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Abstract: The microstructure evolution of Ti64 has been simulated to investigate the effect of dif- 11 
ferent factors on the martensitic transformation (MT) in an elastically homogeneous system within 12 
a single parent grain by many researchers. In the present case the MT in a polycrystalline aggregate 13 
is considered taking into consideration the inhomogeneous elasticity of different orientations. In the 14 
present work, the phase- field modelling (PFM) is employed to study the microstructure evolution 15 
of nucleation and growth in different conditions during MT for Ti-6Al-4V polycrystalline alloy in 16 
two dimensions, including external tension/compression loading, with and without plastic defor- 17 
mation and strain hardening. Results indicate that the grain boundaries are the prior sites for nucle- 18 
ation of martensite plates, and the external loading and plastic deformation can influence the mi- 19 
crostructure to a large degree. It can be concluded that the change of elastic strain and stress in the 20 
simulated system, including the applied loading, strain relaxation at grain boundaries and plastic 21 
deformation are important features during MT. The martensitic product structure can be predicted 22 
with the current polycrystalline phase field model.  23 
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1. Introduction 27 
Martensitic Transformation (MT) is a widely observed metallurgical phenomenon in 28 

different metals and alloys, which produces complex microstructure with multivariant 29 
product  variants [1- 5]. Materials with martensitic microstructure are of significant im- 30 
portance for a wide variety of engineering and industrial applications. Many research 31 
works have been reported with the purpose of explaining the crystallographic features 32 
through different simplified phenomenological models [6- 8]. 33 

However, the phenomenological models are not able to simulate the microstructure 34 
evolution under different conditions, which is important to control texture and micro- 35 
structure and subsequently the final mechanical properties of the material. Since the mi- 36 
cro-elasticity theory was proposed by Khachaturyan and Shatalov [9- 10] (KS theory), 37 
Phase Field Modelling (PFM) has been extensively employed to study the microstructure 38 
evolution, crack propagation, dislocation dynamics and other related phenomena with 39 
combination of KS theory [11-13]. Wang built a comprehensive 3D PFM to capture the 40 
main crystallographic features by considering the internal transformation strain during 41 
MT [14]. Later on, a PFM coupled with chemical element potential was extended to poly- 42 
crystalline systems by Jin [15] and Shi [16] with the virtual work theory. The dislocation 43 
dissociation and effect of defects on microstructure were also investigated through PFM 44 
simulation [17- 19]. Because most materials in engineering and industrial applications are 45 

 



 

 

of a polycrystalline nature, it is important to predict the martensitic microstructure in pol- 46 
ycrystals for material design and texture control purposes for different engineering appli- 47 
cation conditions. In the elastically inhomogeneous polycrystalline system, besides the 48 
interaction between grain boundaries and solute atoms, the presence of an internal stress 49 
field because of interacting crystallographic martensitic variants from different parent 50 
grains plays an essential role in microstructure evolution. In order to calculate the me- 51 
chanical strain and stress fields within a heterogeneous polycrystalline assembly, two dif- 52 
ferent PFM methods were proposed: (i) equivalent eigenstrain simulation system by 53 
Wang et al. [20] and (ii) efficient iterative-perturbation technique with Fourier spectral 54 
method by Hu and Chen et al. [21- 23]. Recently, the Hu- Chen iteration schedule was 55 
employed to study the hydride microstructure formation and interaction between defor- 56 
mation twins and grain boundaries in polycrystals [24- 25]. Those calculation methods 57 
largely extend the application potential of PFM in material science and engineering. 58 

Compared with a single crystalline material, the complication of simulating a poly- 59 
crystalline assembly is caused not only by the elastic heterogeneity, but also by the strain 60 
relaxation at grain boundaries and the plastic deformation accumulated by growth of mar- 61 
tensite plates. Guo et al. [26] introduced the plastic deformation for microstructure evolu- 62 
tion in an elastoplastic phase field model. This model allows the elastic strain during MT 63 
to be relaxed partly by plastic deformation with an extra TDGL (Time-Dependent Ginz- 64 
burg Landau) equation once the local stress exceeds the assumed yield stress [27- 29]. It 65 
has been shown that the plastic deformation can change the morphology of variant plates 66 
somehow and favor the procedure of martensitic transformation in different boundary 67 
conditions [30]. In a more complicated approach, the strain hardening was taken into con- 68 
sideration to investigate the effect of grain size on martensite formation in steels within a 69 
linear isotropic relationship by Yeddu [31]. Another relaxation mechanism for transfor- 70 
mation strain is related to the grain boundaries. The phenomenon of grain-boundary re- 71 
laxation on plasticity of nanocrystalline Fe has been observed [32]. By assuming that GBs 72 
have an open internal structure, ignoring the interaction of dislocations within grain 73 
boundaries, the product martensitic variants should nucleate at grain boundaries due to 74 
the grain-boundary relaxation on misfit strain. Heo et al. [33] proposed a misfit strain re- 75 
laxation parameter and studied the effect of this parameter and curvature of grain bound- 76 
ary on the nucleation mechanism around grain boundaries in polycrystals. Besides the 77 
effect of internal factors within polycrystals, it has been proven that the interaction be- 78 
tween external loading and internal elastic strain can favor or suppress the growth of se- 79 
lected variants during MT within a single crystal [34- 35].  80 

In this study, the microstructure evolution is investigated with different conditions 81 
in polycrystalline parent grains. For simplicity, two alpha variants of Ti-6Al-4V alloy are 82 
under consideration in 2D dimensions. Simulation of nucleation and growth of variants 83 
with and without applied stress, plastic deformation and strain hardening are conducted. 84 
Finally, the microstructure evolution with the condition of mixing all internal and external 85 
factors that can change the stress and strain fields are captured in 2D and 3D dimensions 86 
is the main objective in the present paper; i.e. to simulate the microstructure evolution 87 
under relatively realistic condition. 88 

2. Phase-field modelling 89 
For polycrystals, under isothermal conditions and ignoring the solute-grain bound- 90 

ary interaction effect, the microstructure evolution is governed mainly by the Gibbs free 91 
energy G, which is composed of four components: the chemical free energy 𝐺௖௛௘௠, the 92 
gradient energy 𝐺௚௥௔ௗ , the elastic strain energy 𝐺௘௟ and the mechanical energy through 93 
external loading 𝐺௔௣௣௟:  94 

G = ∫(𝐺௖௛௘௠ + 𝐺௚௥௔ௗ +  𝐺௘௟  +  𝐺௔௣௣௟)𝑑𝑣                     (1) 95 

Similar to the Gibbs energy formula, different energy can be constructed with the 96 
non-conversed structural parameters 𝜂௣௚(𝒓, 𝑡) that are located between 0 and 1, where 97 



 

 

𝜂௣௚(𝒓, 𝑡)= 1 means that the point 𝒓 is located in the pth martensitic variant from the gth 98 
parent grain, while 𝜂௣௚(𝒓, 𝑡)= 0 means the point 𝒓 is out of pth variant from the gth parent 99 
grain. The different types of energies considered in this phase field model will be ex- 100 
plained in the following sections. 101 

2.1. Chemical free energy 102 
By setting the temperature and pressure as constants, the local chemical free energy 103 

without solute drag effect around the grain boundary is given as [30, 33]:  104 
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ଵ
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[
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Based on Yeddu [30], the Landau coefficients A, B and C are related to the driving 106 
force 𝛥𝐺௠  and the Gibbs activation energy barrier 𝛥𝐺∗  that prevents the martensitic 107 
transformation to proceed by A= 32𝛥𝐺∗, B= 3A+ 12𝛥𝐺௠ and C= 2A+ 12𝛥𝐺௠ , while the 108 
driving force is the difference of Gibbs free energy betweenand  phase in equilibrium 109 
state, 𝑉௠ is the molar volume. 110 

2.2. Gradient energy 111 
In polycrystals, the gradient energy under a non-equilibrium condition at the grain 112 

boundaries is expressed as: 113 

𝐺௚௥௔ௗ =  
ଵ

ଶ
∑ ∑ 𝑘௜௝,௣௚|

డఎ೛೒(௥,௧)

డ௫೔
||

డఎ೛೒(௥,௧)

డ௫ೕ
|௣௚                    (3) 114 

Where 𝑘௜௝,௣௚ is the gradient energy coefficient in the form of a symmetric tensor that 115 
characterizes the gradient energy within boundaries of different variants. From Shi’s work 116 
[34], due to the dislocations and structural ledge in different facets of variants, the inter- 117 
facial energies depend on the misorientation between variants. In polycrystals with dif- 118 
ferent crystallographic orientations of parent  grains, the anisotropic interfacial energy 119 
function of the parent structure is not known in detail. Therefore, in the current work we 120 
assume that the interfacial energy of the parent structure is isotropic. As a result, the 𝑘௜௝,௣௚ 121 
is set to be a constant 𝑘 related to the interfacial energy 𝛾 by the following equations 122 
[30]:  123 

𝛥𝐺∗ =  
ଷఊ௏೘

ସ√ଶఋ
, 𝑘 =  

ଷఊఋ

ଶ√ଶ
                              (4) 124 

Where 𝛿 is the interface thickness. 125 

2.3. Elastic energy 126 
In the MT, the elastic strain energy triggered by misfit strain between parent grains 127 

and product variants is one of the main contributions to the thermodynamics and kinetics 128 
of martensitic transformation. In a polycrystalline system, the eigen strain of different var- 129 
iants is dependent on the orientation of parent grains as: 130 

𝜀௜௝
଴଴(𝑝, 𝑔) = 𝑎௜௞

௚
𝜀௞௟

଴଴଴(𝑝)𝑎௝௟
௚                        (5) 131 

𝒂௚  = ቂ
𝑐𝑜𝑠 𝛼𝑔 𝑠𝑖𝑛 𝛼𝑔

−𝑠𝑖𝑛 𝛼𝑔 𝑐𝑜𝑠 𝛼𝑔
ቃ                             (6) 132 

Where 𝜀௞௟
଴଴଴(𝑝) is the eigen strain of the pth variant from the reference parent grain, 133 

𝒂௚ is the rotation of the gth parent grain with respect to the reference parent grain in 2D, 134 
and the rotation in 3D is a 3×3 matrix [33]. Hereafter, the Einstein summation notation is 135 
applied for all tensorial relations. In the current work, the reference coordinate is set the 136 
same as in Shi’s work [34]. Accordingly, with the assumption that the elastic tensor of the 137 
 phase is the same and isotropic as the one of the  phase, the elastic stiffness is a position- 138 
dependent modulus, which can be calculated as:  139 

𝐶௣௤௥௦(𝒓) = ∑ 𝜙௚(𝒓)𝐶௜௝௞௟
଴଴଴଴

௚                              (7) 140 



 

 

Where 𝜙௚(𝒓) is the structural parameter of the gth parent  grain, and 𝐶௜௝௞௟
଴଴଴଴ is the 141 

elastic tensor in the reference coordinate system. Eq. (7) results in a smooth transition of 142 
the elastic tensor across grain boundaries between parent grains. The local eigen strain in 143 
poly-crystals is position-dependent with a linear relationship, as: 144 

𝜀௜௝
଴ (𝒓) =  ∑ ∑ 𝜂௣௚(𝒓, 𝑡)௣௚ 𝜀௜௝

଴଴(𝑝, 𝑔)                (8) 145 

When the MT is progressing, the nucleation and growth of new variants lead to local 146 
deformation with small displacement 𝑢𝑖(𝒓), thus inducing the local actual strain 𝜀௜௝(𝒓). 147 
By following Khachaturyan and Shatalov’s scheme [9- 10], the 𝜀௜௝(𝒓) can be separated in 148 
a homogeneous strain 𝜀௜̅௝ and a heterogeneous strain 𝛿𝜀௜௝(𝒓). Based on the small-strain 149 
approximation, the 𝜀௜̅௝ and 𝛿𝜀௜௝(𝒓) are expressed as :  150 

ε୧୨(𝐫) =  εത୧୨  +  δε୧୨(𝐫)                       (9a) 151 

𝜀௜̅௝ =    
ଵ

௏೘
∫ 𝜀௜௝(𝒓)𝑑𝑣                        (9b) 152 
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ଵ
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The local elastic strain 𝜀௜௝
௘௟(𝒓) is the difference between the local actual strain and the 154 

local eigen strain, given by:  155 

𝜀௜௝
௘௟(𝒓) = 𝜀௜௝(𝒓)- 𝜀௜௝

଴ (𝒓)                   (10) 156 

Since the mechanical equilibrium is established fast and assumed to be reached in- 157 
stantly, the following equation for mechanical equilibrium is employed [29]: 158 

𝜎௜௝(𝒓) =  𝐶௜௝௞௟(𝒓)𝜀௞௟
௘௟(𝒓)                     (11a) 159 

డఙ೔ೕ(𝒓)

డ௥ೕ
= 0                               (11b) 160 

Different from the elastically homogeneous single crystal, the heterogeneous strain 161 
fields are different among different parent  grains. In order to compute the elastic strain 162 
in a polycrystal, the Hu-Chen scheme [21- 23] is employed here. The position-dependent 163 
elastic tensor 𝐶௣௤௥௦(𝒓) is divided in two parts: the constant homogeneous part 𝐶௣௤௥௦

௥௘௙௘௥ and 164 
the heterogeneous part 𝐶௣௤௥௦

௛௘௧௘௥(𝒓) related to the position: 165 
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Where the 𝐶௜௝௞௟
௥௘௙௘௥  is the average of maximum and minimum of 𝐶௣௤௥௦(𝒓) . In this 167 

study the elastic displacement 𝑢௜(𝒓) is computed iteratively until the convergence ν of 168 
displacement is smaller than the pre-set tolerance 10-4 in 2D: 169 

ν = ඥ∫[(𝑢ଵ
௡ାଵ − 𝑢ଵ

௡)ଶ + (𝑢ଶ
௡ାଵ − 𝑢ଶ

௡)ଶ]𝑑𝑣                (13) 170 

Finally, the elastic strain energy 𝐺௘௟  is given as: 171 

𝐺௘௟ = 𝐶௜௝௞௟(𝒓)𝜀௜௝
௘௟(𝒓)𝜀௞௟

௘௟(𝒓)                  (14) 172 

2.4. External loading energy 173 
Under the external loading 𝜎௜௝

௔௣௣௟, the mechanical strain energy due to interaction 174 
between applied stress and elastic strain 𝜀௞௟

௘௟ is:  175 

𝐺௔௣௣௟ =  −𝜎௜௝
௔௣௣௟

𝜀௜௝
௘௟(𝒓)                     (15) 176 

2.5. Kinetic function 177 
Because no long-range diffusion occurs during MT, only the Allen-Cahn equation, 178 

also known as time-dependent Ginzburg-Landau (TDGL) equation, is employed in the 179 
present work to capture the microstructure evolution: 180 



 

 

𝜕𝜂𝑝𝑔
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(𝒓, 𝑡)]               (16) 181 

Where L is the kinetic coefficient and 𝜉௣௚(𝒓, 𝑡) is the Langevin random noise term 182 
that describes the local thermal fluctuation of the structural order parameters [36-38]. In 183 
Ref. [36-38], the details of Langevin random noise are explained. Different to the TDGL 184 
equation for a single crystal, the extra factor 𝜙௚(𝒓) in Eq (16) represents the structural 185 
parameter of parent grains, which can guarantee that only the variant 𝜂௣௚ is evaluated 186 
within the gth parent grain. 187 

2.6. Nucleation model at grain boundaries 188 
Theoretically, defects such as grain boundaries may act as prior nucleation sites as 189 

observed by Olson et al. [39- 40]. In order to simulate the event of nucleation at grain 190 
boundaries, the nucleation model proposed by Heo [33] is implemented here. In terms of 191 
grain boundary relaxation on transformation strain, Eq. (5) is modified with a interpola- 192 
tion function ψ(𝒓), as:  193 

𝜀௜௝
଴଴(𝑝, 𝑔, 𝒓) = ψ(𝒓)𝑎௜௞

௚
𝑎௝௟

௚
𝜀௞௟

଴଴଴(𝑝)                  (17) 194 

The interpolation function ψ(𝒓) is related to the structural parameters 𝜙௚(𝒓) of par- 195 
ent grains and a grain boundary relaxation parameter ρ, in the following manner: 196 

ψ(𝒓) =
ఘ൫ఝ೘ೌೣିఝ(𝒓)൯ା (ఝ(𝒓)ିఝ೘ೌೣ)

ఝ೘ೌೣିఝ೘೔೙
                  (18) 197 

𝜑(𝒓) =  ∑ 𝜙௚
ଶ(𝒓)௚                               (19) 198 

Where 𝜑௠௔௫  and 𝜑௠௜௡  are the maximum and minimum value of 𝜑(𝒓) . In this 199 
study, the effect of the grain boundary relaxation parameter ρ and the curvature of grain 200 
boundary are not taken into consideration. Therefore, ρ is set as a constant, and the par- 201 
ent grains map is obtained by the simple Allen-Cahn equation. 202 

2.7. Plasticity and strain hardening model 203 
Normally, due to the thermal activation of dislocation movement by increasing tem- 204 

perature, the yield stress of most materials keeps decreasing and plastic deformation oc- 205 
curs easily. In Ti-6Al-4V alloy, the temperature of the martensitic transformation is above 206 
900 K and the yield stress is ~ 500MPa [42- 44]. Hence, plastic relaxation following elastic 207 
strain should be considered. Additionally, the phenomenon of strain hardening will take 208 
place with plastic strain accumulation during growth of the martensitic plates. The plas- 209 
ticity and strain hardening model will be explained in detail below. 210 

With MT progressing, the local equivalent stress may exceed the yield stress, subse- 211 
quently local plastic deformation occurs and a part of the local actual stress is relaxed. 212 
Although Ti-6Al-4V is a highly anisotropic alloy, the yield stress surface is assumed to be 213 
isotropic for simplicity. Assuming that the Ti-6Al-4V alloy is perfectly elastic- plastic with- 214 
out strain hardening, the yield stress is considered to be constant. The Von Mises yield 215 
criterion is considered here [29- 31]: 216 

𝜎௘௤
ଶ − 𝜎௬

ଶ =  𝜎ଵଵ
ଶ − 𝜎ଵଵ𝜎ଶଶ + 𝜎ଶଶ

ଶ + 3𝜎ଵଶ
ଶ − 𝜎௬

ଶ > 0                 (20) 217 

Once the Von Mises equivalent stress is larger than the yield stress, local plasticity is 218 
initiated. The evolution of local plastic strain is related to the elastic shear strain energy 219 
density 𝐺௦௛௘௔௥ and governed by another TDGL equation [26]: 220 

డఌ೔ೕ
೛೗

(𝒓)

డ௧
= −𝐾௜௝௞௟

డீೞ೓೐ೌೝ 

డఌ
ೖ೗
೛೗

(𝒓)
                       (21) 221 

Where 𝐾௜௝௞௟ = (𝑘𝑐௜௝௞௟)ିଵ is the plastic kinetic coefficient that controls the local plas- 222 
tic strain relaxation effect, 𝑐௜௝௞௟  is the local elastic tensor in Eq. (7), and k is a constant for 223 



 

 

simplicity. The elastic shear strain energy density 𝐺௦௛௘௔௥  is a function of local elastic 224 
shear strain as: 225 

𝐺௦௛௘௔௥ =
ଵ

ଶ
∫ 𝑐௜௝௞௟( 𝑒௜௝(𝒓)- 𝑒௜௝

଴ (𝒓))(𝑒௜௝(𝒓)- 𝑒௜௝
଴ (𝒓))𝑑𝑣       (22) 226 

Where 𝑒௜௝(𝒓) and 𝑒௜௝
଴ (𝒓) are the deviatoric strain components of local actual strain 227 

and local eigen strain. It should be pointed out that with consideration of plastic defor- 228 
mation, the local actual strain is partly relaxed by plastic strain. Therefore, the local actual 229 
strain (Eq. (9a)) should be modified as:  230 

𝜀௜௝(𝒓) =  𝜀௜̅௝ + 𝛿𝜀௜௝(𝒓) + 𝜀௜௝
௣௟(𝒓)                 (23) 231 

And the deviatoric strains of local actual strain and eigen strain in 2D are: 232 

𝑒௜௝(𝒓) =  𝜀௜௝(𝒓) −  
ଵ

ଶ
𝜀௜௝(𝒓)𝛿௜௝                   (24a) 233 
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଴ (𝒓) =  𝜀௜௝

଴ (𝒓) −  
ଵ

ଶ
𝜀௜௝
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Where 𝛿௜௝ is Kronecker delta function. 235 
When strain hardening is considered, the yield stress changes as a function of micro- 236 

structure evolution and is expressed as summation of yield stress from revised Hall-Petch 237 
effect 𝜎௬

଴ and strain hardening 𝜎௬
௡: 238 

𝜎௬(𝒓) = 𝜎௬
଴(𝒓) +  𝜎௬

௡(𝒓)                    (25) 239 

The yield stress 𝜎௬
଴(𝒓) obtained from the revised Hall-Petch effect is related to the 240 

volume fraction of local  variants based on the report by Galindo-Fernández [45]. The 241 
𝜎௬

௡(𝒓) is obtained through the Johnson-Cook hardening law [46], as: 242 
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ரஜୠయ

୩ా୘୪୬(ଵ଴ళ

க̇ൗ )
)୬ౄౌ                       (26b) 244 
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With Eq. (26), the local yield stress is related to the local variant volume 𝜂௣௚(𝒓) 246 
which is the volume of the pth martensite product variant originating from crystal orienta- 247 
tion g of the parent structure with local plastic equivalent strain 𝜀௣௟(𝒓). Here, the strain 248 
rate 𝜀̇ is assumed to be 1 and have no effect on the local yield stress. The physical meaning 249 
of other parameters can be found in Ref. [45- 47]. 250 

3. Simulation parameters and models 251 
In the current study the following simulation parameters are used: 252 
(1) the simulation system consists of 1024* 1024 grid points with a mesh size of 25 nm 253 

in 2D dimensions. 16 parent  grains are prepared through the TDGL function, and the 254 
structural parameters of parent grains sum up to 1: ∑ 𝜙௚(𝒓)ଵ଺

௚ୀଵ = 1. For simplicity, only 255 
two  variants can be transformed from a single parent  grain, i.e. p = 1, 2 in the above 256 
equations. Based on Shi’s work [34], the considered 2 variants are selected by setting the 257 
orientation of parent grain as (0 0 0) and ignore the small component along z axis being 258 
0.0003. Therefore, all the SFTS and elastic tensors need to be rotated based on the crystal- 259 
lographic orientation of corresponding parent  grains; 260 

(2) the driving force 𝛥𝐺௠ is obtained based on Lindwall’s work [43] by setting tem- 261 
perature at 1073 K and the equilibrium compositions of  and  phases as Ti-10.25Al-3.21V 262 
and Ti-9.01Al-10.99V (at%), respectively. 263 

(3) the thickness of the interfacial region is 5 grid points and the interfacial energy is 264 
50 mJ/𝑚ଶ. The kinetic coefficient L and time step dt are 1.6 ∗ 10ି଻J/mଷ/𝑠 and 2 ∗ 10ିଷs, 265 
respectively. The molar volume 𝑉௠ is assumed to be 10ିହmଷ/mol [34]. All the simula- 266 
tions are conducted with clamped boundary conditions. 267 



 

 

(4) the elastic tensor of the  phase is assumed to be the same and isotropic as the one 268 
of the  phase, which is taken as: 𝑐ଵଵ = 97.7GPa, 𝑐ଵଶ = 82.7GPa and 𝑐ସସ = 37.5GPa in 269 
Voigt notation. The eigen strain of 2 variants in reference state is given as : 270 

𝜀௜௝
଴଴଴(1) =  ൤

𝜀ଵଵ
଴଴଴ 0

0 𝜀ଶଶ
଴଴଴൨，      𝜀௜௝

଴଴଴(2) =  ൤
𝜀ଶଶ

଴଴଴ 0

0 𝜀ଵଵ
଴଴଴൨            (27) 271 

Where 𝜀ଵଵ
଴଴଴= -0.049 and 𝜀ଶଶ

଴଴଴= 0.067, taken from Ref.[34]. The orientations of 16 par- 272 
ent  grains are taken randomly. 273 

(5) with regard to the external loading, the applied tensile and compressive stress is 274 
50MPa along Y direction, which has obvious effect on the microstructure. More details 275 
about the applied stress can be found in the Ref. [34- 35]. The yield stress is set as 880MPa 276 
without considering strain hardening at room temperature [49]. And the simulation pa- 277 
rameters for strain hardening described by Eq. (25) and (26) can be found in Ref. [45- 46]. 278 

(6) for the nucleation event, Langevin random noise is added in the early simulation 279 
stage, while for growth event under different conditions, a small seed with 2×2 grids is 280 
put in the center of the simulation map without random noise in Eq. (16). 281 

(7) in terms of microstructure evolution in 3D dimensions, the simulation model is 282 
conducted with nucleation and growth under conditions of external compression loading 283 
and plastic deformation with strain hardening. The functions that relate mechanical stress 284 
and strain fields are needed to extend into 3D dimensions. The structural map consist of 285 
8 parent  grains with random crystallographic orientations transforming to 4 different 286 
variants with following eigen strain in reference state: 287 

𝜀௜௝
଴଴଴(1) = ൥

−0.0490 −0.0031 0
−0.0031    0.0670 0

0 0 −0.0003
൩,  𝜀௜௝

଴଴଴(2) = ൥
−0.0490 0 −0.0031

0 −0.0003 0
−0.0031 0 0.0670

൩, 288 

 289 

𝜀௜௝
଴଴଴(3) = ൥

   0.0334 −0.0222 −0.0253
−0.0222 −0.0100    0.0412
−0.0253    0.0412 −0.0056

൩,  𝜀௜௝
଴଴଴(4) = ൥

0.0334 −0.0253 −0.0222
−0.0253 −0.0056    0.0412
−0.0222    0.0412 −0.0100

൩, 290 

(8) based on Heo and Yamanaka’s work [28, 33], the grain boundary relaxation pa- 291 
rameter ρ is taken as 0.29 (Eq. (18)), the plastic kinetic coefficient k is take as 0.001 (Eq. 292 
(21)). 293 

(9) the morphology of the transformed  variant is outlined based on the condition : 294 
𝜂௣௚

ଶ (𝒓) > 0.5. 295 
(10) for convenient calculation, the TDGL equation is implemented in a reduced scale. 296 

All calculated parameters are dimensionless based on Ref. [50]. The energy scaling factor 297 
and normalization factors are set as ∆𝐺෨= |𝛥𝐺௠|(driving force), Δ𝑀 = 10ିଵ mଶ mol/J/s. 298 

(11) all recorded videos of the simulations with different conditions are shown in the 299 
supplementary materials section. 300 

With simulation parameters above, several simulations are performed in different 301 
conditions below: 302 

Table 1 Phase field simulation cases with different conditions 303 
 Nucleation Growth 

Case 1 A A 
Case 2 B B 
Case 3 C C 
Case 4 - B+C 
Case 5 - B+D+E 

A: No applied stress; B: Tension along Y axis; C: compression along Y axis;  304 
D: Plastic deformation; E: Strain hardening 305 
 306 
 307 
 308 
 309 



 

 

4. Results and discussion 310 

4.1. Parentgrains map preparation 311 
To simulate the martensitic transformation from the  phase to the  phase in a poly- 312 

crystal, the structural map with 16  grains is prepared firstly by a simple TDGL equation 313 
below: 314 

𝐹 =  ∫(
ଵ

ସ
−

ଵ

ଶ
∑ 𝜙௚

ଶଵ଺
௚ୀଵ +

ଵ

ସ
∑ 𝜙௚

ସଵ଺
௚ୀଵ +

ଷ

ସ
∑ ∑ 𝜙௣

ଶ𝜙௤
ଶଵ଺

௤ୀଵ
௤ஷ௣

ଵ଺
௣ୀଵ +

ଵ

ଶ
∗ 2 ∗ ∑ ห∇𝜙௚ห

ଶଵ଺
௚ୀଵ )𝑑𝑣  (28a) 315 

𝜕𝜙𝑔

𝜕𝑡
= −𝐿𝑔

𝛿𝐹

𝛿𝜙𝑔

                          (28b) 316 

16 randomly distributed seeds are set as the initial microstructure, and enough evo- 317 
lution time is guaranteed to make sure that the prepared initial microstructure is occupied 318 
only by  phase. The simulated initial  microstructure is shown as Figure 1 below, and 319 
then random orientations are assigned to each parent  grain. 320 

In the parent beta grain structure below, some of the triple junctions do not hold 120º. 321 
It is surmised that there are two reasons for the triple junctions to deviate from the equi- 322 
librium value of 120º: 1) the  parent structural map was simulated by Phase-field model 323 
in periodic condition; and 2) the parent map is shown in 2D, which is a cross-section of 324 
the 3D crystallographic structure. Therefore, some of the triple junctions appear to exhibit 325 
a deviatoric dihedral angle. 326 

 327 

 328 
Figure 1. The initial polycrystalline structure of 16 parent  grains. 329 

4.2. Nucleation without external loading 330 
Figure 2 shows the microstructure evolution of  variants in the nucleation and early 331 

growth stage without applied stress. The parent  grains are set as background in cyan 332 
color (Figure 2 (b)~ (f)). It can be seen that with enough local structural fluctuation by 333 
random noises, small near-spherical variants have nucleated, as pointed out in Figure 2 334 
(a), and then several positions served as nucleation sites (Figure 2 (c)). Later on, those 335 
variants grow into the parent  grains in the shape of needles by following different 336 
growth directions (Figure 2 (c)~ (f)). The orientations of variants from different parent 337 
grains depend on the orientation of the parent grains. Comparing Figure 2 (b)~ (d) with 338 
Figure 1, it is clear that due to the relaxation effect of misfit strain at grain boundaries, 339 
different nuclei appeared at grain boundaries, which is consistent with experimental ob- 340 
servations [50- 52]. It is interesting to mention that only with grain boundary relaxation, 341 
some triple junctions act as prior sites for nucleation, as seen in Figure 2 (b) and (c), but 342 
some other triple grain boundaries and one special quadruplet position in Figure 1 are not 343 
nucleation site. This would be related to the misorientation between parent grains.  344 

In order to illustrate the local stress distribution, the Von Mises equivalent stress is 345 
calculated and shown in Figure 3. It is obvious that during the MT process, the local 346 
stresses are concentrated around  variants. Within the interior of variants, the Von Mises 347 
equivalent stress reaches the minimum value, while the interaction of variants leads to 348 



 

 

increase of local stress (Figure 3 (f)). It is consistent with the stress distribution from Qiu. 349 
et al. [53] that the distribution of local stress around a single variant is symmetrical, and 350 
the variants grow following the direction where the local stress is relatively small around 351 
the tips of  plates, as indicated in Figure 3 (f). it should be mentioned that even in the 352 
early simulation stage, the maximum local equivalent stress is larger than the pre-set yield 353 
stress (880MPa), the local plastic deformation for nucleation is not under consideration 354 
here. 355 

356 
Figure 2. The nucleation and growth of  variants around grain boundaries with differ- 357 
ent simulation time. 358 

 359 
Figure 3. The distribution of Von Mises equivalent stress corresponding to microstructure in Figure 360 
2. 361 



 

 

4.3. Nucleation with external loading 362 
As studied by Shi and Zhang [34- 35], the external tensile and compressive stresses 363 

have different effect on the microstructure evolution. Here the applied tensile and com- 364 
pressive stresses along the y direction are investigated to study the nucleation around 365 
grain boundaries and results are shown in Figure 4~ 7.  366 

Under applied compressive stress, the variant nucleation occurs earlier than without 367 
applied stress, cf. Figure 4 (b), and the external loading favors the martensitic transfor- 368 
mation by comparing the microstructure in Figure 4 with Figure 3. It is worth to note that 369 
some new variants nucleate at binary grain boundaries as demonstrated in Figure 4 (c)~ 370 
(e), which is different from the counterpart without loading.                           371 
Figure 5 shows the distribution of local equivalent stress. From                           372 
Figure 5 (a) it can be observed that the applied stress induced different stress fields within 373 
different parent grains. The local stresses are concentrated at binary and triple junction 374 
grain boundaries (                          Figure 5 (b) and (c)). By checking the 375 
Langevin noise, the amplitude of noise is small enough, thus its effect on the nucleation 376 
event can be ignored compared with the effect of external loading. 377 

The nucleation of variants with applied tensile stress is different from the simulation 378 
with compressive stress, compared                                Figure 6 and Fig- 379 
ure 7. Similar to conditions with compressive stress, the nucleation and growth of  vari- 380 
ants are favored by external tensile stress, the occurrence of small  nuclei under tensile 381 
load is even earlier than the simulation results under compressive load. A striking differ- 382 
ence between tensile and compressive conditions is that nucleation under tensile load is 383 
not always at grain boundaries, but within the interior of some parent grains, as seen in                                384 
Figure 6 (b). Comparing the maps of stress fields in                           Figure 385 
5 and Figure 7, it is found that the grain boundaries are the sites of stress concentration 386 
from the onset, which induced the formation of transformed  nuclei. With progressing 387 
MT in different parent grains, the local stresses are relaxed with different directions, which 388 
results in the growth of variants in different orientations. 389 

Theoretically, the microstructure evolution during MT follows the path that reduces 390 
the Gibbs free energy of system. In the current study, the chemical free energy and inter- 391 
facial energy are assumed to be isotropic, hence, the elastic strain energy density is con- 392 
sidered to illustrate the distribution of energy in the system, as shown in Figure 8 with 393 
and without external loading. As illustrated by the red ellipses, within the interior of var- 394 
iants, the elastic strain energy reaches minimum values, while the interaction between 395 
different variants increase the local strain energy. The simulated nucleation occurring at 396 
triple junctions is consistent with the results from Xu [54]. 397 

 398 



 

 

Figure 4. The nucleation and growth of  variants at grain boundaries with applied compressive 399 
stress for different simulation times. 400 

 401 

                          Figure 5. The distribution of Von Mises equivalent stress corresponding to microstructure in Figure 4. 402 

     403 
                          Figure 6. The nucleation and growth of  variants at grain boundaries under applied tensile stress for    404 

                          different simulation times. 405 



 

 

 406 
Figure 7. The distribution of Von Mises equivalent stress corresponding to the microstructures 407 
shown in                                Figure 6. 408 

 409 
Figure 8. The distribution of variants and corresponding elastic strain energy with different condi- 410 
tions: microstructure at simulation time of 4.0106s in: a1: without external loading; b1: with com- 411 
pressive stress; c1: with tensile stress; elastic strain energy distribution at simulation time of 4.0106s 412 
in: a2: without external loading; b2: with compressive stress; c2: with tensile stress. 413 

4.4. Variants growth without external loading 414 
Figure 9 shows the growth of variants without plastic deformation or external load- 415 

ing. At the onset, due to the sharp interface between pre-set seed of  variants and  matrix, 416 
a part of the seed is relaxed into grain boundaries without 𝜂௣௚

ଶ (𝒓) > 0.5. Therefore, no 417 
variant is outlined, cf. Figure 9 (a). With growth of variants, a small rectangular shaped 418 



 

 

variant appears in the center, cf. Figure 9 (b). Afterwards, the small variant grows into a 419 
cross-star shape, and enhances the occurrence of a second variant (Figure 9 (c)), which is 420 
known as an autocatalytic event, i.e. the new variant can be formed from the untrans- 421 
formed areas because of the high local elastic strain energy introduced by the previous 422 
existing variants [53]. When the variants keep growing into their parent grain and meet 423 
the  grain boundaries, as indicated in Figure 9 (d), new variants can be transformed from 424 
the matrix, but with different orientations from the first ones. With MT progress, more 425 
and more  phase matrix volume is transformed in needle shaped martensite grains. It 426 
should be mentioned that the small variants with cross-star shape gradually evolved in a 427 
martensite plate structure. The early variants with cross-star shapes reflect the symmetry 428 
of the misfit strain, but subsequently the interaction between variants break the symmetric 429 
distribution of the local elastic strain energy. As discussed above, the elastic strain energy 430 
within the interior of variants is smallest, which implies that the growth of variants can 431 
decrease the elastic strain energy of the system. Such a martensitic microstructure has 432 
been observed in our previous work (Figure 10) and by other researchers [55- 59]. In gen- 433 
eral, it could be said that there are various sources that may induce microstructural ani- 434 
sotropy: GB energy, mobility and (elastic) eigenstrain anisotropy. In the current work only 435 
the latter type of anisotropy was considered whereas other sources of anisotropy were 436 
ignored. It was proven that by only considering the elastic eigenstrain anisotropy, a nee- 437 
dle-shaped martensitic structure can be simulated. Of course, these results do not exclude 438 
that other sources of anisotropy may have an effect as well. However, this was beyond the 439 
scope of the current work. 440 

A line shown in Figure 9 (c) is selected to display the distribution of 𝜂௣௚
ଶ , elastic strain 441 

energy and Von Mises equivalent stress, cf. Figure 11. It is clear that for the 2 variants from 442 
the 11th parent  grain, the elastic strain energy is almost equal to the  matrix, while the 443 
elastic strain energy is relatively high at the interface, which supports the conclusion that 444 
the MT follows the path that reduces the Gibbs free energy of system. 445 

 446 
Figure 9. The growth of  variants from a pre-set seed without plastic deformation for different 447 
simulation times. 448 



 

 

 449 
Figure 10. The observed martensitic microstructure with Selective Laser Melted Ti-6Al-4V. 450 

 451 
Figure 11. The distribution of of 𝜂௣௚

ଶ , elastic strain energy and Von Mises equivalent stress along 452 
the vector 𝑔⃗ in Figure 9. 453 

4.4. Variants growth with external loading 454 
Figure 12 displays the microstructure and distribution of elastic strain energy density 455 

under tensile and compressive load. Note that in order to study the effect of an external 456 
load on microstructure evolution with a multi-crystalline system, the misfit strain relaxa- 457 
tion at grain boundaries is not taken into consideration here. It is clear that the applied 458 
stress has different effects on variant growth in the early stage of martensitic transfor- 459 
mation for different parent  grains. By comparing Figure 12 with Figure 9, the difference 460 
of microstructure at the same simulation times implies that the external loading favors the 461 
MT kinetics, which can be explained by the interaction between applied stress and local 462 
elastic strain. Without applied stress, the nucleation and growth of new variants are 463 
driven by the accumulation of local elastic strain and stress. Even for the transformation 464 
in the adjacent parent grain, the new nucleus can occur only when the local elastic strain 465 
is beyond a critical value. But for the phase transformation under external load, the local 466 
elastic strain can work synergistically with the applied stress, which induces the 467 



 

 

nucleation and growth of new variants in different parent  grains, while in some other  468 
grains with different crystallographic orientation, nucleation and growth events are sup- 469 
pressed, as shown by the distribution of elastic strain energy. The induced variants by this 470 
interplay between applied stress and local strain are simulated and observed in Fe-0.3%C 471 
and other alloys [60- 61]. 472 



 

 

 473 

Figure 12. The microstructure and distribution of elastic strain energy with (a) tensile and (b) com- 474 
pressive stresses. 475 



 

 

4.5. Variants growth with plastic deformation and strain hardening 476 
Figure 13 and Figure 14 show the microstructure and equivalent plastic strain with 477 

simulation conditions of local plastic deformation, strain hardening and applied tensile 478 
load, respectively. With the local relaxation of elastic strain, the morphology of variants 479 
gradually change by assuming a coarse deviating from the initial plate shape, cf. ellipses 480 
in Figure 13 (d). Due to the small plastic kinetic coefficient in Eq. (21), the coarse growth 481 
of variants is not very obvious compared with simulation without plastic deformation, 482 
which implies that the plastic kinetic coefficient and plastic deformation should be con- 483 
sidered during simulation of the MT. In the current work, the  matrix is assumed not to 484 
be plastically deformed, thus, no equivalent plastic strain is induced in the  matrix, which 485 
is different from earlier work by Yamanaka [28]. 486 

Figure 14 demonstrates the final microstructure with effect of plastic deformation 487 
combined with strain hardening and tensile stress. Compared with Figure 13 (h), the local 488 
equivalent plastic strain is mostly concentrated at the  grain boundaries (Figure 14 (f)), 489 
while the plastic strain is more evenly distributed within the interior of  grains. This is 490 
because the mixed microstructure with  variants and  matrix is included in the modified 491 
Hall-Petch relationship (Eq. (26a)). Hence, the local equivalent plastic strain is higher 492 
around the interfacial region between  variants and  matrix, which would be the reason 493 
that small cracks are initiated around grain boundaries [30]. Similar to the simulation in 494 
Figure 9 (a), the effect of external tensile load is more obvious than the consideration of 495 
plastic deformation and strain hardening, cf. Figure 14 (d). The selected areas imply the 496 
different effect of tensile load on MT for different parent  grains, but the effect is rela- 497 
tively complex due to the different grain size, shape and crystallographic orientation [31, 498 
33, 59].  499 

The volume fraction of variants in different simulation conditions are shown in Fig- 500 
ure 15 and Figure 16. The volume fractions of different variants from different parent 501 
grains (cf. Figure 15) indicate clearly the influence of applied condition on the formation 502 
of the microstructure. But different from Shi and Wang [16, 35], in the present work the 503 
total volume fractions of variant 1 and 2 within 16 parent grains remains almost the same 504 
with different conditions, which is consistent with Malik [60]. Because of the small plastic 505 
deformation relaxation and simulation time, ~30%  matrix is retained, but with proper 506 
plastic kinetic coefficient and boundary condition, the MT should be finished without  507 
matrix in microstructure within the delay considered here [62]. 508 

 509 



 

 

 510 
Figure 13. The microstructure and distribution of equivalent plastic strain with plastic deformation. 511 



 

 

 512 
Figure 14. The microstructure and distribution of equivalent plastic strain with plastic deformation, 513 
strain hardening and tensile stress: (a)~ (d): plastic deformation and strain hardening; (e)~ (h): plastic 514 
deformation, strain hardening and tensile stress. 515 



 

 

 516 
Figure 15. The volume fraction of variant 1 and 2 from different parent grains for different simula- 517 
tions. 518 

 519 
Figure 16. The total volume fraction of variant 1 and 2 for different simulations. 520 

5. Conclusions 521 
In the current work, phase field modelling is employed to study the microstructure 522 

evolution during phase transformation in Ti64 alloy under different conditions. It is con- 523 
cluded that the nucleation and growth of product  variants during martensitic transfor- 524 
mation can be predicted in 2D and 3D dimensions, the local strain and stress distribution 525 
can be calculated. 526 

In terms of nucleation at grain boundaries, the results allow to conclude that the grain 527 
boundary plays a key role through partially relaxing the transformation strain during MT, 528 
and the simulation of variant nucleation is consistent with observed nucleation event. The 529 
external loading can favor the occurrence of new variants at grain boundaries, but the 530 
effect of applied compressive stress is more obvious at triple junction points. 531 

Regarding the plastic deformation during martensite growth, the relaxation of plastic 532 
strain should be considered, which induces coarsening of variants. The relatively large 533 
plastic strain can favor the MT procedure by reducing the local elastic strain. The external 534 
loading interacts with the local strain and induces the nucleation of variants through de- 535 
creasing the local elastic strain energy, but for different parent grains with different ori- 536 
entations, the effect is different. 537 

Supplementary Materials: Video S1: microstructure evolution of nucleation of 2 variants without 538 
external loading in 2D; Video S2: microstructure evolution of nucleation of 2 variants with applied 539 
compressive stress in 2D; Video S3: microstructure evolution of nucleation of 2 variants with applied 540 
tensile stress in 2D; Video S4: microstructure evolution of variants growth without plastic defor- 541 
mation in 2D; Video S5: microstructure evolution of variants growth with plastic deformation, strain 542 



 

 

hardening and applied tensile stress in 2D; Video S6: microstructure evolution of variants growth 543 
without plastic deformation, strain hardening or applied tensile stress in 3D; 544 
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