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The rising interest in using hydrogen as a fuel has increased the demand for composite pressure vessels that can
safely store hydrogen at a working pressure of 70 MPa. However, a significant challenge to commercialization
lies in developing optimized vessel designs that minimize both cost and weight. Analytical models have proven
valuable for design optimization since they enable a quick analysis of a large number of options. Despite this,
existing models fail to combine three aspects that are essential for a correct analysis of hydrogen pressure vessels:
validity for asymmetric lay-ups, including out-of-plane stresses since these are thick-walled vessels, and pre-
dicting stress variations near the dome-cylinder interface. Therefore, this work presents a closed-form analytical

model that integrates these three features through a superposition of two models. The model’s accuracy is
evaluated by comparing the results with finite element simulations, showing excellent agreement across the

entire stress distribution.

1. Introduction

In the global evolution towards net zero emissions by 2050,
hydrogen is emerging as a promising energy vector for renewable energy
to facilitate the decarbonization of the transportation sector. In this
sector, hydrogen is particularly appealing to power heavy-duty vehicles
that require high power outputs and long driving ranges, thanks to its
high gravimetric energy density and fast refueling times [1-5]. How-
ever, its low volumetric energy density at atmospheric pressure neces-
sitates storage at a high working pressure of 70 MPa to meet the desired
driving ranges [5-7]. When storing compressed hydrogen gas at such
high pressure levels, ensuring a safe and reliable pressure vessel design is
crucial. This is typically achieved with Type IV pressure vessels, as these
are high-strength, lightweight vessels with a high fatigue resistance and
low risk for corrosion and hydrogen embrittlement [2,7,8]. A Type IV
design comprises an inner polymer liner that acts as a barrier against
hydrogen permeation, while a thick composite overwrap serves as the
load-bearing component. A cylinder region and two domes can be
distinguished, with metal bosses at the endcaps for refueling operations
(Fig. 1). The composite overwrap is typically produced by filament
winding, during which epoxy-impregnated carbon tows are wound at
different angles a [2,8,9]. An optimal design of the composite overwrap
features a well-balanced wrapping of hoop layers with fiber angles close
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to 90°, and helical layers with fiber angles smaller than 90°, to bear the
load in both the hoop and axial direction of the vessel [6,9].

A challenge to commercialization of these pressure vessels lies in the
extensive use of carbon fiber required to withstand the high loads, ac-
counting for up to 70% of the total cost [2,8-11]. In this context, design
optimization can enhance their economic viability by minimizing the
use of carbon fiber, thereby reducing weight and cost and increasing the
inner volume [2,11].

Different analysis methods can be used for the design optimization of
Type IV vessels. Possible approaches are finite element (FE) simulations,
such as by Ramirez et al. [8], Magneville et al. [10], and Leh et al. [12],
and experimental testing. However, these methods are too
time-consuming and expensive for the purpose of design optimization,
as this involves a parametric variation of a large number of design
variables [11,13]. One could think of analytical models instead, as these
allow a quick calculation of many different designs, especially when
implemented in an efficient coding environment. Moreover, an analyt-
ical approach offers more transparency and versatility compared to FE
simulations, since every calculation step can be retraced and interme-
diate results can be obtained [11]. However, the key disadvantage of
analytical models is that accuracy is often sacrificed by making simpli-
fied assumptions. A typical example is netting theory, which is a popular
analytical tool for the preliminary design of pressure vessels that
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Fig. 1. Composition of a Type IV composite pressure vessel.
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calculates the required thickness of the hoop and helical layers using two
simple formulas. However, it is based on the unrealistic assumption that
only fibers carry the load and are tensioned equally, neglecting any fiber
interaction or resin contribution. Moreover, it can handle only one type
of hoop and helical layer [2,6,7,9,13-15]. Because of these limitations,
many researchers have focused on developing more reliable analytical
models for the mechanical behavior of composite pressure vessels. Note
that since pressure vessels are typically designed to have safe burst
failure occurring in the cylinder region [8,12], many of these analytical
methods address the cylinder region only. Generally, more advanced
analytical models fall into two categories: those based on Classical
Laminate Theory (CLT) and those based on 3D elasticity theory.

Classical Laminate Theory was used by Madhavi et al. [15], Alcantar
et al. [16] and Camilleri et al. [17] to predict the membrane effects of
laminated cylinders under pressure. However, it was emphasized by
Jiang et al. [11], Park and Kim [13], and Belardi et al. [18] that in
addition to the membrane loads, bending loads should be included as
well due to the connection of the cylinder region to the dome. Their
work demonstrates that additional stresses occur in the dome-cylinder
transition region, and that these can be addressed analytically by a
local bending moment M2 and shear force Q2 at the junction. Never-
theless, the aforementioned models still exhibit two important short-
comings. First, most models (e.g. Refs. [13,15-18]) only consider
symmetric laminates as this simplifies the calculations by setting matrix
B equal to zero in CLT (see Section 2.3). However, this assumption is
unrealistic for Type IV pressure vessels, which often involve asymmetric
lay-ups. As shown by Camilleri et al. [17], using CLT with symmetry
assumptions for asymmetric lay-ups can result in errors up to 33%. Note
that only the analytical model by Jiang et al. [11] is valid for asymmetric
lay-ups, but was solved numerically since closed-form equations could
not be obtained. Secondly, CLT assumes a state of plane stress, thereby
neglecting any contribution from out-of-plane stresses [15]. While this
assumption may be adequate for thin-walled cylinders with a
thickness-over-radius ratio below 1/10, Type IV pressure vessels for
hydrogen storage are thick-walled, with composite thicknesses easily up
to 30 mm due to the high working pressure. This means that a
thin-walled assumption is not valid for this case and that out-of-plane
stresses must be included in the analysis to obtain accurate results
[17,19].

The second category is based on 3D elasticity theory which assumes a
3D stress state. In the literature, there are two primary methods for
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deriving the 3D stress, strain, and displacement expressions: either ac-
cording to Lekhnitskii [20], as followed by Wild and Vickers [14],
Parnas and Katirci [19], and Tabakov and Summers [21], or alterna-
tively according to Herakovich [22], as followed by Xia et al. [23],
Bakaiyan et al. [24], Aimmanee [25] and Soleimani et al. [26]. Since
out-of-plane stresses are incorporated, 3D elasticity theory is thought to
yield more accurate predictions for thick-walled multilayered tubes
compared to CLT [17,19]. Another advantage is that multiple input
loads can be combined, typically including the internal pressure P;,
external pressure P,, axial force F, and torque T,. It is even possible to
include temperature variations AT to capture residual stresses [22,24,
26]. Moreover, there are no limitations regarding the symmetry of the
lay-up. Nonetheless, the biggest disadvantage of applying 3D elasticity
theory to pressure vessels is that it cannot predict the cylinder edge ef-
fects. Indeed, it assumes a long tube for which the solution is only valid
far from the edges [22]. Considering the importance of the
dome-cylinder transition effects in pressure vessels, this assumption
poses a serious limitation on the model’s predictive capability in this
region.

This literature review reveals that even the most advanced existing
models have limitations in accurately predicting the response of thick-
walled hydrogen pressure vessels. The objective of our research was to
overcome this gap in the literature by developing a novel analytical
model for the cylinder region of Type IV composite pressure with three
features that are essential for a correct analysis; our model is (1) valid for
asymmetric lay-ups, (2) includes out-of-plane stresses, and (3) can pre-
dict the cylinder edge effects. Moreover, we aimed to derive closed-form
analytical equations that require no iterative methods or numerical
approximations, in order to minimize the computational time.

The key to developing our analytical model was the superposition of
two models. Model 1 is based on 3D elasticity theory, following the
approach by Herakovich [22], and calculates the general response of a
cylinder subjected to internal pressure P;, external pressure P,, axial
force F,, and torque Ty. Model 2 is based on CLT and predicts the local
response of a cylinder subjected to an edge bending moment M2 and
shear force Qg. It is an extension of the work by Belardi et al. [18] from
symmetric to asymmetric lay-ups, and fits within the framework of
bending theory for cylindrical shells. Although Model 2 assumes a plane
stress state, it will be shown that this assumption is sufficient when used
to predict edge effects only. In conclusion, our analytical model adopts a
smart combination of the accuracy of 3D elasticity theory and the ability
of CLT models to capture the edge effects, while bypassing their
respective weaknesses.

2. Theory

This section presents the analytical derivations for Model 1 and 2,
including their superposition method.

2.1. Definition of the coordinate systems and input parameters

First, a global cylindrical right-handed coordinate system (x, 6,r) is
defined for Model 1, where x represents the axial direction, 6 the
circumferential direction, and r the radial direction, as illustrated in
Fig. 2. Model 2 requires a modified right-handed cylindrical coordinate
system (x, 6, z), where the origin is located at the midplane of the
laminate and the z-axis is oriented inwards. Note that z =r — R with R
the radius of the midplane. The local material coordinate system (1,2,3)
is also right-handed and is defined for each layer k with a winding angle
ay relative to the x-axis, with 1 parallel to the fiber, 2 transverse to the
fiber in-plane and 3 transverse to the fiber out-of-plane.

The required dimensions of the composite laminate are the inner
radius R;, the outer radius R,, the thickness t and the half-length L/2,
considering symmetry about the center. The laminate consists of N
layers, numbered outwards (k = 1, ...N), which are assumed to be
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Model 2

Fig. 2. Required coordinate systems, dimensions, lay-up, and loads for Model 1 and Model 2.

perfectly bonded. The composite material is modeled with linear elastic,
orthotropic behavior, though the model is also applicable to (trans-
versally) isotropic materials. The polymer liner is assumed to be not
load-bearing, making our model applicable to Type V vessels as well.
Additionally, small deformations are assumed for the kinematic re-
lations. These assumptions suggest that the model should be used with
caution when analyzing vessels nearing failure, particularly when large
strains or delamination are present.

The lay-up can be either symmetric or asymmetric, but should
consist solely of hoop layers with an angle of exactly 90°, and helical
layers defined by a repetition of a balanced and symmetric lay-up:
[+ ax, —ak, —ax, +ak],. For n—>oo, this resembles the real structure of
filament wound helical layers, which consist of equal portions of inter-
twined tows with a positive and negative winding angle. Note that it is
sufficient to choose n > 2 in practice.

The loads include a uniform internal pressure P;, typically the
working pressure, and an external pressure P, which is usually negli-
gible. In addition, an axial force F, is required to establish the axial
equilibrium with the dome. This is accomplished by defining Fy as the
resultant of the pressure in the section plane with the dome, given by
equation (1).

Fo=1R?P; @
Next, the axial torque Ty should be zero, considering that neither the
hoop nor the helically intertwined layers induce axial twisting of the
composite tube. Model 1 (Section 2.2) examines the overall deformation
of a cylinder subjected to these four loads, without considering the edge
effects.

Lastly, connecting the cylinder to the dome also requires that the
displacement field of both components match at the junction. As a result,
the actual displacement field near the cylinder edge deviates from the
predictions made by Model 1. Model 2 (Section 2.3) addresses these
local bending effects by considering an axisymmetric shear force Q2 and
bending moment M? at the cylinder edge (x = 0), both defined as pos-
itive outwards.

2.2. Model 1: 3D elasticity theory for the general response to P;, P, Fy
and Ty

Model 1 considers a thick-walled multilayered cylinder subjected to
P;, P,, Fy and Ty.
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With u the axial displacement, v the circumferential displacement,
and w the radial displacement, we can define the 3D strain-displace-
ment equations in cylindrical (x, 6, r) coordinates [27].

u (v W
" r\ee™ ) o

_Llfow .
Tor =7\ 90 or ) T

The 3D constitutive equations in global cylindrical coordinates are

Ex =

o
T or

ow o
a7 ox

1 du

v+ + F%

(2)

given by equation (3) where [C|, is the transformed stiffness matrix for
an orthotropic layer k with fiber angle oy, defined according to formula
(4). For the definition of the transformation matrices [T;] and [T>] and
the stiffness matrix [C], the reader is referred to Ref. [22].

Ox Ci Cz2 Cs 0 0 Ci|[ex
% | |Co Cn Cs 0 0 Cyul|é
or| _|Cs Cx Gz 0 0 Gse &r 3)
Tor 0 0 0 C44 C45 0 Yor
Txr 0 0 0 Csis Css 0 || 7
Txo Cie Cxp Cs 0 0 GCe] [7x0
[Cli = [T1(—aw)][C][T2(aw)] Q)

The 3D equilibrium equations in cylindrical coordinates are given
by equations (5 - 7) [22].

do, 1 10ty Oy

W-ﬁ-;(tfr—(fu)-‘r;ﬁ-i- 0x—0 (5)
l)Tgr 1 069 aTXg 2 _

or Troe tox =0 ©
0t 10ty dox 1

or trae T Ty =0 )

The aforementioned equations can be simplified by assuming that
the stresses, strains and displacements are independent from 6 due to
axisymmetric loading, and that the stresses, strains and radial
displacement are also independent from x far from the edge where F,
and T, are applied. The system of equations in (5 - 7) can then be solved
according to Herakovich [22], leading to the closed-form expressions for
the stresses and radial displacement per layer k as a function of r, dis-
played in (8 - 12).
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0xk(r) = (Ci1x + (Cizx + Crzx) ) €2 + ((Crak + 2C13x) Qu + Ci6) 7°r + (Crzk + 4Crsi) Arir™ " + (Crax — ACrsg)Ansr ™ (€)]
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N JR—
. _ k
Wie(r) = Aq g™ + Aggr ™ + Tyedr + Quy°r? 12) Ay = kZ Qji(2x — 2x-1) (18)
=1
Ciox — C Cosx — 2C C. N o
wmnﬁJj“ J“X%:(%k ,MQMMM: =2k a3) Ezlz:@w,£ ) (19)
(Cssk — Ca2x) (4Css3x — Caax) Cs3k Y72 i ko Tkt
Note that the stresses in local coordinates can easily be obtained by .
using the transformation matrix [T;]. Moreover, the full derivation by 1 (o3 o3
. D= Z bz — 2 0) (20)
Herakovich [22] reveals that the transverse shear stresses 7, and 7, are 3 —

zero for the considered loads, and that the axial strain 2 and the angle of
twist per unit of length y° are constant throughout all the layers.

For a tube with N layers, there are still 2N + 2 unknowns in ex-
pressions (8 - 12), i.e. 6‘27 }/O,Al_k and A, x, which are found by a system of
2N + 2 equations. These include the 2 boundary conditions in (14), the
2(N — 1) continuity equations in (15) by assuming perfect bonding for
N — 1 interfaces, and the force and torque equilibrium in (16) and (17).

Boundary conditions : ¢,;(R;) = —P; and 6, 5(R,) =0 (14

Continuity equations: wy =wy.; and o,y =0, forinterfacesk=1,...N

-1
(15)
N Th
Axial force equilibrium : F, =27 Z / Oxk(r)rdr = 7RZP; (16)
k=1 Tk-1
N Th
Torque equilibrium : T, = 27[2 / Tk (r)r?dr =0 a7)
k=1 YTk-1

2.3. Model 2: Classical Laminate Theory for the edge response to Q2 and
M

Model 2 considers a multilayered cylinder subjected to an edge
bending moment M2 and an edge shear force Q2 atx = 0. The derivation
of the closed-form formulas is an extension of the work by Belardi et al.
[18] with two essential improvements. Firstly, Model 2 does not include
the general response of a cylinder subjected to P; and F, since this was
covered by Model 1, and since it is demonstrated later that this is not
accurate with CLT for thick-walled cylinders. Secondly, the derivations
are extended to asymmetric lay-ups, meaning that matrix B in formula
(19) is not necessarily zero. Note that matrices A, B and D in (18 - 20)
represent the extensional stiffness, the bending-extension coupling
stiffness, and the bending stiffness respectively, with i,j € {1,2,6} and
[(_z]k the transformed reduced stiffness matrix [22].

It can be found that for lay-ups comprising only hoop layers with
ar = 90°, and helical layers with [+ ax, —ax, —a, +ai,, A1e = Az =
Bis = By = 0 and D16, Dy—0 as n—oo. This is demonstrated in Table 1
for an arbitrary asymmetric lay-up with one helical and one hoop layer
of 1 mm for both n =2 and 5, and by using the elastic constants in
Table 3. Additionally, for this asymmetric lay-up By;, Bi» and B,, are
clearly different from zero, which emphasizes the significance of
including these in our model.

Formula (21) presents the strain-displacement equations in cy-
lindrical (x, 6, ) coordinates for the strain and curvature changes of the
midplane [18].

du
r ] 0x
lov_w

o Rdd R
€
x 1ou ov
80 —

0 R 06 ox
o | = FPw 1)
Ky —_—

Ko 0x?
oo || 1 (o o

R2\00 ' 00*
L (v, dw
R \0x 0x0d0

These equations can be simplified by assuming that the tangential
displacement v and the derivatives with respect to 6 are zero. This
assumption is generally true for the axisymmetric loading of isotropic
shells of revolution [28], but can be extended to orthotropic materials if
specific laminates are considered [18], including our lay-up which

contains only hoop layers of 90° and helical layers with
[ 4 e, — 0, —0n, -0t ]«
Table 1
Components of ABD matrix for a lay-up [[+ 30°,-30°, —30°,+30°],,,90°] with n = 2 and 5.
Ase Az B Biz Bao Bis Bae D6 D
n= 0.0 0.0 4.0e4 1.2e4 —6.3e4 0.0 0.0 6.8e-1 2.6e-1
2
n= 0.0 0.0 4.0e4 1.2e4 —6.3e4 0.0 0.0 1.1e-1 4.1e-2
5
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du
dx
& w
€9 R
e |=| © (22)
Kx d2 w
o &
Kxo 0

The constitutive equations for plane stresses in cylindrical co-
ordinates are defined in formula (23) [18,22].

0
Oy B Ex Ky
oy | =[Ql 83 + 2| ko (23)
T Lk Y Koo

Next, the three equilibrium equations in (24 - 26) must be
considered [18].

dN,
ax =0 (24)
dQ. N,
RO @
a,
o &0 20

Lastly, formulas (27 - 28) present the stress resultants and bending
moments in which all the 16 and 26 terms are zero.

International Journal of Hydrogen Energy 87 (2024) 457-468

w d*w
My =B, — Biye — Dy
x=Bug 125 s

From (24), it follows that N, is a constant, and by applying axial force
equilibrium, we find that it is zero.

PiRi

du 31

N, = = 2

=5 0 (32)
By applying this to (29), we can derive expression (33) for &,

@ _Aw w ﬁ dz_w (33)

dx An R Ay dx?
Furthermore, by combining (25) and (26), we find equation (34).

d*M, Ny _
d? R
By substituting (33) into (30), we find expression (35) for N, which is
only a function of w(x).
d*w
A22>

A2
_B il 12
12) s + ( A,
Next, by taking the second derivative of M, in (31), and by replacing

&My
dx2

0

(34)

w
R

(35)

% with the second derivative of ﬂ—’; in (33), we find formula (36) for
as a function of w(x).

BZ
(Iq_i_Dll) B12 )

Finally, by inserting (35) and (36) into (34), we obtain a fourth-order
ordinary differential equation (37), which can be solved for w(x).
2 d*w

B} A12Bn Al
21l _p 1271l B 227, (12
(A11 “) ( 2] Rd2 " \An

All
The corresponding characteristic polynomial is provided in (38), for
which we can find the 4 complex roots m; given in (39).

dw
e

d*w 1

d* 'R

&M,

dx?

(36)

(AIZBH _
All

d*w
—+

w

[Nx An A O :I & Bn B O Kx ) ,
Ny | =|A12 Axn O & |+ |Bi2 Bp O Kg (27) B, 4 [(A12Bu 2, [(Af, 1
Bh_ Avbu_p ) 2 A2 py) S =0 (38
Neo 0 0 As Y 0 0 Be| |kuw An njmeE An 12) g + An *2) R (38)
(i \/\/(DnAn —B2))(AnAxn — A%z) +A12B11 — BioAnn £ i\/\/(DuAn —B2)(AnAxn — A%z) — A12B11 + BioAn )
2R(D11An — BY))
M, By B O & Dy D O Kx
M, |=|Bi2 B O & |+ |Di2 D O Ko (28) The solution to the differential equation can then be expressed ac-
My 0 0 Bss]|y0 0 0 Des] [k cording to formula (40).

By inserting the strain-displacement equations (22) into (27 - 28), we
find expressions (29 - 31).

du w d*w

Nx:Alla*Aug*BllE (29)
du w d*w

Ny :Alzd__x - Azzﬁ - Blzw (30)
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w(x) =A™ + Ae™ + Aze™ + Aje™* (40)

Keeping in mind the physical meaning of the solution, we expect a
diminishing effect upon moving away from the edge [18]. Thus, only the
roots m; with a negative real part are included, yielding expression (41).

*\/\/(DnAn*Bf]) (AllAzz*Afz) +A12B11—B12An

\/ZR(DHAH—BfI)

w(x)=e
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\/\/(DnAn*Bﬂ) (A11A22*A%2) —ABii+Bi2An *\/\/(DnAn*Bfl) (AnAzz*A]zz) —ABu+BiAn
X x

o| Aje \/2R(D“A“’B?1) +Ase \/ZR(DHAIFB%) (41)

Lastly, Euler’s equation was used to remove the complex part of (41),

—p1x
resulting in the final expression (42) for w(x) where f; and f, are two £ :%:: <’% (Cy €os(f3,x) + C, sin(f,x)) + B (cos(ﬂzx) (ﬂfcl
stiffness parameters, as formulated in (43 - 44). 1
w(x) =e "*(C; cos(B,x) + Cz sin(B,x)) (42) = 2$12Ca — P5C1) + sin(B5) (B Ca+ 2152 C1 — ﬂ362)))

(49)
\/(DuAu — B}) (Audz; — A%,) +A13Bu — BioAn 43) 1
— w .
g 2R(D11An — BY) €=~ - Eefﬂ’x(cl €0s(f,x) + C sin(,x)) (50)
2
s, — \/(DuAu — B}) (AnAz — Aly) —ApBu +BpAn (44) Ky= — ix—f: — e (cos(Byx) (B1C1 — 28, B,C2
2 2R(D11An — B2))

— B3C1) +sin(f,x) (B3 Ca+2$15,C1 — f3Cz2)) (51

The global stresses can then be obtained by equation (23) and the
local stresses by transformation to fiber angle ay. Finally, the expressions
for the stress resultants and bending moments are given in Appendix A.

This solution is very similar to the complementary solution for w(x)
by Belardi et al. [18], but with the important difference that here two
stiffness parameters are defined instead of one, and that these are also a
function of B;1, By, and B;,. One can verify that for Bj; = By = B12 =0
and P; = 0, equal expressions are obtained to those by Belardi et al.
[18].

The next step is to determine the unknown constants C; and Cz by
imposing the axisymmetric bending moment M? and shear force Q¥ per
unit of circumference at the edge. Note that additional steps were taken
to derive the expressions for M, y—o and Qyx—o in equations (45 - 46).

2.4. Combined model for P;, Py, Fy, Ty, Q° and M2

Model 1 was derived for the general response of a multilayered tube
subjected to P;,P,,Fy and T, and yielded closed-form equations as a
function of the radial coordinate, f; (). Model 2 was derived for the edge
response of a multilayered tube subjected to Q2 and M? and yielded

_ _ (BuAp C: B 5 closed-form equations as a function of the axial coordinate, f»(x). By
My =Moo = ( An Bu) R (A_H —Du ) (FiCy = 251,C: superposition of these two models, we obtain a combined model that
— 2G)) predicts both the general and edge response for these six loads, with

2

expressions that are a function of both x and r. The combined model can
then be used to analyze the cylinder region of Type IV vessels subjected

. p — 0
. BiiAr (BsCo — iC1) (B to P;, P, = 0,Fy, Ty = 0,Q% and MY.
Q. = =|—F— B — R + Ay Dy ) ( However, one additional step is needed to justify this superposition.

(45)

Indeed, one should understand that the cylinder subjected to P; and F in

3 2 2 3
= PIC1+3515,C2 + 34155C1 — $5Cs) (46) Model 1 also exhibits edge effects which were not yet included, given
The system of two equations in (45 - 46) is then solved for the 2 that Model 1 only generates the solution for these loads far from the
unknowns C; and C,, presented in (47 - 48). edge. More specifically, the different values for the axial stress oy (1) per

layer k cause the free edge to bend under P; and/or F,. The bending

AR ((A1Br — AnBiz)M, + R( - 24,Q0 + M2 (3 — 363)) (AuDn — B2, )

G = 47)

(A11Bi2 — Ar12B11)* + 2R(f% — f3)(A11B12 — A12Bi1) (A11D11 — B2) + R2 (6} + ﬂ§)2 (AnDy — B%l)z
e - AuR((AwnBi —AuBu)(Q + /M) +R(Q(F; — A1) + Mep (36 — 7)) (AuDu — BY)) 48)

)=
P2 ((AllBlz —ApBn)? + 2R(B — f3)(A1B12 — A1zBi1) (A1iD1y — B2) + R2(f} + ﬁ%)z(AuDu - 3%1)2>
Lastly, by using the strain-displacement equations in (22) and the moment associated with these additional edge effects can be calculated

solution for w(x) in (42), we find the following closed-form expressions using equation (52) where o, x(r) is defined by formula (8) in Model 1,
for €2, €3 and «y. and r — R = z is the distance to the laminate’s midplane.
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Table 2
Symmetric and asymmetric lay-up for the cylinder region of a typical Type IV pressure vessel.
Ply number 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20
Symmetric (°) 90 15 75 90 20 65 90 10 90 35 35 90 10 90 65 20 90 75 15 90
Asymmetric (°) 90 15 15 90 20 10 90 10 70 90 35 35 90 60 90 75 75 90 25 90
Table 3
Elastic constants for a carbon fiber reinforced epoxy composite.
Elastic constants E; E, Es V12 Vi3 Va3 Gi2 Gi3 Ga3
Value 147 GPa 10 GPa 10 GPa 0.27 0.27 0.35 7 GPa 7 GPa 3.7 GPa
Symmetry
. Radial displacement w(x)
0 — 1.2
@y = =500 kN/m
: g
F, =7.125 MN—> g
SN
+—
=
15}
B
P; = 70 MPa 8
(B
4
Y : e o
. . =
2 l N Cylinder middle g
<
(a7

Cylinder edge

Fig. 3. Abaqus model of a cylinder subjected to P;, F, and Q% for numerical
validation of our analytical model.

Table 4
B, B, and M2 for the symmetric, asymmetric, and mirrored asymmetric lay-up.

Symmetric lay- Asymmetric lay- Mirrored asymmetric lay-

up up up
B (mh) 20.576 21.859 20.002
Bp (m71) 20.576 20.002 21.859
M (N#) 1254 ~13623 15535

N Tic
M= / oxx(r)(r — R)dr (52)
k=1 YTk-1
Note that since the transverse shear stresses in Model 1 are zero, no
additional edge shear force Q? is calculated to account for the extra edge
effects. If the bending moment defined in (52) is then used as an addi-
tional input for M? in Model 2, the combined model incorporates all the
edge effects. With this additional step, all the expressions for the
stresses, strains and displacements in the combined model, f.oms (x,r), can
be calculated by superposition of Model 1 and 2, as illustrated by (53).

fcomb(x7 T') :fl (T') +f2(x) (53)

3. Materials and modelling methods

The combined analytical model is implemented as an efficient code
in Python, with as input the dimensions, elastic constants, loads, and an
array for the winding lay-up with corresponding layer thicknesses. The
output comprises multiple 2D arrays for the displacements, strains and
stresses, calculated at a chosen number of points in both the x- and
r-direction. The elegance of the code is that extensions can easily be
implemented, including rules of mixture for defining the elastic con-
stants, or laminates composed of different materials.
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Fig. 4. Radial displacement as a function of x at r = R; for the three lay-ups and
load case 2.

For the analysis and verification of our analytical model in Section 4,
we use a case study with realistic input parameters for the cylinder re-
gion of Type IV hydrogen pressure vessels. The cylinder has an inner
radius R; of 180 mm, a thickness t of 28.0 mm, and a half-length L/2 of
300 mm. It can be checked that t/R; is indeed higher than 1/10, indi-
cating that thick-walled theory is required. Both a symmetric and
asymmetric lay-up are used for the analysis and are displayed in Table 2.
These are based on realistic lay-ups, approximated by 20 layers with a
fixed thickness of 1.4 mm and increments of 5° in winding angle. Both
lay-ups consist of 40% hoop layers (ax = 90°), 20% high-angle helical
layers (ay > 45°), and 40% low-angle helical layers (ax < 45°). A lay-up
[+ax/ —ax/ —ax/ + ax ], is used for each helical layer. The elastic
constants in Table 3 are used, which are exemplary for a carbon fiber
reinforced epoxy composite.

Furthermore, we consider two load cases. Load case 1 is defined by
an inner pressure P; of 70 MPa and an axial force Fy of 7.125 MN,
calculated using formula (16). This first case is important to verify if the
edge effects of a cylinder subjected to P; and F, in Model 1 are correctly
predicted by formula (52). Load case 2 is equal to load case 1, but with
an additional inward shear force Q2 of - 500 kN/m at the edge. These are
typical loads to which the cylinder region in a real pressure vessel is
subjected.

Verification of our analytical model is performed by comparing to FE
simulations in Abaqus. The Abaqus model shown in Fig. 3 was created
by means of a solid extruded hollow cylinder, partitioned into 20 layers.
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Fig. 5. 011 and o092 as a function of r at x = L/2 for symmetric lay-up and load
case 1 by CLT, 3D elasticity theory, and Abaqus.

A balanced and symmetric composite lay-up [+ax/ — ax/ — ax/ + o |
was assigned to each helical layer. A pressure of 70 MPa was applied to
the inner surface. The edge surface representing the symmetry plane at
the center was fixed for the axial and circumferential displacement in
cylindrical coordinates, while the radial displacement was allowed. The
edge surface representing the dome-cylinder transition had no
displacement restrictions, but an axial force of 579 N/node and a shear
force of - 49.6 N/node were applied to match the total contribution of all
nodes to the values in load cases 1 and 2. The loads were assigned in
separate steps to reproduce the different load cases. Finally, a structured
mesh with additional refinement near the front edge was defined, con-
sisting of 900,000 elements. Solid elements (C3D8R) were used to
include out-of-plane stresses also for the numerical validation.

4. Results and discussion
4.1. Symmetric vs. asymmetric lay-ups

First, we study the values for ; and f, calculated by formulas (43 -
44) for both the symmetric and asymmetric lay-up. The results in Table 4
demonstrate that f; equals f, for the symmetric lay-up, which is ex-
pected since the formulas for #; and f, simplify to only one stiffness
parameter for symmetric lay-ups, in agreement with the work by Belardi
et al. [18]. In contrast, we obtain two different values for $; and j, for
the asymmetric lay-up. Moreover, we mirrored the asymmetric lay-up,
as shown in the last column, for which we can notice that #; and j,
switch in value. This is due to the switching signs in + A13B11 — B12A11
and —Aj2B11 + B12A11 in the formulas for f; and f,. This observation
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Fig. 6. 011 and o2, as a function of r at x = L/2 for symmetric lay-up with Y
thickness and % load case 1 by CLT and 3D elasticity theory.

confirms that the two stiffness parameters in Model 2 allow us to
distinguish between asymmetric lay-ups.

Table 4 also presents M2, calculated using formula (52) for the three
lay-ups and load case 1. This represents the bending moment associated
with the bending of the free edge under the applied pressure and axial
force. We detect the smallest value for M? for the symmetric lay-up, for
which we indeed expect less bending. Besides, we notice that by mir-
roring the asymmetric lay-up, the sign of M2 switches, which indicates
that the bending direction of the free edge switches as well.

Fig. 4 displays the radial displacement for the three lay-ups and load
case 2 as a function of x, mirrored at x = L/2, and atr = R;. We observe
that the negative value for Q¥ in load case 2 causes the free edge to bend
inwards for all lay-ups. Nevertheless, the different values for f;, f, and
M? for the three lay-ups also influence the edge displacement. Particu-
larly, the negative sign for M2 for the asymmetric lay-up causes a further
inward movement of the edge compared to the symmetric lay-up,
whereas the positive sign for the mirrored lay-up opposes this inward
movement. These results emphasize the importance of formula (52),
where M is clearly dependent on the lay-up.

4.2. Classical Laminate Theory vs. 3D elasticity theory

Next, we investigate our hypothesis that 3D elasticity theory is more
accurate than CLT for Model 1, which handles the general response of
thick-walled tubes. This was done by calculating the stresses for load
case 1 and the symmetric lay-up using three methods: by CLT according
to Belardi [18], by 3D elasticity theory according to Model 1, and by
Abaqus. The local stresses (611 and o33) are plotted in Fig. 5 as a function
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Fig. 8. 611 and o2 as a function of r at three x-positions for load case 1.
Analytical model vs. Abaqus.

of r and at x =L/2 to exclude any edge effects for this analysis. We
observe significant mismatches between CLT and Abaqus, whereas 3D
elasticity gives outstanding agreements. This is not surprising since t/ R;
= 28 mm/180 mm = 0.156, which is too large for a thin-walled
assumption (< 0.10). As an additional verification, this procedure was
repeated for a vessel with t/4 such that t/R; = 0.0389 < 0.10. Fig. 6
shows that 3D elasticity theory and CLT are now closer in agreement, but
a slight mismatch remains. These observations indicate that as the tube’s
thickness increases, 3D elasticity theory becomes notably more accurate
compared to CLT. Note that this finding highlights an important
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Fig. 9. 011 and o032 as a function of r at three x-positions for load case 2.
Analytical model vs. Abaqus.

limitation of all the models based on CLT ([11,13,15-18]) when used for
the analysis of thick-walled vessels for hydrogen storage.

4.3. Numerical validation of proposed analytical model

Lastly, we perform a thorough numerical validation of our analytical
model by comparing the results to those obtained by Abaqus. We start by
verifying if the edge effects for load case 1 and the asymmetric lay-up are
correctly predicted by formula (52). A first qualitative check is made by
analyzing the local stresses obtained by Abaqus displayed in Fig. 7. We
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observe that, despite Q0 being zero for load case 1, the stresses clearly
vary near the front edge, and that this edge is bent inwards as was
predicted by the negative value for MC in Table 4 for the asymmetric lay-
up

For quantitative verification, we plot the 617 and o5, stresses as a
function of r at the three fixed x-positions indicated with arrows in
Fig. 7. The results generated by our analytical model and Abaqus are
compared in Fig. 8. We observe excellent agreements, both for the
variations per ply (left to right), and for the variations at the three
different x-positions (different colors), caused by the edge effects. This
indicates a correct prediction of these edge effects, as well as a great
overall accuracy. Moreover, this high accuracy was achieved with a
Python script that runs in less than 1 second, while the Abaqus simu-
lation has a runtime of 45 minutes with 8 CPUs. One should also not
forget the time spent in Abaqus to create and analyze the model, in
contrast to the ease of using a simple Python script.

Next, we study load case 2 for which Qg is added. The results for 611
and oy are displayed in Fig. 9, which reveal that the additional shear

11,
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16 and 19 for load case 2. Analytical model vs. Abaqus.

force alters the stress state compared to Fig. 8, particularly near the edge
at x = 30 mm. We again observe good agreements with Abaqus, con-
firming that the edge stresses caused by Q2 are accurately predicted by
our model.

The 011 stresses in Fig. 9 can also be analyzed to assess the quality of
the lay-up. An optimal design features a lay-up for which the hoop and
helical plies are stressed equally for 011, such that there are no outliers
which correspond to plies that fail more easily. However, we observe
relatively large variations for ¢1; with some outliers. If the design were
optimized to reduce these variations, the overall composite thickness
could be reduced, which could reduce weight and cost, and increase the
inner volume to store hydrogen. Thanks to the very short calculation
times of the Python code compared to Abaqus, an optimization algo-
rithm can easily be combined with the analytical model to automate this
optimization question.

Fig. 10 demonstrates that our model exhibits also strong agreements
with Abaqus for the axial o, and hoop stresses ¢,. Moreover, we can use
these graphs to investigate the role of the hoop and helical layers in the
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cylindrical region of a pressure vessel. It can be observed that the low-
angle helical layers take the largest stress in the axial direction,
whereas the hoop layers take the largest stress in the hoop direction.

Next, the stresses are plotted as a function of x while keeping r
constant. Fig. 11 shows the results for 611 and o35 for five plies (ply 2, 7,
11, 16 and 19). First, we observe that the graphs corresponding to the
analytical model are very similar to those from Abaqus. The middle
region displays relatively constant behavior which is predominantly
predicted by the 3D elasticity theory in Model 1, while the edges show
clear stress variations as a result of the superposition with Model 2. A
second important observation is that the stresses near the edge can be
significantly higher than those in the middle region. This highlights the
importance of our analytical model which can predict these edge effects
accurately.

Lastly, Fig. 12 displays the radial stresses (o33) as a function of r. This
is purely a result of the 3D elasticity theory in Model 1, since Model 2
addresses only in-plane stresses. This is not a problem since significant
edge variations are not expected for the radial stresses, considering that
o33 should always be in equilibrium with the internal P; and outer
pressure P, at the inner and outer radius respectively, according to
equation (14). This is supported by the Abaqus results in Fig. 12, which
reveal almost no variations across different x-positions. Therefore, we
can conclude that our model provides precise predictions for the radial
stresses as well, which is a notable improvement over existing CLT
models.

5. Conclusion

In this study, we presented a novel analytical model for predicting
the stresses, strains, and displacements in the cylinder region of Type IV
composite pressure vessels for hydrogen storage. Unlike any of the
existing analytical models, our model combines three features of
hydrogen pressure vessels that are crucial for a correct analysis. Firstly,
our model is valid for asymmetric lay-ups, whereas many existing
models are limited to symmetric lay-ups. Secondly, considering the thick
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composite overwrap required to store hydrogen at 70 MPa, 3D elasticity
theory is used to account for out-of-plane stresses. Thirdly, our model
effectively predicts the edge effects near the cylinder edge.

Our analytical model was developed by superimposing two models.
Model 1 predicts the general response of a multilayered tube to internal
and external pressures, axial force, and torque by 3D elasticity theory.
Model 2 predicts the edge effects caused by an edge bending moment
and shear force by Classical Laminate Theory, and is an extension of the
work by Belardi et al. [18] to asymmetric layups.

Our model was shown to deliver valuable insights when it comes to
analyzing asymmetric lay-ups. Additionally, verification with Abaqus
confirmed that analytical models based on CLT, which address only in-
plane stresses, exhibit significant errors when predicting the general
response of thick-walled tubes. Lastly, multiple aspects of our model
were verified by comparing the results to Abaqus. We observed excellent
agreements for the stresses both as a function of the radial and axial
coordinate, and for both the middle and edge region. In fact, these re-
sults were obtained in Python within 1 second thanks to the closed-form
nature of the equations, in contrast to an Abaqus runtime of 45 minutes.
Thanks to the unique combination of a high accuracy and computational
speed, our analytical model is well-suited for parametric studies and
design optimization algorithms. This could facilitate weight and cost
reductions, as well as volume optimization of hydrogen pressure vessels,
thereby enhancing their economic viability.
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Appendix A. Expressions for stress resultants and bending moments derived in Model 2 (Section 2.3)

Ny(x)=0 (A1)
1 (A2 Ai,B
No(x) = e (E (rﬁ - A22) (Cr cos(Byx) + C sin(hpx) ) + ( 7T Bu) (cos(:x) (B1C1 = 28152Ca = F3C1) + sin(Bpx) (FiCa+2615,C1 — F3Cz) ) )
(A.2)
Niyy(x) =0 (A.3)
1 /Bj:1A B?
My (x)=e"* (R (% - Bm) (Cy1 €os(B,x) + Cq sin(fyx)) + (A—E - DH) (cos(B,x) (B1C1 — 2B, $,Co — 5C1) +sin(Byx) (B2 C2 426, 8,C1 — ﬁgcz)))
(A.4)
_ pxf1 (Bi2Arz . B12B1 2 2 : 2 2
My(x)=e" R\ a, By | (C1 cos(f,x) + C2 sin(f,x)) + AL Dy (Cos(ﬂzx) (ﬂ] C1 —2p,5,Co — ﬂgcl) + sin(f,x) (ﬁ] Co+2p,,C1 — ﬁzcz))
(A.5)
Myo(x) =0 (A.6)
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