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Abstract

The study of damage spreading in cellular automata (CA) is essential for under-
standing chaos and phase transitions in CA and complex systems in general. It helps us
make sense of the dynamics and emergent properties of complex systems and informs
various practical applications in science and engineering. In this study, we present a
novel and comprehensive perspective on damage spreading in CA and Boolean net-
works. We introduce a novel concept, the tangent space of a CA, enabling us to intro-
duce a methodology for computing the Lyapunov spectrum of both CA and Boolean
networks. This approach mirrors the well-established method employed in continuous-
state dynamical systems, hence facilitating the application of established theorems
from dynamical systems theory. Additionally, our approach reveals how the exist-
ing notions related to damage spreading and Lyapunov exponents of CA are related
to their configuration space and tangent space, thereby bridging seemingly unrelated
approaches.

We illustrate the versatility of our approach through the analysis of Lyapunov spec-
tra for Elementary CA (ECA) and the Domany-Kinzel CA, showcasing its effectiveness
in scenarios involving probabilistic update rules and network structures. Finally, we

explore the relationship between the Lyapunov spectrum and the Kolmogorov-Sinai



entropy, affirming our approach by checking the validity of Pesin’s theorem. This
work contributes to the comprehensive understanding of damage spreading in CA and
Boolean networks, unraveling connections between chaos theory, computational sys-
tems, and informing various real-world applications across scientific and engineering
domains.
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1 Introduction

Damage spreading in Cellular Automata (CA) refers to the study of how local perturba-
tions or changes in the initial configuration of the automaton propagate over time. The
study of damage spreading to CA is useful for various reasons. Firstly, it is essential when
examining the chaotic properties of CA. Chaos theory explores the behavior of dynamical
systems that are highly sensitive to initial conditions, often leading to unpredictable and
intricate patterns [I, 2]. As such, damage spreading within CA is intimately linked to the
study of chaos in discrete systems, because it involves the propagation of perturbations or
disturbances throughout the dynamical system [3], 4, 5], 6l [7]. By examining how damage
propagates, evolves and impacts a CA’s behavior, we can uncover valuable insights into CA
dynamics as well as the fundamental principles of chaos theory itself. Since CA can be re-
garded as purely computational systems, damage spreading can also teach us about the deep
connection between chaos and computation [8]. Additionally, since CA can be simulated on
networks or graphs, the study of damage spreading in such a scenario provides insights into
the effect of the network topology on the system’s dynamical behavior and allows us to assess

the network’s robustness and vulnerability [9, [10].

Secondly, CA are valuable tools for investigating and understanding phase transitions, where

a system changes from one state to another as a control parameter is varied [11} 12] 3], [14].



This is because CA allow us to model complex systems while exploring how small changes in
local interactions can give rise to abrupt changes in the macroscopic properties of a system.
On one hand, we can investigate phase transitions within the rule space of a specific type of
CA [15, [16]. Alternatively, we can study the effect of a parameter linked to a probabilistic
CA, allowing us to explore potential phase transitions. For instance, this can involve studying
phase transitions in models such as a CA that performs a Monte-Carlo simulation of the Ising
model [17, 18, 19 20] or the Domany-Kinzel CA [21], 22] 23, 24]. The value of the control
parameter(s) where the phase transition occurs, is called the critical point. Near the critical
point, the CA exhibits interesting and complex behavior characterized by scale invariance,
power-law behavior, and universality. The analysis of damage spreading has proven to be an
essential tool when studying phase transitions in discrete systems. We often observe abrupt
changes in the damage spreading behavior under small variations of a control parameter.
Often, such damage spreading studies prove to be the most accurate tool for determining

the critical exponents and scaling laws that characterize the critical point [18, 20].

Finally, the study of damage spreading in CA not only informs our understanding of com-
plex systems and chaos theory, but also has practical implications across a wide range of
scientific and engineering disciplines. In particular, CA can serve as simplified models for
real-world systems, such as physical [25], biological [20], or social systems [27]. Understand-
ing how damage spreads in CA can help us understand similar damage spreading processes
in such complex systems, including disease propagation [28], opinion dynamics [29], ecolog-
ical interactions [30], or cascading failures [3I]. Additionally, CA and damage spreading
play a crucial role in testing and verifying engineering and computer science applications,
including robotics [32], control system design [33], communication networks [34], traffic man-
agement [35], hardware testing |36, [37], cyber security [38] and fault tolerance in distributed
systems [39]. Evaluating the stability, error propagation, robustness and convergence of these
systems is greatly facilitated by a comprehensive understanding of how damage spreads in

the associated CA model.



A quantitative and comprehensive overview of a dynamical system’s damage spreading prop-
erties is provided by the system’s Lyapunov spectrum [1l 2]. It tells us how a perturbation
to the initial configuration grows or shrinks as the system evolves in time. However, the
study of damage spreading in CA is characterized by diverse approaches that are seemingly
unrelated, and lead us to different definitions of the Lyapunov exponent of a CA. In this
paper, we will show that for any such approach, one implicitly makes a choice to work in
configuration space [4, [0, 40}, [41] or tangent space [3, Bl 42]. We will make this distinction
explicit and establish precise definitions for both the configuration and tangent space for CA.
Furthermore we will show how established concepts related to damage spreading in CA can
be derived in configuration space and tangent space, thereby revealing how they relate to one
another. Secondly, we show how, starting from our definition of the tangent space, we can
define the Lyapunov spectrum of a CA as fully analogous to the established definition of the
Lyapunov spectrum of continuous-state dynamical systems. Here the existing tangent space
approaches can be viewed as a mere aspect of our more general approach. Additionally,
the parallel with the continuous-state dynamical systems allows us to transfer techniques
and concepts from this approach to CA. Thirdly, we illustrate our approach by presenting
various Lyapunov spectra for Elementary CA (ECA) that fall into different Wolfram classes.
Additionally, we apply our innovative approach to investigate the Domany-Kinzel CA and
demonstrate its effectiveness in cases where CA employ probabilistic update rules and/or
operate on a network. Finally, we utilize the Domany-Kinzel CA as a tool to probe the re-
lationship between the Lyapunov spectrum and the Kolmogorov-Sinai entropy, which allows

us to verify the validity of Pesin’s theorem.

Section [3| provides a recap of damage spreading and the definition of the Lyapunov spec-
trum for continuous-state dynamical systems. Sectiond] provides a similar discussion for CA
and lists the various existing notions of Lyapunov exponents. Our novel approach is then
presented in Section [5] Our approach is illustrated for ECA and the Domany-Kinzel CA in

Sections [6] and [7] respectively. Finally, in Section [§] we present our conclusions.
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Figure 1: Rule table for ECA rule 30

2 Preliminaries

First we provide the definition of one-dimensional CA, originally introduced by Von Neu-
mann [43]. S = {sg,...,Sk_1} constitutes the set of states of the CA, with cardinality
IS| = k. A CA configuration is given by an infinite sequence of cells € = (z;);ez. As such,
the configuration space is SZ. The initial configuration is denoted by x°. N (z;) is the func-
tion returning the neighborhood of size |N| of cell z;, i.e. N(z;) = (7;_1,7;, x;41) in the
case of nearest neighbors. Finally, the transition function ¢ : SW! — S induces a global map
f: S? — SZ%, such that

[f(@)li = dN(22), i €Z. (1)

The configuration at time step t is given by f!(x°) and is denoted by x!. The set SZ
together with the global map f constitutes a discrete dynamical system that is called a
CA. Alternatively, we can replace Z by an arbitrary graph G in order to obtain a CA on a
network, also called a Boolean network when |S| = 2, with configuration space SY [44]. The
most basic CA have |S| = 2 and |N| = 3 and are called elementary CA (ECA). Despite their
simplicity and the small number of rules in their rule space, they often lead to complex and

interesting behavior [6]. As such, they are often the topic of research.

A probabilistic CA (PCA) has a stochastic update rule ¢ : SWI — [0,1]*~! that can be
defined by assigning k£ — 1 probabilities to each possible neighborhood o; € SWI, denoted as
pi;. Here, p;; signifies the probability that a cell having the neighborhood o; will be updated

to the value s;:

pij = P(si|o;). (2)



For binary PCA, it is convenient to label the state space as S = {—1,1}. The stochastic

transition function ¢ : {—1, 1} — [0,1] induces a global map f: {—1,1}% — {—1,1}%

[f(w)]z = Sgn(z";E - (ﬁ(N(;U,))), S Z? (3>

where z! is a random number assigned to cell i at time step ¢ chosen uniformly from the unit

interval and ¢(MN (z;)) yields the probability that the update value of z; is —1.

3 Lyapunov exponents

3.1 Configuration versus tangent space

Here, we recall the definition of the Lyapunov spectrum of a discrete-time continuous-state
dynamical system. Consider for that purpose the n-dimensional dynamical system on the

configuration space R™:

't = f(z'), T eR" (4)

An infinitesimally small perturbation, denoted 6z, to the initial value ° will cause a change
in the trajectory of £°. We may study how the two initially close trajectories converge or

diverge in the configuration space R™ due to such an initial perturbation by tracking
Az' = f'(z") - f'(2" + oz), (5)

where naturally the difference between both trajectories depends on the initial configuration
2 and the perturbation dz°. Convergence indicates stability while exponential divergence

indicates unstable or chaotic dynamics [I].

On the other hand, with each point & in configuration space we can associate a so-called

0

tangent space [I]. Perturbations to the initial configuration & can therefore be studied in

the configuration space as well as the tangent space. The tangent space TpR™ represents



the space of all possible directions or velocities that the system can take from a given con-
figuration P € R™. Perturbations are located in the tangent space and basically constitute
changes in these directions or velocities. More specifically, the tangent space at point P is

spanned by the vectors tangent to the coordinate axes.

When defining Lyapunov exponents, the explicit mention of the distinction between config-
uration space and tangent space is often omitted because, in the case of a configuration in
R", the tangent space associated with that configuration is equivalent to R itself. Still, even
though in this case 7pR™ = R", there is a clear difference in how we track the growth of
perturbations in configuration and tangent space. The unit interval, i.e. the configuration
space of the logistic map [45], constitutes an example of a configuration space that does not
coincide with its tangent space. Its tangent space extends the interval across the entire real
number line. Since the configuration space of the logistic map is limited to the unit interval,
two trajectories can never diverge exponentially. This is important to realize because in con-
trast, the corresponding tangent space encompasses the entire real line, allowing unbounded

growth of perturbations.

3.2 Tracking perturbations in tangent space

Since we are dealing with infinitesimally small perturbations around a point @' on the tra-

jectory, we may linearize the dynamics around x' by means of the Jacobian matrix: [I]
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This Jacobian J(x',t) describes how n mutually orthogonal perturbations propagate from
time step t to time step ¢+ 1. The advantage of working with perturbations in tangent space

is that we only need to keep track of the evolution of n mutually orthogonal perturbations



(i.e. that span the configuration space R™). Any initial perturbation d° may be decomposed
into these orthogonal perturbations and since we are working with linearized dynamics, we
can simply add the evolution of every component of dz° to obtain the evolution of the total
perturbation dx’. Letting {e;} denote the standard basis of R™, we can decompose any

perturbation as dz' = Y " | dxte;. These components evolve according to the Jacobian
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(Sxi—H Ox1| " °° Oz (53:3
t t
= (7)
t+1 Afn Ofn t
ox; R ox;,
- t t_

The property of linearity is not present when studying perturbations in configuration space
since the dynamics is generally non-linear in this case, which means that every perturbation
dz° has a time evolution Az’ that does not simply equal the linear combination of the time

evolution of its components.

In order to characterize the time evolution of any perturbation in tangent space, we will
compute the time evolution of n mutually orthogonal perturbations. The evolution of every
such perturbation is governed by the same Jacobian, so it is convenient to gather the different
evolved perturbation vectors in the same matrix. As such, we define the matrix Y? whose
(i,7) entry equals the perturbation at x! due to an initial perturbation at ZE?. Y! evolves

according to

Y = J(2! )Y, (8)

=J(z't)...J(x°,0)Y°, (9)

where Y is the identity matrix, which indicates that we introduced a sphere of perturbations

at t = 0.

This is illustrated for n = 3 in Figure In this example, we introduce three orthogonal



perturbations (dz?,0x), 6x3) = dz(ey, e, €3) at t = 0 that span a sphere and make up the
columns of Y. The Jacobian tells us how each of these perturbations changes direction and
grows or shrinks when evolving to time step t = 1, yielding an ellipsoid of perturbations

spanned by the evolved perturbations (dz],dx3, dx?).
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Figure 2: Propagation of an initial sphere of perturbations to the subsequent time step for
n = 3. The dashed segments indicate the trajectory of the system.

3.3 Computing the Lyapunov exponents

We do not need to retain the entire matrix Y in order to know how perturbations grow or
shrink during the time evolution of the system. We can diagonalize the matrix, so that we
consider an initial set of perturbation vectors that will grow or shrink without changing their
direction. As such, the spectrum of the matrix contains all the growing and shrinking rates
characterizing the system’s sensitivity to perturbations. However, in order to compute the

finite time Lyapunov spectrum of the system, we will not be diagonalizing Y, but rather



the matrix I'* defined as:

=Yy (vy)". (10)

Multiplying a matrix by its transpose yields a symmetric matrix which, due to the spectral
theorem, ensures that we have a basis of eigenvectors and every eigenvector is real-valued [46].

Additionally, it tells us how Y affects the size of the vector it operates on:
(Y'a,Y'z) = (Y (Y) z,2), (11)

where (.,.) denotes the usual inner product (i.e. dot product) on R™. For the eigenvectors
v; of T, this reduces to

<thz‘, thi> = (Ag)z (v, vi) (12)
where Al denotes the eigenvalue of the eigenvector v;.

Finally, we obtain the Lyapunov spectrum in the infinite time limit [I], 2]:
1 ¢
Ai = lim —In A7, (13)
t—o0 t

1
where the factor n serves to normalize the expression by the number of time steps. Generally,

the Lyapunov exponents \; are arranged as
AL > A > >\, (14)

where Ay is the maximal Lyapunov exponent (MLE), which determines whether or not the
system behaves chaotically [1]. Note that different initial configurations can lead to different
trajectories, and consequently, the computed Lyapunov spectrum may differ. For every
attractor there is an associated Lyapunov spectrum. As such, the initial configuration can

affect the Lyapunov spectrum, since it determines on which attractor the system settles [I].
It is important to note that Lyapunov exponents, as defined above, are specific to the tangent

10



space and do not directly quantify the behavior of the system in configuration space [I, 2].
They are computed based on the evolution of tangent vectors that initially point along the
different possible directions of perturbations and characterize the rate at which initially close
trajectories separated by such perturbations in tangent space either drift apart or converge.
Furthermore, an exponential growth rate of the perturbations in tangent space does not
necessarily imply an exponential growth rate of the perturbations in configuration space.
For instance, the logistic map is a one-dimensional dynamical system operating on the unit
interval [0, 1], which means there can be no exponential growth rate in configuration space.
However the tangent space associated with this system is R, enabling perturbations to grow
exponentially. This allows for a positive Lyapunov exponent characterizing the system’s

chaotic dynamics.

This section provided an overview of damage spreading within discrete-time continuous-state
dynamical systems on R" and demonstrated how Lyapunov exponents may be calculated and
understood within the appropriate tangent space. In the following section, we will illustrate
how the ideas presented in this section can be extended to the CA setting, where we aim to

emphasize the parallels between CA and discrete dynamical systems on R".

4 Damage spreading in CA

A CA on a finite grid of size n can be viewed as an n-dimensional discrete-time discrete-state

dynamical system:

't = f(x'), zeS", (15)

where the global map f results from the local map ¢ in Eq. . Since a CA is an n-
dimensional dynamical system, we will apply our treatment of the propagation of perturba-
tions (generally called ‘defects’ in the CA setting) from Section (3[ to CA, which will shed
light on the existing notions of Lyapunov exponents of CA and reveal how they relate to one

another. This involves some theoretical challenges due to some essential differences between

11



discrete-time dynamical systems on R™ and CA acting on S™.

Firstly, the state set of continuous-state dynamical systems is uncountably infinite. For CA,
the state set is countable and finite. As such, the classical tools of differential calculus are
not available in the framework of CA. Secondly, the global map governing CA is induced
by a local map. This means that the n different dimensions of a CA have a clear ordering
and defects can spread only to ‘neighboring’” dimensions in a single time step. For general

dynamical systems, there is no notion of ‘neighboring’ dimensions.

In this section, we discuss damage spreading in CA in both configuration space and tangent
space, and show how this allows us to derive various notions of Lyapunov exponents of CA.
Our discussion will follow an approach that mirrors Section 3] Even though our discussion is
initially limited to binary (i.e. S = {0, 1}) one-dimensional CA, we illustrate at the end of this
section that our results are generally applicable to arbitrary deterministic or probabilistic

multi-state CA on a network.

4.1 Configuration space
4.1.1 Damage spreading

We may study how two initially close trajectories converge or diverge in the configuration

space S" due to an initial defect:

Az' = fi(z°) & f'(z° ® 62°), (16)

where @ denotes addition modulo 2 and Az? is generally referred to as the difference pattern
of the CA. Due to the discrete nature of S, we cannot introduce an infinitesimally small
perturbation vector. Instead, dz° is a Boolean vector containing ones at the cells (i.e. dimen-
sions) we wish to perturb, and zeros elsewhere. Typically we wish to perturb only a single

cell, in which case 6z is a simple seed vector e;. Unless otherwise specified, the ‘difference

12



pattern’ refers to the difference pattern emerging from such a simple seed defect vector.
Figure |3| shows a difference pattern for ECA rule 110, along with the original unperturbed

space-time pattern for comparison.

175
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Figure 3: Difference pattern for ECA rule 110 after 200 time steps shown in black. The
original space-time pattern f(z°) is shown in gray.

In Section [3| in the setting of continuous-state dynamical systems, we used the Jacobian
to describe the evolution of perturbations in tangent space. This is still possible for CA,
as we will outline in Section [£.2 First, we will discuss the Jacobian’s established purpose
in configuration space for the case of CA: the evolution of the difference pattern can be
determined using the CA’s Jacobian. For this purpose, we need a notion of a derivative
in the framework of CA. For a function f : {0,1}" — {0,1}" we can employ the Boolean

derivative as in [47]

fi

) :fi(ml,...,acj691,...,xn)@fi(xl,...,mj,...,:cn). (]_7)
Lj

The Boolean derivative equals 1 if perturbing x; causes a change in the value of f; and is 0
otherwise. We can use this notion of a derivative for a CA to define the Jacobian J(x*,t) of
a CA at a certain time step. Since f is induced by a local map ¢, perturbing a cell x; can

only affect f; when z; is in the neighborhood of x;. Because of this, the Jacobian of a CA is

13



tridiagonal. Using the Jacobian, we can write the evolution of the difference pattern as [3]:

Azt = J(ztt) @ Az, (18)

where ® denotes regular matrix multiplication with the modification that regular addition

is replaced by modulo-2 addition.

As an example of the use of the Boolean derivative for CA, consider ECA rule 150. It
constitutes the worst-case scenario regarding damage spreading [5], since all of its Boolean
derivatives on the main, sub- and superdiagonal of the Jacobian are non-zero. This can be
seen from its rule table shown in Figure |4, where any change in the neighborhood of the
central cell will cause a change in the central cell’s update value for the subsequent time

step.

(] L | N e e mpies aam
n [l [l u [l u u [

0 0 0 1 1 1 1
Figure 4: Rule table for ECA rule 150

Figure |5/ shows the difference pattern for rule 150 for the first few time steps.
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Figure 5: The propagation of defects in configuration space for rule 150. The left vertical
axis indicates the number of time steps. The right vertical axis indicates the size of the
difference pattern.

Due to the local nature of CA, within a single time step a defect can spread to itself or its
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neighboring cells, but no farther. Consequently, the difference pattern will only be non-zero
within a defect cone centered at the perturbed cell. Returning to the example of rule 150,
the difference pattern cone expands at a maximal rate and the Boolean derivatives are all
non-zero. This can be seen from the rule table: changing one value in the neighborhood will
always alter the update value. As an illustration, we show how its difference pattern evolves
from the first to the second time step in order to demonstrate how the Jacobian together

with modulo-2 addition models the propagation and interaction of defects:

Az? = J(z't=1)® Azx' (19)
1 11001 0
1 11100 1

= |1 | =|o1110| & |1], (20)
1 00111 1
1 10011 0

Given the constraints of locality and the finite configuration space, the size of the CA’s

difference pattern grows at most linearly with time [3]:
|Ax!| =) Azl < (IN]— 1)t + 1. (21)

The growth rate of the difference pattern is close to 0 for stable rules (Class I and II) and
approaches the upper limit for chaotic rules (Class III). The growth rate for Class IV rules

is intermediate and highly dependent on the initial configuration [15].

4.1.2 Lyapunov exponents

The difference pattern permits the definition of quantities that some authors associate with
the Lyapunov exponent of a CA [0, 4]. In particular, the average rate at which the differ-
ence pattern spreads to the left or to the right is a measure for the divergence rate of two
trajectories that initially differ only at a single cell. The sum of both the left and right
spreading rates after ¢ time steps yields the total difference pattern spreading rate (t). Due

to the local nature of CA, the maximal difference pattern spreading rate equals 2. Wolfram
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associated these rates with the notion of a Lyapunov exponent for CA [6].

The difference pattern spreading rate generally depends on both the initial configuration
and the cell that is perturbed. Li et al. explored the distribution of the difference pattern
spreading rate across numerous initial configurations [15]. Their findings revealed that com-
plex rules display a considerably larger variation in their difference pattern spreading rate
compared to chaotic rules. This observation enables the classification of CA rules based on

their distribution of difference pattern spreading rates.

Shereshevsky formalized Wolfram’s approach by considering the maximal propagation speed
of semi-infinite defect fronts [4]: when a right defect front is located at cell x;, all the cells
of the perturbed initial configuration to the left of z; overlap with the corresponding cells of
the original initial configuration. Conversely, the cells to the right of x; are subject to any
number of defects. As such, Shereshevsky introduced the concept of left and right Lyapunov
exponents as the maximum propagation speed of a semi-infinite defect front in the infinite
time limit. This involves iterating over all possible defect fronts and their locations x; to
determine the fastest propagation speed [4]. Shereshevsky’s Lyapunov exponents can be esti-
mated computationally on a finite lattice by considering the maximal long-term propagation
speed of all possible defect fronts that are large enough to emulate a semi-infinite front, and

iterating them over all possible locations in the finite lattice.

4.1.3 Space-filling ratio

The difference pattern spreading rate often fails to capture some important details regarding
damage spreading in configuration space, since it merely considers the propagation speed of
the edges of the difference pattern, instead of the full difference pattern. Figure [6] shows the
difference pattern for ECA rules 110 and 150. The difference pattern spreading rate of rule
150 is maximal, yet the details show that, since rule 150 is an additive rule, its difference
pattern does not exhibit a high degree of disorder. On the other hand, rule 110 has a lower

difference pattern spreading rate, yet its difference pattern is more unpredictable. We note
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that in such cases, it may be more useful to use the space-filling ratio. This was originally
defined by Redeker et al. [48] for the simple seed evolution pattern of a CA and considers the
difference pattern growth rate as defined in equation rather than the difference pattern

spreading rate:
| Ax’|
t) = .
=MDt

(22)

Here, ((t) equals the fraction of cells in the maximal difference pattern cone that are non-
zero, yielding a higher value for rule 110 than rule 150. Hence while the difference pattern
spreading rate specifies the growth rate of the defect cone, the space-filling ratio gives us the

fraction of cells within the defect cone that are affected by the initial defect.

Figure 6: Difference patterns for ECA (a) rule 110 and (b) rule 150, both after 200 time
steps and using periodic boundary conditions.

4.2 Tangent space
4.2.1 Damage spreading

In contrast to R™, the configuration space of a finite CA consisting of n cells S™ is not
a linear space that coincides with its tangent space, and additionally is fully discrete. In
Section [3] the tangent space resulted from the observation that a continuous n-dimensional
configuration space locally resembles R™. In contrast, a discrete n-dimensional configuration
space locally resembles N". For illustrative purposes, we will consider the configuration space
of a binary CA consisting of only three cells, i.e. S*, which is conveniently represented as a
three-dimensional cube (an n-dimensional hypercube when n > 3), shown in the red section

of Figure [7]] The tangent vectors to the different coordinate axes span the tangent space,
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shown in blue. As such, the tangent space 7.S™ around a configuration & € S" is defined as

ToS" = N". (23)

In Figure [7, only a small part of the countably infinite lattice N® is drawn. Note that
this may be viewed as a high-dimensional discrete version of the logistic map mentioned in
Section |3, where the configuration space was limited to the interval [0, 1], while the tangent

space extended across R, the latter allowing for exponential growth rates of perturbations.
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Figure 7: Visualization of the configuration space (red) and tangent space (blue) of a CA
with three cells.

With this concept of the tangent space, we can track how an initial defect dx° grows in
tangent space N". Similarly to continuous-state dynamical systems, the growth rate of the

defects is governed by the Jacobian, which now contains the Boolean derivatives:

Szt = J(z' )0z, (24)

where dz'*! denotes the tangent space difference pattern. The Jacobian acts as a linear

operator on N” since regular addition and multiplication take place.
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Let us once more consider the example shown in Figure 5] where the tangent space difference
pattern from a simple seed (i.e. the initial defect vector is non-zero at a single cell: z° = e;)
is shown for the worst-case rule 150 (worst-case since all Boolean derivatives are non-zero).
Figure |8 shows the tangent space difference pattern for rule 150 in tangent space for the
first three time steps in the CA’s evolution. An arrow indicates the Boolean derivative is

non-zero. At each cell i, the size of the entry dz! is shown.

Tangent space

t |6t |
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Figure 8: The propagation of defects in tangent space for rule 150. The left vertical axis
indicates the number of time steps. The right vertical axis indicates the size of the difference
pattern in tangent space (i.e. the sum of the number of paths arriving at each cell).

From Figure [8 it is clear that, due to the discrete and local nature of CA, there exists a
convenient interpretation for the entries of the defect vector da’. Essentially, the entry dx!
equals the number of defect paths from the initial defect cell to cell 7 in ¢ time steps. For
rule 150, all Boolean derivatives are non-zero and so the maximal number of paths arrive at
each cell. For instance, we can compute how the defects evolve from the first to the second

time step for rule 150 as follows:

dx? = J(x' t = 1)z’ (25)
1 11001 0
2 11100 1

= 3 = 01110 1 (26)
2 00111 1
1 10011 0
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In tangent space, the size of the difference pattern can grow exponentially with time, i.e.
0| =) " oat <IN (27)

As the worst-case scenario, the equality holds for rule 150. For other ECA rules, the inequal-
ity is strict and the number of paths arriving at each cell reflects the way in which different
defects may interact with each other [3, [5, 42], with Class IV being characterized by defect
paths with a high dependence on the initial configuration and the location of the cell that
is perturbed. The exponential growth rate of |dx’| facilitates a definition of a Lyapunov

exponent that is closer, yet still different, from the definition provided in Section [3

4.2.2 Lyapunov exponents

Bagnoli et al. defined the total Lyapunov exponent of a CA as [3]

A = lim 1log (|oz']) - (28)

t—oo ¢

The summation involves all the defect paths arriving at each cell, with the logarithm applied
to capture its exponential growth rate. By taking the limit to infinity and normalizing
over the number of time steps, the resultant quantity is referred to as the total Lyapunov

exponent [3].

Baetens et al. further refined this approach by not summing over the entries of the vector dx?,
thereby retaining the spatial information regarding the damage spreading [5]. Additionally,
they investigated the Lyapunov profiles of all ECA rules, and extended the approach to

multi-state CA [49]. They defined the Lyapunov profile as
A = lim 1log (o) (29)
t—oo ¢ ’

where the logarithm is applied element-wise. The Lyapunov profile yields the normalized
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logarithm of the number of defect paths arriving at each cell that originate from a single
initial defect. For instance, Figure [J] illustrates the Lyapunov profile of ECA rule 150,
highlighting the maximal difference pattern spreading rate and the highest number of defect

paths converging at the center of the lattice.
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Figure 9: Lyapunov profile of ECA rule 150.

4.3 Generalizations

Our discussion on damage spreading in CA has thus far been limited to binary one-dimensional
CA. Likewise, literature on damage spreading is generally limited to deterministic binary CA
on a regular lattice [3 5, [42]. In this section, we will show how the aspects thus far dis-
cussed can be extended to multi-state CA defined on a grid or a network, and/or involving
a probabilistic update rule, thus significantly enhancing the insights that damage spreading

analysis can provide to CA.

4.3.1 Boolean networks

As an illustration, let us first consider a Boolean network, i.e. a CA defined on an arbitrary
network G instead of on a one-dimensional regular lattice. Note that the number of neigh-
bors is generally variable and depends on the node. Consequently, the CA update rule is
typically totalistic. In Section [4.2] the Jacobian was tridiagonal since every cell in the CA

was influenced by its nearest neighbors only. However, in the network setting the structure of
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the network will determine which entries in the Jacobian can be non-zero. In the worst-case
scenario, i.e. all Boolean derivatives are non-zero, the Jacobian equals the adjacency matrix

of G. Figure [10] illustrates how damage spreads in a network over subsequent time steps.

Figure 10: Damage spreading in a network. The black nodes represent the difference pat-
tern in configuration space from an initial perturbation at a single node. The dashed lines
represent non-zero Boolean derivatives.

Interpreting the tangent space difference pattern as the number of defect paths arriving at
a specific node is particularly useful in the case of a non-trivial network topology. Indeed,
at time step ¢, the configuration space difference pattern constitutes a subnetwork G4 C G,
highlighted in black in Figure . Using G4, we propose to generalize the difference pattern

spreading rate 7 to CA on a network as follows:
1 ¢
1(1) = £ D(GY) (30)

where D denotes the diameter of G, defined as the shortest path between the two most

22



distant nodes:

D(GY) = L nax d(u,v), (31)

u,vEGY
where d(u,v) denotes the length of the shortest path between u and v. This definition

reduces to the established definition when the network is a one-dimensional regular lattice.

4.3.2 Multi-state CA

A second important generalization is the extension from binary CA to CA with any number
of states, i.e. multi-state CA. It is not straightforward to extend the tangent space approach,
which relies on the Jacobian, to multi-state CA. The issue lies in the definition of the Boolean
derivative (Eq. , where the central cell has a Boolean derivative of 1 if a perturbation to
one of the cells in the central cell’s neighborhood causes a change in the output value of the
update rule. In the binary case, a perturbation is uniquely defined as inverting the value of

the cell. However, for a k-state CA, there are kK — 1 ways to perturb a cell.

When the state space S is a subset of the integers, a perturbation may still be defined as
adding 1 (modulo k). However, in general S is not a subset of the integers and there is no
inherent ordering present in .S, since its elements are merely labels. This is the case for many
CA-based models such as disease spread models where S = {infected, susceptible, recovered} [50].
This issue may be solved by defining a Jacobian for every possible perturbation that can
occur, essentially defining a separate tangent space (and corresponding Lyapunov profile)

for each of the k(k — 1) possible defects [42].

4.3.3 Probabilistic CA

As a final extension, we can consider a PCA that has a stochastic update rule. For a
stochastic transition function ¢ : {—1, 1}V — [0, 1], the difference pattern in configuration

space is again calculated using Eq. , where the update value of every cell depends on a

23



random number z! chosen uniformly from the unit interval:

[f(@)]; = sen(z; — ¢(N (22))). (32)

To ensure a valid comparison between the original and perturbed space-time patterns, it is

crucial that the same random numbers 2! are utilized in both scenarios.

In tangent space, the difference pattern is determined using Eq. , where the Boolean
derivatives in the Jacobian are now
ofi

a :fi(Il,...,IEj@l,...,l‘n)@fi(l'l,...,Ij,...,a?n) (33)
Lj

= S lsan(=! — O (1)) — sem (= — 6 (2:))], (34)

where N (z;) refers to the neigborhood of z; where, if z; € N (z;), the value at cell z;
was perturbed. Here it is again essential that the same random number 2! is used when

comparing the update values of the original and perturbed neighborhoods.

The upcoming section elaborates on the previously discussed damage spreading framework,
providing our analogous treatment for continuous-state dynamical systems and CA in Sec-
tions [3] and M respectively. Within this framework, a critical component - the definition
of the Lyapunov spectrum of a CA - is missing and will be introduced in the subsequent

section.

5 An overarching approach: the Lyapunov spectrum

of CA

Table [1| summarizes the different ways to quantify damage spreading in either continuous-
discrete dynamical systems and CA. For an n-dimensional discrete dynamical system, the

configuration space is S™, where S denotes a subset of R. Often, S = R or in the specific
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case of the logistic map, S = [0, 1]. Regardless of S, the corresponding tangent space is R™.
For a CA of size n, the configuration space is S™, where S denotes a proper subset of N. The

corresponding tangent space is N".

Continuous-state dynamical system Cellular automaton
Configuration S"SCR S, SCcN

space t_ fl(0) _ fL(00 0 Az’ = fi(2%) @ f'(z’ © 6z”)
Az’ = fi(a") — (=" + 027) — difference pattern spreading rate
R"™ N"
Tangent
dxt ™l = J(x!, t)ox!
t+1 _ t t )
space ozt = (&, t)ow — Lyapunov profile
Yt+1 — J(:Bt,t)Yt Yt+1 — J(:Bt,t)Yt
— classical definition — our definition

Table 1: Summary of the different ways to quantify damage spreading in discrete dynamical
systems of the form z'*! = f(x!).

For CA, the Lyapunov exponents are defined by considering how defects propagate in con-
figuration space (the difference pattern spreading rate) or in tangent space (the Lyapunov
profile). However, in both cases, the initial defect vector dz° contains a zero at only a single
cell. As such, the resulting finite-time difference patterns and Lyapunov exponents depend
on which cell was initially perturbed. In analogy with the approach from dynamical systems
theory [II, 2], we compute all n possible tangent space difference patterns corresponding to
the n possible initial defects that can be introduced (i.e. track the evolution of an initial
sphere of perturbations). Then we can define the matrix Y* whose i-th column equals the
tangent space difference pattern oz resulting from an initial defect at cell ¢, which is again

fully analogous to the approach outlined in Section |3| In this way, Y’ equals the number of

j
defect paths starting from cell j and arriving at cell 7 in ¢ time steps.
In tangent space, Y contains the time evolution of n mutually orthogonal defects (i.e. simple
seeds) over ¢ time steps. Any initial defect dz° may be decomposed into these orthogonal
defects and since we are working with linearized dynamics (the CA dynamics being linearized

by means of the Jacobian), we can add the evolution of every component of dz" to obtain the
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evolution of the total perturbation dz!. This means that the number of defect paths arriving
at each cell is an additive property. This linearity property is not present when studying
defects in configuration space, since two or more defects will interact in a non-linear way and
yield a difference pattern that cannot be reduced to the difference pattern of each separate

initial defect.

Utilizing the matrix Y'*, we can define the Lyapunov spectrum )\; using the approach detailed
in Section [3| for discrete dynamical systems:

1
\; = lim %Ag, (35)

t—o00

where A! denotes the spectrum of Y (Y)"

Note that, in contrast to discrete dynamical systems, all dimensions (i.e. cells) of a CA
are equivalent, since the local update rule is applied homogeneously over the entire lattice.
Moreover, in contrast to discrete dynamical systems, Lyapunov exponents in this context
can only take positive values or be equivalent to negative infinity, excluding the possibility
of a finite negative value. A negative exponent signifies that an initial perturbation shrinks
at an exponential rate. However, this phenomenon is incompatible with CA because the
smallest initial disturbance in this context is a whole integer unit, which can only reduce to

zero - at this point the Lyapunov exponent becomes negative infinity.

Finally, it should be noted that while the Lyapunov profile reveals spatial information about
how one possible defect spreads to subsequent time steps, the Lyapunov spectrum essen-
tially describes the statistical distribution of the Lyapunov exponent over all possible initial

configurations and initial defects.

In the next section, we will illustrate our approach for various ECA rules.
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6 Applications of the Lyapunov spectra framework

In this section, the spectra of ECA rules are shown in order to illustrate our approach outlined
in Section [5] The Lyapunov exponents are shown in a frequency histogram which, due to
the equivalence of the dimensions, represents the statistical distribution of how defects tend
to spread in the CA. Furthermore, at the top of the spectra the percentage of exponents
that are not —oo is shown. We will go over the different Wolfram classes and illustrate and

interpret the Lyapunov spectra associated with the corresponding rules.

Wolfram’s classification is the most commonly used classification scheme for CA [0, [51].
Class I and Class II contain the ordered rules. After a transient, Class I CA settle on a
constant homogeneous configuration, while Class II CA settle on either a constant inho-
mogenous or periodic configuration. Class III constitutes the chaotic rules. Such rules are
highly sensitive to initial perturbations and settle on what is similar to a strange attractor
in continuous-state dynamical systems [52]. Finally, Class IV groups the ‘complex rules’.
Such rules exhibit characteristics of both order and chaos, and yield interesting space-time

patterns that give rise to propagating and interacting structures.

For every class, some illustrative Lyapunov spectra are shown and interpreted. The Lyapunov
spectra were calculated for CA on a lattice of 1000 cells simulated over 500 time steps from a
random initial configuration. A simulation time of 500 time steps guarantees the stabilization
of transients and the convergence of Lyapunov spectra to their infinite-time distribution. This
occurs, with the exception of a slight reduction in the variance of the spectra for Class III
and Class IV rules as the simulation time increases. Additionally, the spectra were averaged

over 40 different initial configuration.

6.1 Class1

After a transient, Class I rules settle on a homogeneous configuration. As such, damage

cannot spread and the Lyapunov spectrum comprises exclusively of A = —oo exponents.
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Such exponents are called superstable.

6.2 Class I1
6.2.1 Period< 2 Class II rules

Some rules in Class II yield relatively simple behavior, corresponding to constant space-
time patterns or periodic patterns with a temporal period of 2. Some of these rules yield
a spectrum of superstable exponents, similarly to Class I rules, indicating that any initial

defect will always die out.

Conversely, some simple rules yield a spectrum that is a combination of superstable and
stable (i.e. A = 0) exponents. This indicates that some defects will die out, while others
will be propagated to a later time step, yet the difference pattern does not grow and its size

remains constant and equal to 1.

6.2.2 Period> 2 Class II rules

Most Class II rules with a period larger than 2 yield a spectrum that is a combination of
superstable and unstable (i.e. A => 0) exponents. This indicates that some defects will die
out, while others will yield a difference pattern that grows to a fixed size (which generally
depends on the initial configuration), after which it stays constant. An example of such
behavior is illustrated by Rule 6. Figure [L1] shows the difference pattern of rule 6 for four
different initial configurations. The Lyapunov spectrum of rule 6 is shown in Figure (12
The spectrum is depicted in the form of a histogram, with the z-axis denoting Lyapunov
exponent values and the y-axis indicating the frequency of occurrence for each value in the
spectrum. The percentage in the top left corner signifies the proportion of unstable Lyapunov
exponents. The spectrum displays various peaks owing to the differences in the size of the

difference pattern across different initial configurations.
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Figure 11: Difference patterns for Class II rule 6 from different initial configurations.
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Figure 12: Lyapunov spectrum of Class Il rule 6. The z-axis denotes the Lyapunov exponent
values and the y-axis indicates the frequency of occurrence for each value in the spectrum.
At the top of the spectra the percentage of exponents that are not —oo is shown.

Certain Class II rules exhibit chaotic behavior within specific boundaries and are denoted
as locally chaotic rules [53]. Chaotic dynamics occurs between these fixed boundaries, which
exist due to the presence of certain short sequences in the initial configuration that remain
invariant under successive application of the update rule. Figure shows the difference
pattern of three elementary and locally chaotic rules. Since the chaotic dynamics is bound
by the domain walls, the difference pattern is non-expanding. As such, these rules are
considered to be stable, based on classical Lyapunov exponents derived from the difference
pattern spreading rate or the Lyapunov profile. In contrast, as shown in Figure our
approach yields a spectrum consisting largely of positive Lyapunov exponents. Due to the
random nature of the CA, each defect has a similarly chaotic effect on the dynamics. This

yields a Lyapunov spectrum that resembles a normal distribution, with a small variance
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around the average Lyapunov exponent (ALE).
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Figure 13: Difference patterns of locally chaotic Class II rules
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Figure 14: Lyapunov spectra of locally chaotic Class II rules

6.3 Class III

Figures 15| and |16/ show the difference pattern and Lyapunov spectrum respectively of three
chaotic rules. The spectra are similar to those of the locally chaotic rules and the same
conclusions can be drawn here.
mal distribution, exemplified by the spectrum of rule 122 depicted in Figure These
deviations suggest that, beyond the rule’s chaotic and random characteristics, there exist
underlying patterns governing defect propagation. These patterns lead to certain types of

defect paths to occur more frequently than anticipated in a purely chaotic rule, which causes

Some spectra exhibit interesting deviations from a nor-

spikes in the Lyapunov spectrum.
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Figure 15: Class III difference patterns
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Figure 16: Some typical Class I1I spectra

6.3.1 Additive CA

Additive rules constitute a special class of CA rules. For such rules, the evolution of the
modulo-2 addition of two distinct initial configurations is equivalent to the modulo-2 ad-
dition of the evolution of each individual initial configuration [54]. This means that the
difference pattern is independent of the initial configuration and is equivalent to the simple
seed evolution (i.e. the evolution from a single non-zero cell) of the rule. When considering
only non-equivalent rules (i.e. rules that are not equivalent upon reflection and/or comple-
mentation [55]), there are only three non-trivial additive ECA rules, all of which are found
in Class III. Figure [17|shows the space-time patterns and the difference patterns of the three
Rule 60 carries out the modulo-2 addition of the central cell and its left

additive rules.

neighbor, while rule 90 performs the modulo-2 addition of both its neighbors, and rule 150

performs the modulo-2 addition of its entire neighborhood.
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(a) Rule 60 (b) Rule 90 (c) Rule 150

Figure 17: Difference patterns of additive chaotic rules

The Lyapunov spectra are shown in Figure Due to additivity, the same type of defect
paths occur regardless of the initial configuration or the position of the initial defect, resulting
in a single sharp peak in the Lyapunov spectrum. For the worst-case rule 150, the peak occurs
at A = 1, which corresponds to the highest ALE out of all the ECA. The typical spectrum
of an additive rule reflects that, in contrast to other Class III rules, there is an inherent
predictability present in the space-time pattern. In particular, when we introduce an initial
defect, we can anticipate how it will influence the space-time pattern at a later time-step

without the need for a direct simulation of the CA.

100.0% - 1601765.0% 200/ 100,0%
1200

1000 120

800 100 125

o)

600

400

0.002 0004 0006 0008 0010 0012 061 062 063 064 065 066 067 068 069
A A

(a) Rule 60 (b) Rule 90 (¢) Rule 150

Figure 18: Spectrum of additive chaotic rules

6.4 Class IV

Figure (19| shows the space-time patterns and difference patterns of the two non-equivalent
Class IV ECA rules. Due to the Class IV CA’s complex nature, the different defect paths
interact in interesting and non-trivial ways. Since a large number of defect paths contin-

uously interact in unpredictable ways, the spectra closely resemble a normal distribution.
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Additionally, since Class IV has characteristics of both order and chaos and as such repre-
sents the phase transition region between Class II and Class III [8], the ALE of Class IV is

generally finite but lower than the ALE resulting from Class III rules.

(a) Rule 54 (b) Rule 110

Figure 19: Class IV difference patterns
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Figure 20: Some Class IV spectra

7 Investigating the Lyapunov spectrum of the Domany-
Kinzel CA

The Domany-Kinzel CA is a probabilistic CA that can be used to simulate the Ising model [56].
It is known for its ability to exhibit interesting and complex behavior, including phase tran-
sitions from an ordered to a disordered state. As such, it has been used to explore various
phenomena related to criticality, universality, and the emergence of patterns in physical sys-
tems [57, 23 [58]. In this section we study the Lyapunov spectrum of the Domany-Kinzel
CA in order to illustrate the extension of our approach to CA with a probabilistic update
rule and/or on a network. Additionally, we use the Domany-Kinzel CA to investigate the

validity of Pesin’s theorem for the Lyapunov spectrum obtained with our approach [59].
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Similarly to ECA, the Domany-Kinzel CA is a one-dimensional two-state CA with a neigh-
borhood size of 3. Its update rule is straightforward: if one of the neighbors of the central
cell has a value of 1, the central cell will have an update value of 1 with probability p;. If
both neighbors of the central cell have a value of 1, the central cell will have an update
value of 1 with probability ps. If both neighbors have a value of 0, the central cell is always
updated to 0. Note that the update value of the central cell does not depend on its own

value at the current time step.

7.1 The Domany-Kinzel phase diagram

Depending on the parameters p; and p,, different dynamical regimes can be distinguished
for the Domany-Kinzel CA. Figure [21| shows the phase diagram of the Domany-Kinzel CA
based on a mean-field approximation [60]. Four examples of space-time patterns are shown
to illustrate the different phases. When p; < 0.5, the appearance of a single zero cell tends
to yield an update value of zero. As such, all activity dies out after a short transient. When
p1 increases, the transients become longer until they eventually constitute the steady-state
regime. Varying pe allows us to distinguish the chaotic regime from the active regime, the
latter of which consists mainly of ones due to the high values of both p; and p,, with randomly

distributed small clusters of zeros.
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Figure 21: Phase diagram of the Domany-Kinzel CA based on mean field theory [60]. Four
space-time patterns evolved from a random initial configuration are shown for various com-
binations of p; and p, values.

The phase diagram in Figure is an approximation based on mean-field theory. Since
damage spreading properties are often used to distinguish different regimes and study phase
transitions in the Ising model [I7), 19, 61], we can use the Lyapunov spectrum of CA to
obtain a more accurate phase diagram for the Domany-Kinzel CA. Figure shows the
phase diagram based on the largest Lyapunov exponent in the spectrum, i.e. the maximal
Lyapunov exponent (MLE). The frozen and active phases are characterized by an MLE of
—o00. The chaotic phase has a positive MLE that reaches a maximum when p; = 1 and
p2 = 0, which is the deterministic limit where the Domany-Kinzel CA reduces to Class 111
ECA rule 18. The precision of the phase transition boundaries is higher, surpassing the
accuracy achieved by the mean-field approach, as illustrated by the comparison with the

precise phase transition boundaries obtained through the two-tree approximation [60].
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Figure 22: Phase diagram of the Domany-Kinzel CA based on the MLE of the CA simulated
on a lattice of 1000 cells over 500 time steps. The x and y-axis denote the probabilities p;
and p, respectively.

7.2 Pesin’s theorem

Pesin’s theorem establishes a relationship between the Kolmogorov-Sinai (KS) entropy hxg,
which is a global property that characterizes the full evolution of a CA, and the Lyapunov
spectrum, which is a local property that pertains to what happens to nearby points in
configuration space as they evolve over short time intervals [59], 62]. Specifically, it states
that the Kolmogorov-Sinai entropy of a dynamical system equals the sum of its positive

Lyapunov exponents:

hgs =Y A (36)

Xi>0
The KS entropy is an entropy measure that quantifies a dynamical system’s tendency to
explore and occupy different portions of its configuration space during its evolution [63], 64].
As such, it quantifies the rate at which information is generated or lost in a dynamical system

as it evolves over time.

For a finite CA of size N, we can estimate the (KS) entropy by calculating the Shannon
entropy of the probabilities associated with the occurrences of each subsequence o of length

M within the CA’s space-time pattern [64]. This estimation is given by:

hits = = flog(fs), (37)
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where f, represents the frequency at which the subsequence o of length M appears within
the space-time pattern generated by the CA. Simulations indicate that for a sufficiently large
grid size and number of time steps, the estimation from Eq. becomes independent of

the subsequence size M and converges when M > 30.

As an empirical test of the validity of Pesin’s theorem in the context of CA, we computed the
Lyapunov spectrum and KS entropy of the Domany-Kinzel CA for ps = 0.4 and 30 different
values of p; evenly spaced between 0 and 1. The CA was simulated over 200 time steps with
a grid size of 400 cells. The subsequence size used to estimate the KS entropy was fixed at
M = 40. Figure [37] shows the observed relation between the KS entropy and the sum of the

positive Lyapunov exponents for the 30 different values of p;.
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Figure 23: Kolmogorov-Sinai entropy hgg versus the sum of the positive Lyapunov exponents
for the Domany-Kinzel CA with ps = 0.4 and varying the parameter p;.

In line with Pesin’s theorem, Figure |37] illustrates an approximately linear relationship be-
tween the estimated KS entropy and the sum of the positive Lyapunov exponents. The
clusters on both sides of the graph correspond to the stable and chaotic dynamics, while
the intermediate points correspond to the transition region between both regimes. The ob-
served relationship between the Lyapunov spectrum and the KS entropy sheds light on the
connection between the local and global characteristics of chaotic dynamics within the CA.
A more precise relationship may potentially emerge if we have a more accurate estimate of
the KS entropy with appropriate normalization factors and/or if we explore CA with larger

radii and a greater number of states. Nonetheless, Pesin’s theorem remains a valuable tool
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for evaluating the validity of a novel approach that aims to define the Lyapunov spectrum

of a given class of dynamical systems.

7.3 Investigating the Domany-Kinzel CA on a small-world net-

work

This section illustrates the validity of our approach for CA on a network (i.e. Boolean net-
works). Figure [24|shows some Lyapunov spectra of the Domany-Kinzel CA on three different
small-world networks [65]. Such networks are regular networks of N nodes where every node
is connected to its K nearest neighbors, after which every node is rewired to another random
node in the network with a probability p,. Small-world networks are characterized by a high
degree of local clustering and relatively short paths between nodes, since most nodes are not
directly connected to each other but can be reached through a small number of intermediate

connections [65].

The Lyapunov spectra in Figure [24| were computed for a small-world network with N = 100
and K = 4 simulated over 100 time steps, for two different values of the rewiring probability.
Both parameters of the Domany-Kinzel CA were fixed to p; = po = 0.4. In the scenario
where p, = 0, the network becomes a regular one. This case corresponds to the Domany-
Kinzel CA simulated on a regular one-dimensional grid with cyclic boundary conditions but
with a neighborhood size of 5 instead of 3. The spectrum shows some peaks corresponding
to certain types of defect paths that are prevalent and the MLE near A = 0.25. Once we
introduce a non-zero rewiring probability (p, = 0.25), some edges are randomly rewired and
we obtain a small-world network. The entire Lyapunov spectrum shifts to higher values,
with an MLE near A = 0.5. This indicates that the small-world network yields a CA
that is significantly more sensitive to perturbations, which reflects the well-known small-
world phenomenon where information or perturbations tend to spread quickly across the

network [65].
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Figure 24: Lyapunov spectra of the Domany-Kinzel CA with p; = 0.4 and ps = 0.4 on
a small-world network for two different values of the rewiring probability: p, = 0 (a) and
pr = 0.25 (b).
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8 Conclusions

In this paper, we provided a comprehensive overview of damage spreading in CA. We first
introduced the novel concept of the tangent space associated with the CA’s configuration
space. We explored damage spreading within both the configuration space and the tangent
space, illustrating how different established concepts of Lyapunov exponents and the dif-
ference pattern spreading rate can be derived from this analysis. Next, we introduced an
original method for defining the Lyapunov spectrum of a CA based on linearizing the dy-
namics at each time step. Our definition completely parallels the well-established definition
of the Lyapunov spectrum as defined for continuous-state dynamical systems. This parallel
enables us to apply existing insights and theorems concerning the Lyapunov spectrum from
the field of dynamical systems theory, including Pesin’s theorem, to the context of CA. Ad-
ditionally, we showed how various existing notions of Lyapunov exponents for CA, related to

the difference pattern growth and the Lyapunov profile, tie into our comprehensive approach.
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We illustrated our approach with various Lyapunov spectra of ECA belonging to the different
Wolfram classes. We clarified how the spectra may be interpreted and how they connect to
the CA’s chaotic characteristics. Next, we put our novel approach to the test by applying it
to the Domany-Kinzel CA, demonstrating its effectiveness with CA featuring a probabilistic
update rule and/or those simulated on a network. We showed how our approach enables
us to precisely generate the phase diagram of the Domany-Kinzel CA and provided an
illustration of how the network’s topology influences the CA’s damage spreading properties.
Finally, we utilized the Domany-Kinzel CA as a tool to explore the connection between
the Lyapunov spectrum and the Kolmogorov-Sinai entropy, thereby checking the validity of

Pesin’s theorem.
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