) I7“is dual to I}";
(ii) 25 is dual to I,
The following propositions are immediate.
Proposition 3.4.
() 2= 1" NI}
(i) I3 = 10" nIle.
Proposition 3.5.
O MluME = I09 NIl
(i) JugP =1 NIl
Combining Propositions [3.3]and [3.5]leads to the following result.
Corollary 3.1.
i) M= TInInIi NIl
(i) M= T3NTZinIp NI’
(i) J) = I n1¢n1y’ NIl

: 3 3 4 r,b ?,a
@iv) J3 :>I3|‘|I3|‘II3 FII3 .



3.3. Weaker forms of increasingness on chains

In this subsection, we study the relationships among the different weaker forms expressed in terms
of three variables of chain-valued binary operations. In this subsection, we always assume that
the underlying structure is a chain C = (C, <, A, V).

Proposition 3.6.
i) I2 e 17" N1}’
(i) I3 & 10" nIie.
The following proposition is related to Corollary [3.1]
Proposition 3.7.
i) MleTInIén1i nii’
(i) Mo InTinI; NI’
(i) J} & ' nIénIi’ NIl
vy Bennrini; nie
Proof. We only prove (i), since the proofs of (ii)—(iv) are similar. Due to Corollary [3.1] we only

need to prove that 7 112 N 17 M If’b = M. Suppose that F satisfies 7, 1 I° 1 Z;“ N If’b
and consider x,u, v € C. We distinguish the following cases:

(1) x <u,x < v: it follows directly from property I.;
(2) u < x,v < x: it follows directly from property I%;

3) u < x <v:then F(x Au, x Av) = F(u, x). From property 18, we obtain F(x, x) > F(u, x),
whereas from property Ig’a, we obtain F(u,v) > F(u,x). Hence, F(x,x) A F(u,v) >
F(xAu,x Av).

(4) v £ x <u:then F(x Au,x Av) = F(x, v). From property 1!, we obtain F(x, x) > F(x,v),
whereas from property If ’b, we obtain F(u,v) > F(x,v). Hence, F(x,x) A F(u,v) >
F(x Au,x A D).

Therefore, we conclude that F satisfies M; J
A counterexample is given here to illustrate that this equivalence does not hold in general on a
lattice.

Example 3.2.

(1) Consider the bounded lattice L; = (L, <, A, V) shown in the Hasse diagram in Figureand
the binary operation F on L in Table[5| The operation F satisfies 131 M Ig r I;’” r Ig b



but not M!, since F(a A b,c Ab) = F(0,b)=b>0=anb= F(a,c)AF(b,b).

— 0 o Ol
o0 o~ O olo
_—0 o"Q oIS
—_—0 6 Q o6
e e e e i N

— Q Q & O

Table 5. The binary operation F on L.

(i1) Consider the bounded lattice L, = (L, <, A, V) shown in the Hasse diagram in Figureand
the binary operation G on L in Table|6, The operation G satisfies I;’ r Ig‘ r Ig’“ r I;’p b

but not Mg, since G(aAa,bAa)=G(a,0)=a>0=bAa=G(a,b) AG(a,a).

G|0 a b 1
010 a b 1
ala a b a
b|b b b 1
1|1 a 1 1

Table 6. The binary operation G on L.

Proposition 3.8. I; NI & 7) N I;.

Proof. First, we prove that I31 r Zg => 133 m I;* . Suppose that F satisfies 131 r 136. For any
x,y,u € C such that y < x < u, it holds that F(x,y) < F(x,x) < F(u,x). Hence, F satisfies
Ig’. For any x, y, v € C such that x < y < v, it holds that F(x,y) < F(y,y) < F(y,v). Hence, F
satisfies I;‘ .

On the other hand, suppose that F satisfies 133 m Ig* . We first prove that F satisfies 131. For any
x,u,v € C such that x < u < v, it holds that F(x,x) < F(x,u) < F(u,v). The proof in the

case that x < v < u is similar. Next, we prove that F satisfies Ig. For any x, y,u € C such that
x <y < u,itholds that F(x,y) < F(y,u) < F(u,u). The proof in the case that y < x < u is
similar.

Therefore, we conclude that 131 M 136 S 133 M I;‘ . O

Combining Propositions [3.7]and [3.8]leads to the following corollary.
Corollary 3.2.
(i) M} e M3,

10



(i) J) & T
The following example shows that J31 < Mé and J33 =2 Mg on a chain.

Example 3.3. Consider the bounded chain C; = (L, <, A, V) shown in the Hasse diagram in
Figure 3]
(i) The binary operation F on L in Table[7|satisfies M, but not J;, since F(bva,bvl)=
Fb,1)=a<b=aVvb=F(b,b)V F(a,l).

(i) The binary operation G on L in Table [§| satisfies M;, but not (733, since G(aVv 1,bVv a) =
G(l,b)=a<b=avVvb=_G(ab)Vv G(,a).

S Q@ o =

Figure 3. Hasse diagram of C;.

— o Q Ol M
S>> Q OO0
S Q O Q|
Q Q Q& o>
— Q o o=
— o Q OQ
Q Q O OO
S Q Q OQ
Q Q Q O
—_ S Q=

Table 7. The binary operation F on L. Table 8. The binary operation G on L
The following proposition expresses increasingness on chains in equivalent manners.

Proposition 3.9. Mé M J31 S 132 M Ig =S Mg M J33 s 1,

Proof. Due to Corollary we only need to prove that Mg r J33 < 1,. Itis obvious that
1, > M; M J33, therefore, we only need to prove the converse implication. Suppose that F

satisfies Mg m ,733. Consider x < u and y < v and suppose w.l.o.g. that x < y. The proof can be
split into the following cases:

(1) x <y <u<v: it follows from ‘733 and Mg that

F(x,y) < F(xVy,xVu)=F(y,u) < F(y Au,u Av) = F(u, ),

2) x <u <L y<v: it follows from J33 and Mg that

Fx,y) < FxVu,xVy) =Fu,y)=FuAv,oAy) < F(u,v);

11



3) x <y <v<Lu: it follows from J33 that

F(x,y) < F(xVvy,yvuv)=F(,v) < F(yVu,yvuv) = F(u,v).

Hence, F satisfies 7, and Mg M ]33 < 1. O

Therefore, the ten weaker forms of increasingness expressed in terms of three variables on chains

collapse into eight different weaker forms, namely %5 = {1}, 13,13, I3, 13, 12, M}, M3 }.

A counter-example is given here to illustrate that M; M ng M M% M 333 does not suffice to char-
acterize property 1,, i.e., classical increasingness, on a lattice.

Example 3.4. Consider the bounded lattice Ly = (L, <, A, V) shown in the Hasse diagram in
Figureand the binary operation F on L in Table@ The operation F satisfies M; I‘IJ31 I‘IMg nJ:,
but Z,, since F(a,c) =a || d = F(b,d).

S
ISH

— Q0 o8 Ol

OO OO OO

— Q0 o~ Ol

QU Lo Qo O
[ T e

-0 Q9 "9 ORQ
QU o 6 o0 9 O

0

Figure 4. Hasse diagram of L3. Table 9. The binary operation F on L.

3.4. Weaker forms for idempotent and averaging binary operations

If the binary operation considered satisfies some additional conditions, then some interesting ob-
servations can be made. Here, some propositions are presented that foreshadow the later charac-
terizations of the meet and join operations.

Recall that a binary operation F on a lattice L = (L, <, A, V) is called averaging if x A y <
F(x,y) < xVy, for any x,y € L; and idempotent if F(x,x) = x, for any x € L [13,[15]. An
averaging operation is obviously idempotent.

Proposition 3.10. Let L = (L,<, A, V) be a lattice and F be a binary operation on L. If F is
idempotent, then the following equivalences hold:

(i) F satisfies 131 ifand only if F(x,y) > x Ay, forany x,y € L;

(i1) F satisfies Ig’ ifand only if F(x,y) < xV Yy, forany x,y € L.

12



Proof. We only prove (i), since the proof of (ii) is similar. Suppose that F satisfies 131. For any
x,y € L, it holds that F(x,y) > F(x A y,x Ay) = x A y. On the other hand, for any x,u,v € L
such that x < u, x < v, it holds that F(x,x) = x <u A v < F(u,v). Hence, F satisfies 131. ]

Proposition [3.10]leads to the following corollary.

Corollary 3.3. Let L = (L,<,A,V) be a lattice and F be a binary operation on L. Then F is
averaging if and only if F is idempotent and satisfies 131 M 136.

Proposition 3.11. Let | = (L,<, A, V) be a lattice and F be a binary operation on L. If F is
averaging, then it satisfies 133 m Ig‘.

Proof. Suppose that F is averaging. For any x,y,u € L such that y < x < u, it holds that
F(x,y) <xVy=x=xAu< F(x,u). Hence, F satisfies Ig’. Similarly, for any x, y, v € L such
that x < y < v, itholds that F(x,y) < xVy=y=yAv < F(y,v). Hence, F satisfies I;‘. [

Combining Proposition [3.8] and Corollary [3.3]leads to the following result.

Corollary 34. Let C = (C,<, A, V) be a chain and F be a binary operation on C. Then F is
averaging if and only if F is idempotent and satisfies Ig’ M I;‘ .

We give an example here to show that Corollary [3.4]does not hold in general on a lattice.

Example 3.5. Consider the bounded lattice L, = (L, <, A, V) shown in the Hasse diagram in
Figure [5| and the binary operation F on L in Table Then F satisfies I; r I§ , but it is not
averaging, since F(b,c) =0 & [a, 1].

1
F|0 a b ¢ 1
b c 00 O O a a
al0 a a a b
a b0 a b 0 b
cla a 0 ¢ c
0 1la b b ¢ 1

Figure 5. Hasse diagram of L. Table 10. The binary operation F on L.

Combining Proposition [3.3][(i)] and Corollary 3.3|]eads to the following result.

Corollary 3.5. Let L = (L,<,A,V) be a lattice and F be a binary operation on L. If F is
idempotent and satisfies M; u J;, then it is averaging.

Proposition 3.12. Let L = (L,<, A, V) be a lattice and F be a binary operation on L. If F is
idempotent and satisfies M; U JS, then it is averaging.
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Proof. Suppose that F is idempotent and satisfies Mg For any x,y € L, it holds that F(x, y) >
F(xAy,yAx)=xAy;and
F(x,y) = F(xA(xVy),(xVy)AY)
< F(x,xVy)
=FxAGXVY),xVY)AKXVY)
SFxVy,xVy)
=xVy.

Therefore, we conclude that F is averaging. The proof in the case that F satisfies J33 issimilar. [
Proposition 3.13. Let C = (C,<, A, V) be a chain and F be a binary operation on C. If F is
idempotent, then the following implications hold:

(i) if F satisfies T, 1 I:f’b, then F(x,y) > x Ay, forany x,y € C;

(ii) if F satisfies I;’b n Ii’a, then F(x,y) < xV y, forany x,y € C.

Proof. We only prove (i), since the proof of (ii) is similar. For any x,y € C, if x < y, then it
holds that x Ay = x = F(x,x) < F(x,y), since F satisfies Ig’“; if x > y, then it holds that

xANy=y=F(,y) < F(x,y), since F satisfies If’b. ]

3.5. Characterization of the meet and join operations of a lattice and a chain

Based on the above work, the results in this subsection can be obtained straightforwardly. As the
meet and join operations of a lattice naturally satisfy all the above-mentioned weaker forms of
increasingness, next we only give the weakest or incomparable ones to characterize them.

Recall that a binary operation F on a lattice L = (L, <, A, V) is called conjunctive (resp. disjunc-
tive) if F(x,y) < x Ay (resp. F(x,y) > x V y), for any x,y € L [13}[15].

Proposition [3.10|leads to the following corollary.

Corollary 3.6. Let L = (L,<,A,V) be a lattice and F be a binary operation on L. Then the
following equivalences hold:

(1) F is idempotent, conjunctive and satisfies I; if and only if F is the meet operation;
(ii) F is idempotent, disjunctive and satisfies 136 if and only if F is the join operation.
Proposition leads to the following corollary.

Corollary 3.7. Let L = (L,<,A,V) be a lattice and F be a binary operation on L. Then the
Jollowing equivalences hold:

(1) F is idempotent, conjunctive and satisfies Mg U ‘733 if and only if F is the meet operation;
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(i1) F is idempotent, disjunctive and satisfies Mg U J33 if and only if F is the join operation.

Proposition 3.14. Let L = (L,<,A,V,0,1) be a bounded lattice and F be a binary operation
on L. Then the following implications hold:

i) if F has 1 as the neutral element and satisfies M3, then F is conjunctive;
j

(ii) if F has 0 as the neutral element and satisfies J?2, then F is disjunctive.

Proof. We only prove (i), since the proof of (ii) is similar. Suppose that F has 1 as the neutral
element and satisfies Mg It holds for any x, y € L that

Fx,y)) =FxALIAY S Fx,DAF(,y)=xAy.

Therefore, F is conjunctive. O

Combining Corollary [3.7]and Proposition [3.14]leads to the following corollary.

Corollary 3.8. Let L = (L, <, A, V,0, 1) be a bounded lattice and F be a binary operation on L.
Then the following equivalences hold:

(i) F is idempotent, has 1 as the neutral element and satisfies Mg if and only if F is the meet
operation;

(ii) F is idempotent, has O as the neutral element and satisfies J; if and only if F is the join
operation.

Corollary [3.4]leads to the following corollary.

Corollary 3.9. Let C = (C,<, A, V) be a chain and F be a binary operation on C. Then the
following equivalences hold:

(i) F is idempotent, conjunctive and satisfies Ig r I; if and only if F is the meet operation;
(i1) F is idempotent, disjunctive and satisfies 133 r I;‘ if and only if F is the join operation.

The following example illustrates that the conjunctivity condition cannot be replaced with the the
neutral element condition in the previous corollary.

Example 3.6.

(1) Let C, = (C, <, A, V) be a finite chain with at least three elements, where C = {x, x4, ...,
X, X,41) such that x; < x; < -+ < x,, < x,,;. Define the binary operation F on C as
follows:

Xini Jfi=jorivj=n+1,
F(xi,xj) — IN] -] .]
Xipnj+1 - Otherwise.

The operation F is idempotent, has 1 as the neutral element and satisfies Ig’ r Ig . However,
F is not the meet operation.
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(i) Consider the bounded chain C; = (L, <, A, V) shown in the Hasse diagram in Figure and
the binary operation G on C, in Table[T1] The operation G is idempotent, conjunctive and
satisfies Ig . However, G is not the meet operation.

G|0 a b 1
0/0 0 0 O
a|0 a a a
b|0 a b b
110 a a 1

Table 11. The binary operation G on L.

Proposition [3.13|leads to the following corollary.

Corollary 3.10. Let C = (C, <, A, V) be a chain and F be a binary operation on C. Then the
following equivalences hold:

(i) F is idempotent, conjunctive and satisfies Ig’ “n I;ﬂ . if and only if F is the meet operation;

(i1) F is idempotent, disjunctive and satisfies I;o 4 I;’b if and only if F is the join operation.
Proposition 3.15. Ler C = (C,<,A,V,0,1) be a bounded chain and F be a binary operation
on C. Then the following implications hold:

(1) if F has 1 as the neutral element and satisfies Ig’a r I_ff > then F is conjunctive;

¢

(1) if F has O as the neutral element and satisfies I3’a r I;’ b then F is disjunctive.

Proof. We only prove (i), since the proof of (ii) is similar. Suppose that F has 1 as the neutral
element and satisfies I;’ a FII? b For any x,y € C,if x < y, thenitholds that F(x,y) < F(x,1) =
x; if y < x, then it holds that F(x,y) < F(1,y) = y. Therefore, F is conjunctive. ]
Combining Corollary [3.10|and Proposition [3.15]1eads to the following corollary.

Corollary 3.11. Let C = (C, <, A, V, 0, 1) be a bounded chain and F be a binary operation on C.
Then the following equivalences hold:

i is idempotent, has 1 as the neutral element and satisfies 1.’ “ifand only i is the
(i) F is idempotent, has 1 as th tral el t and sat Ig"nlf” donlyif F is th
meet operation;

(i1) F is idempotent, has O as the neutral element and satisfies I§ n Ig’ b if and only if F is the
Jjoin operation.

Among all the weaker forms introduced in this section, properties I% and I; cannot be used
together with idempotence to characterize the meet and join operations on a lattice or a chain.
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4. Weaker forms of increasingness expressed in terms of two variables

In this section, we introduce three families of weaker forms of increasingness obtained by reducing
the number of variables by two in Theorem [2.1]

First, we present several weaker forms of increasngness that have already been put forward.
Definition 4.1. [32] Let L = (L, <, A, V) be a lattice. A binary operation F on L is called:

(i) X"-increasing (referred to as property C?), if for any x, y, v € L, it holds that
g property €,

y<x<v=> F(x,y) < F(x,v); 4.1

(i) x’-increasing (referred to as property Cg ), if for any x, y,u € L, it holds that
x<y<u= F(x,y) < F(u,y). 4.2)
Definition 4.2. [32] Let L = (L, <, A, V) be a lattice. A binary operation F on L is called:
(i) A-increasing (referred to as property O7), if for any x, y € L, it holds that

F(xAy,xAy) < F(x, ) 4.3)

(i1) Vv-increasing (referred to as property (92), if for any x, y € L, it holds that

Fx,y) < F(xVy,xVy). 4.4)

Definition 4.3. [13] Let L = (L, <, A, V) be a lattice. A binary operation F on L is called «-
increasing (referred to as property D,) if the diagonal section of F is increasing, i.e., for any
x,y € L, it holds that

x<y=>F(x,x)<F(y,y). 4.5)
4.1. Definitions

In the following table, we give definitions of the weaker forms of increasingness obtained by
reducing the number of variables by two in Egs. (2.4)), (2.3) and (2.6), respectively.
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5 My 5

=Y Izl :x<u= F(x,x) < F(u,u) Mé: F(x,x)AN F(u,u) > F(x Au,x Au) le cF(xVu,xvVu) > F(x,x)V F(u,u)

ix<yy<x=> F&)SF,x) M FOu)AF3X) 2 FXARyAX) T3 F(xVy,pVx) 2 F(x,y) V F(3,%)

x; I;:XSUéF(x,x)SF(x,v) Mg:F(xﬁx)/\F(x.z;)zF(x.x/\z,') ]23:
oo ix<us P < Fux) M F) A Fux) > Fixaux)  Jf F(evax) > Fx,x)V F(u,x)
u:Z Ig:ygx:F(x,y)SF(x,x) M;:F(xﬁy)/\F(xﬁx)zF(x,y/\x) ]25:
u:Z If:x <y = F(x,») < F(,y) MS: Fe, ) AF(3,3) 2 F(x A, ) JP: F(xVy,y) 2 F(x,y)V F(3,)

Table 12. Properties resulting from the reduction of the number of variables by two in Theorem 2.1]

Remark 4.1. The following equivalences hold among the properties in Table[I2](equivalent prop-
erties are indicated in the same color).

: 1 1 1
(1) M2 = J2 S 12 < D,.
(i) M & M3, T} & J), My & M§and T} & 7.

Note that 122 is trivially satisfied and will not be considered further. Therefore, the eighteen weaker

forms of increasingness expressed in terms of two variables collapse into eleven weaker forms,
- — (71 73 74 75 76 A2 A3 aq4 g2 g3 g4

namely %5 = 5 UM,V 5 ={1),1;,1,, 1, 13, M3, M3, M3, T2, T;, T}

Remark 4.2. Some weaker forms of increasingness on lattices mentioned in [32]] are included.
N o 3 5 ¢ 4 6.
6) C3 s IynI; andC3 <INl
(i) OF & M2 and O & J?2.

Remark 4.3. Let L = (L, <, A, V) be a lattice and F be a binary operation on L. If F is commu-
tative, then the following equivalences hold:

(i) F satisfies M; if and only if F satisfies M?*;
(i) F satisfies J;' if and only if F satisfies J,';
(iii) F satisfies I if and only if F satisfies 77;
(iv) F satisfies IS if and only if F satisfies 126.

Therefore, for commutative binary operations, there are only seven different weaker forms of
increasingness expressed in terms of two variables.

The following remark expresses the duality among the weaker forms of increasingness.

Remark 4.4.
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(1) M’2 is dual to Jzi, fori =2,3,4;
(i) ] is dual to I,
(iii) 77 is dual to I%;
(iv) I, is self-dual.

4.2. Weaker forms of increasingness on lattices

In this subsection, we study the relationships among the different weaker forms expressed in terms
of two variables of lattice-valued binary operations. In this subsection, we always assume that the
underlying structure is a lattice L = (L, <, A, V).

Proposition 4.1.
(i) MyuJ; = 1NT;
(i) MjuJ,) = 17N
Proof. We only prove (i), since the proof of (ii) is similar. Suppose that F satisfies ./Vl; U J23. For

any x,v € L such that x < v, it holds that F(x, x) = F(x,x A v) < F(x,v) from property M3,
F(x,x) < F(x,x V v) = F(x,v) from property J;. Hence, M3 U J} = 1.

Suppose that F satisfies Mg U 323. For any x,y € L such that y < x, it holds that F(x,y) =
F(x,x Ay) £ F(x,x) from property M3 F(x,y) < F(x,x Vy) = F(x,x) from property 323.
Hence, M; U J23 > I;. Thus, Mg u J23 => IS M Ig. O

The following example illustrates that the converse implications in the previous proposition do
not hold in general.

Example 4.1. Consider the bounded lattice L, = (L, <, A, V) shown in the Hasse diagram in
Figureand the binary operation F on L in Table The operation F satisfies IS r I;, but not

Mg, since F(a,anb)= F(a,0)=a>0=aAb= F(a,a) A F(a,b).

F
0
a
b
1

Q O OO
_— o o QT
— O = O —

Q Q Q Q9

Table 13. The binary operation F on L.

Next, we consider the relationships with M% and JZZ.
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Proposition 4.2.

(i) M;=>T N1,

(i) Jf = 1;N15
Proof. We only prove (i), since the proof of (ii) is similar. Suppose that F satisfies M% For
any x,v € L such that x < v, it holds that F(x,x) = F(x Av,x Av) < F(x,v) and F(x,x) =
F(wAx,vAx)< F(v,x). Hence, F satisfies I; m I;. ]
Proposition 4.3.

: 3 4 2.

1) MM = M5,

(i) J; nJ} = J}.
Proof. We only prove (i), since the proof of (ii) is similar. Suppose that F satisfies M; r Mg.
For any x,y € L, it holds that F(x,y) > F(x Ay, y) 2 Fx Ay, YA AY) = FxAy,x Ay).
Hence, F satisfies Mg O
The following example illustrates that the converse implications do not hold in general.

Example 4.2. Consider the bounded lattice L, = (L, <, A, V) shown in the Hasse diagram in
Figureand the binary operation F on L in Table The operation F satisfies Mg r Jzz, but not
Mg or M;', since F' is commutative and F(a,aAb) = F(a,0) =a > 0= aAb = F(a,a)AF(a,b).

— o O
Q O OO
—_ s o O
—_—— Q|

Q S Q Q9

Table 14. The binary operation F on L.

The following proposition is about conjunctions that imply 121.
Proposition 4.4.
: 3 4 1.
) MoNMJ =1,
(i) J; nJ,)} = 1);
(i) ;I8 = 1),

(iv) I,n1) > 1,.
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4.3. Weaker forms of increasingness on chains

In this subsection, we study the relationships among the different weaker forms expressed in terms
of two variables of chain-valued binary operations. In this subsection, we always assume that the
underlying structure is a chain C = (C, <, A, V).

Proposition 4.5.
: 3 3.

(i) M} & T3,

. 4 4
(i) M < T,

Proof. We only prove (i), since the proof of (ii) is similar. Suppose that F satisfies J23. For any
x,v € C,itholds that F(x,x) = F(x,xV(xAv)) > F(x,xAv). If x > v, then F(x,v) = F(xAv);
if x < v, then F(x,v) = F(x,x Vv) > F(x,x) = F(x,x A v). Therefore, we conclude that

F(x,x) A F(x,v) > F(x,x A v) and F satisfies M%

On the other hand, suppose that F satisfies Mg For any x,v € C, it holds that F(x,x V v) >
F(x,(xVv)AXx) = F(x,x). If x > v, then F(x,x Vv) = F(x,x) > F(x,x Av) = F(x,v); if
x < v, then F(x Vv) = F(x,v). Therefore, we conclude that F(x, x V v) > F(x, x)V F(x,v) and
F satisfies J23. Hence, M; S 323. O

Therefore, the eleven weaker forms of increasingness expressed in terms of two variables on chains

collapse into nine forms, namely %, = %, UM#,U 7, = {121, Ig, Ig, Ig, 126, M% M;, Mg, JZZ}.

The following example illustrates that Proposition [d.5]does not hold in general on a lattice.

Example 4.3. Consider the bounded lattice L, = (L, <, A, V) shown in the Hasse diagram in
Figure [2| and the binary operations F in Table|15{and G in Table Then F satisfies M; and
G satisfies 323. However, F does not satisfy J23, whereas G does not satisfy M;, since F(a,a)V
F(a,b)=avb=1>a= F(a 1) = F(a,aVvb)and G(a,anb) =G(a,0)=a>0=aAnb=
G(a,a) A G(a,b).

F|0 a b 1 G|0 a b 1
010 a b b 010 a b 1
al|l0 a b a ala a b 1
b0 b b b bla b 1 b
110 a b 1 1y1 1 b 1
Table 15. The binary operation F on L. Table 16. The binary operation G on L.
Proposition 4.6.

(i) Mo NI,

(i) J; & 1;N1I5
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Proof. We only prove (i), since the proof of (ii) is similar. Due to Proposition we only need
to prove that Ig m Ig > M% Suppose that F satisfies Ig m I;. Forany x,y € C, if x < y, then
it holds that F(x A y,x A y) = F(x,x) < F(x,y); if x > y, then it holds that F(x A y,x A y) =
F(y,y) < F(x,y). Hence, F satisfies M3. O
Proposition 4.7.
: 3 34 75.
) MJe IN1;
e 4 4 - 76
(i) My e I7nI).
Proof. We only prove (i), since the proof of (ii) is similar. Due to Proposition @.1] we only need

to prove that I; r IS > Mg Suppose that F satisfies Ig’ m Ig, then for any x, v € C, it follows
from Ig that F(x,x) > F(x,x Av). If x > v, then F(x,v) = F(x,x A v); if x < v, then it

follows from I;’ that F(x,v) > F(x,x A v). Therefore, F(x,x) A F(x,v) > F(x,x A v). Hence,
F satisfies M3. O
Combining Propositions 4.6|and 47| leads to the following corollary.

3 4 2 2 374751 76
Corollary 4.1. MMM e M5NJ o LyNnIyNnI; NI,
4.4. Weaker forms for idempotent and averaging binary operations
Note that any idempotent binary operation satisfies Izl.
Proposition 4.8. Let L = (L, <, A, V) be a lattice and F be a binary operation on L. Then F is
averaging if and only if F is idempotent and satisfies Mg m .]22.
Proof. Since any averaging operation is idempotent, it holds for any x, y € L that F(xAy, xAy) =
xANy< F(x,y)<xVvVy=F(xVy,xVy). Hence, F satisfies M% I‘IJZZ.
On the other hand, suppose that F is idempotent and satisfies M% r ,722. Then for any x,y € L, it
holdsthat xAy = F(x Ay, xAy) £ F(x,y) < F(xVy,xVy) = xVy. Hence, F is averaging. [
Combining Propositions 4.3]and 48] leads to the following proposition.

Proposition 4.9. Let L = (L,<,A,V) be a lattice and F be a binary operation on L. If F is
idempotent, then the following implications hold:

(1) if F satisfies M; mn Mé, then F(x,y) > x Ay forany x,y € L;
(1) if F satisfies J23 N J2, then F(x,y) < xV yforany x,y € L.

The following example illustrates that the converse implications in Proposition 4.9]do not hold in
general.
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Example 4.4. Consider the bounded lattice L, = (L, <, A, V) shown in the Hasse diagram in
Figure 2] and the binary operation F on L in Table The operation F is averaging, but it does
not satisfy M;, since F(a,aAnb)=F(a,0)=a>0=aA0= F(a,a) A F(a,b).

F
0
a
b
1

ST O OO0
- O O
—_— = O =

Q O Q Q|9

Table 17. The binary operation F on L.

Combining Corollary 4.1 and Proposition 4.8]leads to the following result.

Corollary 4.2. Let C = (C,<, A, V) be a chain and F be a binary operation on C. Then F is
averaging if and only if F is idempotent and satisfies M; m M‘zt.

Proposition 4.10. Let C = (C,<, A, V) be a chain and F be a binary operation on C. If F is
idempotent, then the following equivalences hold:

(i) F satisfies Ig r I; ifand only if F(x,y) > x Ay, forany x,y € C;
(1) F satisfies IS r Ig ifand only if F(x,y) < xV Yy, forany x,y € C.
4.5. Characterization of the meet and join operations of a lattice and a chain
Based on the above work, the results in this subsection can be obtained straightforwardly.

Proposition 4.11. [32]. Let L = (L, <, A, V) be a lattice and F be a binary operation on L. Then
the following equivalences hold:

(i) F is idempotent, conjunctive and satisfies M% if and only if F is the meet operation;
(i1) F is idempotent, disjunctive and satisfies J22 if and only if F is the join operation.
Proposition .9]leads to the following corollary.

Corollary 4.3. Let L = (L,<,A,V) be a lattice and F be a binary operation on L. Then the
following equivalences hold:

(1) F is idempotent, conjunctive and satisfies M; r Mg if and only if F is the meet operation;
(i1) F is idempotent, disjunctive and satisfies J; r ]24 if and only if F is the join operation.
Proposition .10|leads to the following corollary.

Corollary 4.4. Let C = (C,<,A,V) be a chain and F be a binary operation on C. Then the
following equivalences hold:
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1 is idempotent, conjunctive and satisfies if and only i is the meet operation;
) F is idempotent, conjunct d sat ni; d only if F is th t operat

(i1) F is idempotent, disjunctive and satisfies I; r Ig if and only if F is the join operation.

Among all the weaker forms introduced in this section, property Izl cannot be used together with
idempotence to characterize the meet and join operations on a lattice or a chain.

5. Relationships among the weaker forms of increasingness expressed in terms of two and
three variables

The weaker forms of increasingness expressed in terms of three variables are obviously stronger
than the corresponding forms expressed in terms of two variables. The following table is straight-
forward to obtain.

S5 and 5, M and M, 53 and %,

— 1 1 3 4 1 1 3 4 1 1 3 4
x=y|L;>L,NnI;NI M3 = My MMM Jy=>J,nJ;nd,
x=u | MieJlella>MNnInni;

— 3 4 5 3 2 3 4 3 2 3 4
x=v | L;eIlnl M = MEN M5 TMS J;=>J,nJd;nd,

— 4 3 6 3 4 2 3 4 3 4 2 3 4
y=u |7 e ILynl; M; & M3 = MIN MM J; e J=>Jd,nJ;nd,
y=v | Mje Tl e >MnJg nIinif

— 6 1 5 6 1 6 1 3 4 1 6 1 3 4
u=v | I3=>L,NLNI M3 & M3 = M, N M0 M; Iy e J7=>J,nJ;nd,

Table 18. Relationships among the weaker forms of increasingness in Tables [T]and [12]

The following remark follows immediately from the increasingness of A and V.

Remark 5.1.
(i) 7} > MZand I = J7;
sy 72 3 3 5 4 4.
(ii) 13 => MZI‘IJZ andI3 => MZI‘IJ ;

ra 3 44,b 4 gr,b 5 ‘,a 6
() I7" =1, 17" = 15,1, > Lyand 17" = 1.

Proposition 5.1.
: 3 4 1.
O MyNM; = 15,
(i) J;nJ)} = 15
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Proof. We only prove (i), since the proof of (ii) is similar. Suppose that F satisfies M; r Mg.
For any x,u,v € L such that x < u, x < v, it holds that x < u A v. Therefore, we have that

Fx,x)=FuAvAx,uAvAX) < FUAD,uANUAX)
< Funv,unv) < Flu,uAv) < F(u,v).

Hence, F satisfies 131. O

The following propositions hold on a chain.
Proposition 5.2. Let C = (C, <, A, V) be a chain. Then the following equivalences hold:
(i) , e ,nL;N1;
(i) e ,nI;NI
Proposition 5.3. Let C = (C, <, A, V) be a chain. Then M3 N M5 & T N 15
Proof. Suppose that F satisfies 133 ng. Forany x,v € C, if x < v, then it holds that F(x, xAv) =

F(x,x) £ F(x,v);if v < x, then it holds that F(x, x Av) = F(x,v) < F(x, x). Hence, F satisfies
Mg The proof in the case that F satisfies M;‘ is similar.

On the other hand, suppose that F satisfies M; M M‘Z‘. For any x,y,u € C suchthat y < x < u,
it holds that F(x,y) = F(x,x Ay) < F(x,x) = F(x Au,x) < F(u, x). Hence, F satisfies 133. For
any x,y,u € C such that x < y <u,itholds that F(x,y) = F(xAy,y) L F(y,y) = F(y,yAu) <
F(y,u). Hence, F satisfies Ig‘ . ]

6. Hasse diagrams

In this section, we provide summarizing Hasse diagrams that collect the implications among the
weaker forms of increasingness studied in this paper. We distinguish between lattices and chains,
and discuss the case of commutative binary operations separately.

These implications evidently establish posets, and, in some cases, even meet semilattices.
To ensure an accurate reading of these Hasse diagrams, it is important to take note of the following:

(i) we exclusively focus on the conjunctions of weaker forms; disjunctions therefore do not
appear in the diagrams;

(i1) two solid lines converging downward onto a single vertex indicate that the conjunction of
the corresponding weaker forms occurs at that point; lines with a dash-dot pattern merely
represent the order relationship;

(iii) in case multiple solid lines converge downward onto a single vertex, we indicate the pairwise
conjunctions to avoid confusion;

(iv) we use the notation p = q instead of p < ¢ for readability.
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6.1. Hasse diagrams of W3
1} 18 I
3 3 qhra 700 b gha 3 3
VoSN 3 3 3 3 o
\ \ N v XV NS \ !
\ " NN o SN A i
NSNS A N AN NYON |
! SR Yooa X AA
\ 1 "/ N ’\. / \,\/ \// N / \»\/\ . : \ 1
[ NN AN A N
VS, [N AN o) AR
\ 1/ [N /7 Y V2N .

Figure 6. Hasse diagrams of the weaker forms of increasingness expressed in terms of three variables on a
lattice.

1 3 4 6
13 13 13 13

\V/

176 =731 74
I,nI;=1;N1;

Figure 7. Hasse diagram of the weaker forms of increasingness expressed in terms of three variables on a
chain.
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AN A =1}
3 3 3 3 Il 16
\’.\ /‘ | 1\ 3 3
Ly, v gra — 78,b rb _ 7¢,a ro
: v : 13 h I3 IS - I3 ’/ \‘ r,a ) \3 /4 r,b ‘,a
n - \ ~ .- ' ~ ,d — B = 0 — s
S LT s o et e e
1SN I PN N
MLoglT v M T3 i /3 \1 /3
3...Y3 v M 3 Mi=M; Ty =,
o ‘\\\ ~ \\ // - //// - \ /
— 72 = 75 — 72 =75
L,=12=1 I,=12=1]

Figure 8. Hasse diagrams of the weaker forms of increasingness for commutative binary operations ex-
pressed in terms of three variables on a lattice (left) and on a chain (right).

6.2. Hasse diagrams of %,

|
/ |
S

~
Vs

S < \
39042 aq4 " O g3 42 g4
M2 M2 ./‘\/l2 ]2 Jz J2

NG/ N/

3 4 3 4
MM J;nJ,
Figure 9. Hasse diagram of the weaker forms of increasingness expressed in terms of two variables on a
lattice.
1
12
o1y 1 18

;

2 3 _ 4373 6 14 5044 — 74 2
M2 M2=szz”IzIz”IzMz=jz <72

TN\

2 2 — 43 4 — 73 4 5 6
le‘lj =M2I'IM2=IZI'IIZI'IIZI'IIZ

Figure 10. Hasse diagram of the weaker forms of increasingness expressed in terms of two variables on a
chain. The dash-dotted lines also hold on a lattice (not shown in the previous Hasse diagram).
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1
IZ

3— 74 5 — 76

12 = 12 : 12 = 12

/'/ \ | / \\
2 3 5 2
M3 rni; J;

3 Aq4 43 — 4
My =M J7 =],

1,

8w

1
Iz
4 (g2 75— 76 — 72
12=M2‘I2—Iz—'72
3 A4 — 73 — 74
M2=M2=*72=*72
1,

Figure 11. Hasse diagrams of the weaker forms of increasingness for commutative binary operations ex-
pressed in terms of two variables on a lattice (left) and on a chain (right).

6.3. Hasse diagrams of the relationship between %, and W,

2 3 4 1
M5 M MM,
\ PN R /

\ / ! \ / ! \ /
R A )
A ! I ! A
A AN AN
/ vy vy \
/ Vs L \
2 3 1 5
M My My M

/ Ny Ny \

Jg T I 3

Figure 13. Hasse diagrams of the weaker forms of increasingness in . (left) and # (right) on a lattice.
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I]
3 74 2 5_ 76
IZ - IZ N IZ - IZ
/.' | 7/ | \ | '.\
/ AY
4 | N\
‘/ 2 | 2 \
oMy ! R/
’ K 13 — 14 \ N\
If,b =759 | / /3 - \3 N 75b = If,a
-3 Il ¥ . IG 3 T 73
" 3,7 o3 ,
N N N ’
»/ . 7/

/N

N T S AN
MM T =T
\ 7 1

!

|

! . .

| N \ / N4
!

|

3 . . . 3
M, R A , 5
~ N N SO s 7
N 1 1 .
\‘\ \ / - ’
S \ / e
SN
— 72 =75
1,= I3 = I3
Figure 14. Hasse diagram of the weaker forms of increasingness for commutative binary operations on a
lattice.
3= 74— s\q2 1
D=1I=M; 1,
.7 Il IG
If,b = 754 3
3= NS
=T, =M=, —I3 =1

/N

M; = M% J31 = j33

Figure 15. Hasse diagram of the weaker forms of increasingness for commutative binary operations on a
chain.

7. Examples

In this section, we give some generic examples on lattices, chains or even the real unit interval.
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7.1. Examples for W5

In this subsection, we give examples of binary operations satisfying some weaker forms of increas-
ingness mentioned in Section [3|on lattices, chains or the real unit interval. Some already-known
operations are also included.

Example 7.1. Let L = (L, <, A, V) be a lattice. Define the binary operations F, and F,, on L as
follows:

x Lifx<y, y Lifx <y,
F\(x,y)= : F,(x,y) = .
y , otherwise, x , otherwise.
Then F, and F, satisfy 131 n Ig’ n I;‘ mn 136. However, they do not satisfy Mé u Mg u M;‘ u ./Vlg.
Note that F, becomes the meet operation and F,, becomes the join operation when L is a chain.

Example 7.2.
(1) For m € R the Lehmer mean L, : [0, oo[2— [0, oo, and, for p,qg € R, p # ¢, the Gini
mean G4 : [0, co[>— [0, oo are defined by

m+1 m+1

+y

L,(x,y) = W

1
xP 4 yP\
x4 + yi ’

GP(x,y) = <

with the convention 0/0 = 0. They are averaging and thus satisfy 131 r Ig’ r I;‘ r I36 .

(i1) Letl = ([0, 1], <, A, V) be the real unit interval. Consider the mixture function M, on [0, 1]
defined by

w(x)x + w(y)y

Ml y) = = S+ w0

with the convention 0/0 = 0, where w : [0,1] — [0, o[ is a weight function. If w is
increasing, then M, satisfies Ig’a, whereas if w is decreasing, then M, satisfies Igﬂ b,

Example 7.3. Let | = ([0, 1], <, A, V) be the real unit interval.

(i) Define the binary operation F on [0, 1] by F(x,y) = |x — y|. Then F satisfies 131 mn Ig’a m
£.b
1"
(ii) Define the binary operation G on [0, 1] by G(x,y) = 1 — |x — y|. Then G satisfies Ig r
Ir,b N If,a i
3 30
More generally, the difference between two increasing operations may still show some weaker
forms of increasingness.
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Example 7.4. Let | = ([0, 1], <, A, V) be the real unit interval. Consider two OWA operatorsE]
OWA, and OWA, such that OWA,| > OWA,, i.e., w; = w;,;, and a negation N ﬂ

(1) Define the binary operation Fy;¢r on [0, 1] as Fyee(x, ¥) = OWA, (x, y) —OWA,(x, y). Then
Fyige satisfies T, N 17 M If’b.
(ii) Define the binary operation F,i - on [0, 1]as FJ¥ (x,y) = N (OWA,(x, y) — OWA,(x, y)).
N : 6 r.b Z,a
Then Fj satisfies I; M1 N1,
Next, we give some examples that are exclusive to finite chains.
Example 7.5. Let C, = (C, <, A, V) be a finite chain with at least three elements, where C =
{X0>X15 ..., X, X1 } such that xy < x; < - <X, < X,41.

(1) Define the binary operation F; on C as follows:

x Jif i — jl =2,
Xipj  sifli=jl =1,
X ifli—j|#2andi—j=0(mod2),

2

Xiwe1 S, if |i—j| #landi—j =1(mod2).
2

ivj

Fi(x;,x;) =

Then F, satisfies M.
(i1) Define the binary operation F, on C as follows:
JAf i —jl =2,
F Xivj ,ifli—jl:l,
2050 X) =3y ifi—jl#£2andi—j = 0(mod2),

2

Xitj-1 Lif|i—j|# 1landi—j=1(mod2).
2

Xinj

Then F, € J,.
(iii) Define the binary operation F; on C by F3(x;, X;) = X, |_y,,» then Fy satisfies ;N I’;’ b
(iv) Define the binary operation F, on C by Fy(x;, X;) = X,,;1_,y;» then F, satisfies If’a M Ig’b.

(v) Define the binary operation Fs on C as follows:

X, Lifli—j| =1,
FS(xhxj) = v | Jl
X;p; »oOtherwise.

2For any weight vector w = (wl, w2) € [0, 1]* such that w, + w, = 1, the ordered weighted averaging function
OWA,, : [0,1]*> - [0, 1] (associated with w) is defined by OWA,(x, y) := w, max(x, ¥) + w, min(x, y) [30].
3A decreasing function N : [0, 1] — [0, 1] is called a negation if N(0) = 1 and N(1) = 0 [2].
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Then Fj satisfies Ig M Ig‘.

(vi) Define the binary operation Fg on C as follows:

Xjimji+linj-ml AL EAT 2 m,
Fo(x;, X)) =9 Xpyinjojizj)  -ifiAj<mandi#j,
x|,-_j| ,1fl=j<m
Then F satisfies 131.
(vii) Define the binary operation F; on C as follows:
xn+]_|l-_j|_|l-/\j_m| ,lfl/\JZmandl?é],
Fr(xi, X)) = 4 X4 Jifi=j > m,
Xivj LifiAj < m.

Then F; satisfies 136 .

7.2. Examples for W,
In this subsection, we give examples of binary operations satisfying some weaker forms of in-

creasingness mentioned in Section ] on lattices, finite chains or the real unit interval.
Example 7.6. Let [ = ([0, 1], <, A, V) be the real unit interval.

(i) Define the binary operation F on [0, 1] as follows:

l—xAYy ,ifx;éyandx/\ysl,
F(x,y) = . 12
xXVy ,1fx:y0rx/\y>5.

Then F satisfies IS M Ig.

(i1) Define the binary operation G on [0, 1] as follows:

. 1

XAy ,fx=yorxvy<s=,

G(x’)’)= . 21
l—-xVvy ,1fx;éyandey25.

Then G satisfies 135 m 136.
Example 7.7. LetL = (L, <, A, V) be a lattice and a € L.

(i) Define the binary operation F/ on L as follows:

a x Lifx>y,
F/(x,y) = :
a ,otherwise.

. 4 5
Then F; satisfies I2 M Iz‘
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(i) Define the binary operation F* on L as follows:
Jfx >y,
Fi(x,y) = Y y
a ,otherwise.
; 34 76
Then Ff satisfies I; M 1.

Example 7.8. Let L = (L, <, A, V) be a lattice and b, ¢ € L such that b < c.

i) Define the binary operation F.*° on L as follows:
(i) Define the binary operation F>*“ on L as foll
c LifxA b,
F)(x,p) = { /|
x , otherwise.
Then F;”c satisfies Mg

(i1) Define the binary operation Frb’c on L as follows:

b ,ifxv c,
Fbe(x,y) = /|
y , otherwise.

Then Frb’c satisfies J22.

Example 7.9. Let L = (L, <, A, V) be a lattice and d € L. Define the binary operation F don L
as follows:

XVy Jifx,y<d,
Fl(x,y)=1d Jif x,y > d,
xAyAd ,otherwise.

Then FY satisfies M% M ]22.
Example 7.10. Let L = (L, <, A, V) be a lattice.
(i) Define the binary operations F; and F, on L as follows:
y St x ||y, y St x ||y,
F (x,y)= . Fi(x,y) = .
XAy ,otherwise, xVy ,otherwise.
Then F " satisfies M; but not J2, whereas F) satisfies J2, but not M;
(ii) Define the binary operations F f and F\f on L as follows:
x St x ||y, x SAfx ||y,
Ff(x,) = . Fy(x.y) = .
XAy ,otherwise, xVy ,otherwise.

Then F Af satisfies Mg, but not J#, whereas va satisfies 4, but not M‘zl.
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Finally, we give some examples that are exclusive to finite chains.

Example 7.11. Let C, = (C, <, A, V) be a finite chain with at least three elements, where C =
{x0s X1, .., X, X, )} such that xp < x) < - <x, <X,

(i) Define the binary operation G on C as follows:

G ) xppiminy S li—jl#FLorinj =0,
1(xi,xj)— e 0
Xypo-inj »ifli—jl=TlandiAj#0.

Then G, satisfies Mg
(ii) Define the binary operation G, on C as follows:

Jifli—jl# lorivj=n+1,

Gz(x x.) — xn+1—ivj
v Jifli—jl=1andiVj#n+ 1.

xn—i\/j

Then G, satisfies J22.
(iii) Define the binary operation G5 on C as follows:
Affi—jI <1,
Jif i — j| =2,

Xinj42 - Otherwise.

Xivj

G3(xi9xj) = xi/\j

Then G5 satisfies Mg

8. Concluding remarks

In this paper, we have introduced and studied weaker forms of increasingness of binary operations
on lattices from the perspective of the dominance relation. We have started from a well-known
theorem connecting the dominance relation and the classical notion of increasingness. Based on
this theorem, we have obtained weaker forms by reducing the number of variables involved in the
classical notion of increasingness or one of the two equivalent formulations by one or two.

We have laid bare all the implications among these weaker forms (on lattices and chains) and
provided a counter-example when it is not so obvious that the converse of an implication does
not hold. The results are summarized by providing Hasse diagrams that collect the implications
and equivalences between the weaker forms of increasingness in a visually attractive manner. We
have provided several generic examples to illustrate weaker forms of increasingness on lattices,
chains or the real unit interval.

We have also paid attention to the characterization of the meet and join operations on lattices and
chains. We anticipate that other well-known (families of) binary operations that fail to satisfy the
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classical increasingness property can be shown to satisfy some of the weaker forms, which could
constitute a first step towards their characterization.

Note that the discussion in this paper can easily be extended to higher dimensions, the only dif-
ficulty being a combinatorial explosion of the number of weaker forms one can consider and the
corresponding cumbersome notations.
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