Received: 6 April 2023

Revised: 28 August 2023

W) Check for updates

Accepted: 10 November 2023

DOI: 10.1002/sim.9969

RESEARCH ARTICLE

Statistics WILEY

Inverse probability of treatment weighting with generalized
linear outcome models for doubly robust estimation

Erin E. Gabriel!

Section of Biostatistics, Department of
Public Health, University of Copenhagen,
Copenhagen, Denmark

2Department of Statistics, Uppsala
University, Uppsala, Sweden

3Department of Applied Mathematics,
Computer Science and Statistics, Ghent
University, Ghent, Belgium

“Department of Medical Epidemiology
and Biostatistics, Karolinska Institutet,
Stockholm, Sweden

Correspondence

Erin E. Gabriel, Section of Biostatistics,
Department of Public Health, University
of Copenhagen, Copenhagen, Denmark.
Email: erin.gabriel@sund.ku.dk

Funding information

Novo Nordisk Fonden, Grant/Award
Number: NNF220C0076595; Swedish
Research Council, Grant/Award Number:
2016-00703

1 | INTRODUCTION

| Michael C. Sachs!
Ingeborg Waernbaum? | Els Goetghebeur?

| Torben Martinussen! |

| Stijn Vansteelandt3® | Arvid Sjélander*

There are now many options for doubly robust estimation; however, there is
a concerning trend in the applied literature to believe that the combination
of a propensity score and an adjusted outcome model automatically results in
a doubly robust estimator and/or to misuse more complex established doubly
robust estimators. A simple alternative, canonical link generalized linear models
(GLM) fit via inverse probability of treatment (propensity score) weighted max-
imum likelihood estimation followed by standardization (the g-formula) for the
average causal effect, is a doubly robust estimation method. Our aim is for the
reader not just to be able to use this method, which we refer to as IPTW GLM, for
doubly robust estimation, but to fully understand why it has the doubly robust
property. For this reason, we define clearly, and in multiple ways, all concepts
needed to understand the method and why it is doubly robust. In addition, we
want to make very clear that the mere combination of propensity score weight-
ing and an adjusted outcome model does not generally result in a doubly robust
estimator. Finally, we hope to dispel the misconception that one can adjust for
residual confounding remaining after propensity score weighting by adjusting
in the outcome model for what remains ‘unbalanced’ even when using doubly
robust estimators. We provide R code for our simulations and real open-source
data examples that can be followed step-by-step to use and hopefully under-
stand the IPTW GLM method. We also compare to a much better-known but still
simple doubly robust estimator.
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Recently it has become well-known that many commonly used outcome models have the property that, within clinical
trials where there is assumed to be no confounding, maximum likelihood in combination with regression standardization
or the g-formula delivers unbiased estimates of the average causal effect (ACE) of the intervention (in large samples) even
if the model is misspecified. Specifically, this is true for canonical link generalized linear models (GLM).}2
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Standardization estimators based on canonical GLMs fitted using weighted maximum likelihood estimation (MLE)
with propensity score weights were shown to be doubly robust for the ACE in observational settings® when there are
no unmeasured confounders. Throughout, we will refer to these estimators as IPTW GLM or IPTW OLS, although we
note that the model itself is not being weighted, but rather the equations used to estimate the model parameters, and
that we further regression standardize after fitting the weighted MLE. Regression standardization, also called regression
imputation and g-computation,*® is the averaging over the observed or known distribution of the covariates included in
a regression model while holding the exposure constant. Robins et al,® in a commentary on Kang et al,’ credits the first
recognition of the double robustness property of IPTW GLM to Marshall Joffe, who never published these results. To our
knowledge, IPTW GLM or IPTW OLS is not often used in the applied literature in observational settings and not well
known in general. Another doubly robust estimator that was made accessible by Funk et al,” but developed by Robins
et al,® is much more widely used. It uses an unweighted outcome model, the predictions from which are combined with
the propensity score weights in a weighted average.

The reason for the difference in use between IPTW GLM and the method described in Funk et al,” may be due to the
former not being widely known outside of the field of causal inference or the lack of examples of easy-to-use code for
applying it. It is also possible that worries about highly biased estimation when both the models for the propensity and
the outcome are misspecified may prevent applied researchers from using IPTW GLM. However, this final reservation
would equally apply to the Funk et al’ method and to IPTW GLM.

Although these methods are not new, they appear to be largely unknown in the applied community. Also, to our
knowledge, these methods have only been discussed in theoretical journals and contexts (eg, the commentary by Robins
et al®). Thus, in this article we attempt to provide an accessible introduction to these methods. We also focus on the lim-
itations of these methods, for example, by clearly defining the scenarios where they do not provide double robustness.
Specifically, we aim to clearly define all terms needed to understand why IPTW canonical link GLMs fit via maximum
likelihood or IPTW OLS result in DR estimators, and why in contrast the resulting estimators from IPTW noncanoni-
cal link GLM are not, in general, doubly robust. We offer alternatives to the IPTW noncanonical link GLM estimators
that target the same parameters of interest. We show that IPTW GLM and the estimator suggested in Funk et al’ are
asymptotically equivalent when both models are correctly specified. We also show that both methods are asymptotically
efficient when both models are correctly specified, as they are (up to asymptotic equivalence) an estimator suggested by
the efficient influence function, as they render the sample average of the efficient influence functions (evaluated at the
estimators) zero. We compare these two estimators in finite sample simulations and find very similar estimates and effi-
ciency in simulations. We provide real data analyses to demonstrate how to use the IPTW GLM and IPTW OLS. Finally,
we provide example R code to implement the IPTW canonical link GLM followed by regression standardization as well
as R code for the DR estimator suggested in Funk et al.”

2 | NOTATION AND PRELIMINARIES

Let Y be the outcome of interest, and let X be the exposure of interest, which we will assume to be binary throughout.
Let Y(x) be the counterfactual or potential value of Y for a particular subject had the exposure, potentially counter to
fact, been set to x. Let Z = {7, ... ,Z,,} be a set of measured confounders, conditional on which there is no residual
confounding. Thus, all confounders are measured sufficiently to allow for inclusion in an outcome or propensity score
model using some functional form only depending on observed data. Let the target of causal inference be the ACE which
is defined in counterfactual terms as E{Y(1)} — E{Y(0)}.

2.1 | Terms and concepts

In nonrandomized settings, there is a concern that we are finding an association between the outcome and the exposure
because there are common causes that lead to both the outcome and the exposure rather than a causal effect of the
exposure on the outcome. This is depicted in the causal diagram in Figure 1. If one is only specifying a model for the
outcome, then to estimate the causal effect of interest, one must, in general, correctly specify the relationships between
the outcome and a sufficient set of confounders to control confounding; please see Witte et al® for more detail on what
constitutes a sufficient adjustment set. For example, in the setting in Figure 1, Z; is a confounder, but Z, is not. One would
need to correctly account for the relationship between {Z;,X} and Y to estimate the causal effect of X on Y using an
outcome model, but the inclusion of Z, is not needed. We will assume that there will always be a correct, but potentially
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FIGURE 1 Causal diagram for an exposure X, outcome Y, confounder Z;, and a precision variable or interaction variable Z, that only
affects Y.

very complex, specification of some model that contains the exposure of interest and a sufficient set of confounders; it
just may not be of the model type one is considering or even a standard regression model.

We will use the terms ‘misspecified model’, ‘misspecification’, and ‘correct model’ throughout. We will be specific
here to avoid any confusion. Let the distribution of the true data-generating mechanism of Y given X and Z be f(y; X, Z),
then a regression model for Y, say s(X, Z; ), which corresponds to some set of probability distributions, Q, is correctly
specified if it contains the true distribution, that is,

foX,Z2) e Q. (D

For example, let s(X, Z; §) be a model for the mean, and given the true distribution f(y; X, Z), let the true conditional
mean be E(Y|X, Z). Then s(X, Z; f8) is correctly specified if for some g*, s(X, Z, f*) = E(Y|X, Z) for all (X, Z). This can been
seen easily in a simple all binary example. For a binary Y, X, Z; and Z,, the mean model for Y containing any subset
of {X,Z,,7,} and all interactions within that subset will be statistically correctly specified because it will be saturated.
Thus, multiple models may be simultaneously correctly specified. We note that although our example only considers the
specification of the mean, if one makes assumptions about the error distribution, such as using the model-based standard
error estimates, this can also be misspecified. In what follows, we will only consider the correct specification of the mean
model.

There are two things of note. First, a model need not depend on Z to be correctly specified. A model s(X) can be
correctly specified if it does not conflict with true data generating mechanism f(X, Z), that is, if f(X, Z) is among the
probability laws that are possible for Y under the assumption that s(X) is true. Second, this definition makes no reference
to causality. Thus, the model may be correctly specified even if Z is not sufficient for confounding control. If Z is sufficient
for confounding control, then we have that

Y L X|Z, )

so that E(Y|X = x,Z) = E{Y(x)|Z}. When both (1) and (2) hold we say that the model is correctly specified for confound-
ing. Going back to the setting in Figure 1, this would mean that the outcome model for Y is correctly specified and is a
nontrivial function of Z;. This correct specification must contain and correctly specify the relationship between Y and
{X,Z,}, to be correctly specified for confounding, but it may or may not need to include Z,. We note that this definition
implies that Z contains no mediators, as we are discussing the correct specification for confounding specifically such that
E(Y|X =x,Z) = E{Y(x)|Z}, and not for the counterfactual Y(x, z). For greater discussion of this point and the “doubly
robust paradox” we refer readers to Keil et al.! Mediators are not the only variables that need to be considered when
forming an adjustment set, as colliders should also not be included. For a detailed and rigorous discussion of what con-
stitutes a sufficient adjustment set, we direct readers to Causal inference: What if ! Although we introduce the concept
in terms of the outcome model, a propensity score model can also be correctly specified for confounding in the same way
by being correctly specified and containing a sufficient set of confounders.

Correct specification and correct specification for confounding can occur in several ways, particularly if there are a
large number of potential confounders where different sets would be sufficient for confounding control. This is particu-
larly true for a collapsible model and estimand. For example, linear regression may be correctly specified simultaneously
by including only one continuous variable in the correct functional form or the exposure and additional variables, also in
the correct functional form, or any subset of these covariates, for example, with squared or logged versions of the mea-
sured variables. In contrast, if a logistic regression model including two continuous variables is correctly specified, then
it is highly unlikely that marginalizing out one of the variables also results in a logistic model.'?> Odds ratios are also not
collapsible, which adds additional complexity.
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An estimand, or parameter, obtained from a particular regression model being collapsible is another concept that has
received much attention and been given multiple slightly different, or completely different, definitions in the literature.
A typical example of noncollapsibility is that of the odds ratio. Here, we will follow Neuhaus et al,'* and Daniel et al'* and
define collapsibility as follows. For a link function g, and a mean model q{E(Y|X, Z1)} = fo + /1 X + .71, the function
that maps E(Y|X = 1,Z;) to E(Y|X = 0,Z,) is called by Daniel et al** the ‘ characteristic collapsibility function’. This
function is given by h(v) = ¢~ {q(v) + £ }, and regardless of the link function, E(Y|X = 1,Z;) = h{E(Y|X = 0,Z;)}. If in
addition,

E(WE(Y|X =0,Z1)}) = h(E{E(Y|X = 0,Z1)})

then the model/estimand combination is collapsible. Note that the definition as given requires that the conditional associ-
ation between X and Y, conditional on Z; = z, does not depend on z, that is, no interactions. It follows from this definition
that (non)collapsibility is a feature of the mean model’s link function specifically.

The definition simplifies when the included covariate is independent of X, for example, in the setting in Figure 1 Z, 1 X.
Here, Z, may be a predictor for Y but not a confounder for the X-Y association. Assume further that g{ E(Y|X, Z,)} = fo +
X + p.Z, for some link function g, that is, that the conditional association between X and Y given Z,, on the scale defined
by the link function g, is constant (= ;) over levels of Z,. We then say that the association parameter for X — Y, f, is
collapsible if g{ E(Y|X)} = f; + f1X, that s, if the marginal (over Z;) association between X and Y, on the scale defined by
g, is equal to the constant conditional association f;. This follows from our definition above because E{E(Y|X = 0,7Z;)} =
a7 (8}, and h(g™(8})) = ¢~ (B}, + A1), which is equal to E(i{E(Y|X = 0,Z,)}) = E{E(Y|X = 1.Z,)} = ¢"' (8}, + fo).

As noted in the introduction, regression standardization!” is marginalizing over the observed or known distribution
of the included covariates while holding the exposure constant. This allows for estimation of marginal causal effects from
models with interactions between the exposure and the covariates, and from noncollapsible estimand/models including
covariates. We note that the form of regression standardization we consider marginalizes over the observed covariate
distribution, rather than some alternative distribution, in order to transport the causal effect to a new population. For
example, standardization can be used to obtain estimates of the marginal causal risk ratio using the predictions from
a multivariable logistic regression in the current population. In what follows, all estimators we will consider involve
regression standardization, although we note that when an estimand/model combination is collapsible, there is no need
for regression standardization if there are no interactions with the exposure in the outcome model, as the coefficient for
the exposure can also be interpreted as a marginal causal effect. Going back to the mean model above, g{ E(Y|X, Z1)} =
fo + P1X + P»Zy, and assume we fit this model via maximum likelihood to obtain f = (f,, #;, #,). The standardization
estimator takes the form

EY() = BIEYIX = x.2)) = 5 Y (o + FiXi + uZu) = - Y06, Z:: B
i=1 i=1

where for generality s(-) is an arbitrary but known and fixed parameterization of E(Y|X = x, Z). The standardization
estimator for the ACE is then given by:

E{Y()} - E{Y(0)} = %{Zs(l,zi;ii) - Zs(o,zi;ii)}.
i=1 i=1

Finally, we will discuss generalized linear regression outcome models as those with and without a canonical link
function. To avoid confusion about link functions, we outline the common canonical link functions in Table 1 below.

TABLE 1 Canonical link functions.

Error distribution Canonical link
Binomial q(pu) = log(u/(1 — u))
Gaussian q(p) =pu

Gamma qu) = 1/u

Inverse Gaussian q(w) =1/

Poisson q(u) = log(p)
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A canonical link function transforms the mean of an outcome so that it can be represented by the natural exponential
(location) parameter for the exponential family of distributions; we refer readers to Generalized Linear Models'® pages
26-32 for a detailed description. Further discussion of canonical links and what this means in the context of GLMs is also
provided in the Supporting Information.

3 | IPTW ORDINARY LEAST SQUARES

Consider the working outcome model given by:
E(Y|X,2) =y + X + m(Z:y), (3

where m(Z; y) is an arbitrary known function of Z, and not X, for example y;Z; + y»Z; + y3Z;. We note that the term
‘working’ here is used when proposing a model that is not necessarily assumed to be correctly specified, which is the
standard for doubly robust estimators.

The propensity of treatment or nontreatment weights

X 1-X

WX, Z; &) = — 4 —,
g8Z,a) 1-gZ a)

are based on the working model propensity model,

pX =1|2) =g(Z; o), 4

where g(-) is some known function and & is the solution to some set of estimating equations that provides consistent
estimators of the vector @ when the propensity score model is correctly specified, for example, MLE score equations. If
this model for the propensity score is correctly specified for confounding and we use it to obtain weights of the form
W(X, Z; &) as given above and additionally, we use the linear working outcome model as given in (3), then the coefficient
for X in the weighted OLS will be consistent for the ACE, that is, E{Y(1)} — E{Y(0)}, regardless of the misspecification
of the outcome model or the failure of the outcome model to contain all confounders. To be explicit, the estimator we are
discussing is the g within the set {f, yo, ¥} that solves

" 1

1 ~

~ 2| WXnZiay X lYi—yo - BXi - m(Zip)l =0,
. m'(Zi.y)

where m'(Z,y) = d%f’”. The g that is the solution to this set of estimating equations we call ﬁlp v, Similarly, even if the
working propensity score model is misspecified, if the outcome model is correctly specified for confounding, that is, if
(1) and (2) hold, then ﬁlp " will be consistent for the ACE. Proof of its double robustness is given in Section S1 of the
Supporting Information, but this is not a new result.>

The reason that ﬁlp " is consistent for the ACE without further regression standardization is because the average causal
effect estimated via linear regression is collapsible. This will be an important consideration when we discuss generalized
linear regression in the next section.

Let us now consider a linear regression with interaction,

E(Y|X,Z) =yo + BX + m(Z; y) + v XZ1,

where Z; is one of the potential confounders we believe may have an interactive effect with the exposure for the outcome.
The estimator we are considering uses the estimators of the vector (yo, f, y) that solve

1

n
1 . Xi
S\ WX Zizay Y= yo = BXi — m(Zisy) = 1 XiZul | = 0.
m'(Z,y)

XiZy;

]
—_

i
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We call the solution set ?gjw*, g yiews

.In this case, the coefficient for X, ﬁlp W*, isnot a consistent estimator of the ACE
even when both working models are correctly specified for confounding. In order to consistently estimate the ACE, we
need to average over the interaction. One way of doing this is standardization. The standardization estimator, as outlined

in Section 2 above, of the expected value of Y(x) is given by:

n
E{EY|X =x,2)} = %Zf/épw* + 7+ m (%, Zs 7P + 7R Z.
i=1

The contrast E{E(Y|X =1,2)} — E{E(Y|X = 0,2Z)} is a consistent estimator of ACE if either the outcome model or the
propensity score model is correctly specified for confounding. A proofis given in Section S1 of the Supporting Information.
Note that, although the weights were used for the fitting of the coefficients, they should not be used in the standardization
step. We provide example code to run this method in R in Section S4 of the Supporting Information.

4 | IPTW CANONICAL LINK GLM

Now consider the following generalized linear regression outcome model:

HEY|X.2)} =yo + fX +m(Z:y) + 7 XZ,

where here g is a canonical link and the arbitrary function m(Z; y). We fit the GLM using IPTW MLE with estimated
weights based on (4), that is, we used standard software to fit a GLM including weights, which weights each subject’s data
by W(X, Z, &). Then, if the outcome model is correctly specified for confounding or the weights are correctly specified
for confounding, the standardization estimator is consistent for the ACE. A proof of this double robustness is given in
Section S1 of the Supporting Information.

Again the standardization estimator we are considering is based on estimators of the vector of {y, #, 7} that solve

1
n
1 N _
~ Y| Wi Zeay X (Y=g o+ AXi+ mG Ze )] | =0, (5)
- m'(X:. Zi. y)
where m'(X;, Z;,y) = dm%}’,z"’y). We call the solution vector of equation (5) {foipw**, ﬁipw**, o } When we further

standardize, our estimator of the ACE is given by E{E(Y|X = 1,Z)} — E{E(Y|X = 0,Z)} where
1y : ~
BUEYIX =x.2)} ==Y (38" + F7" x4 m (.22 77) ).
i=1

The estimating equations in (5) are the form of weighted score equations for an exponential family with fixed disper-
sion, as those used in GLM with a canonical link g(-). When the link is noncanonical, the resulting score equations may not
be of this form, and thus there is no guarantee that misspecification of the outcome model, even when the weights model
is correctly specified for confounding, will result in a consistent estimator for the ACE. Further explanation is provided in
Section S3 of the Supporting Information. This is not to say that DR estimators based on regression standardization cannot
be constructed in such cases, simply that the estimators cannot be based on standardized IPTW noncanonical GLM.

4.1 | Logistic regression example
Consider a specific case of logistic regression, so the q is the logit function and Y is binary, where the mean model is

logit{ E(Y|X,2)} = yo + pX + m(x, Z; ),
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TABLE 2 Summary of the DR properties of weighting selected outcome regression methods.
Working outcome model Fitting method DR
Linear regression no interaction IPTW + OLS Yes
Linear regression IPTW + OLS + standardization Yes
Canonical link GLM IPTW + MLE + standardization Yes
Noncanonical link GLM IPTW + MLE Not generally
Noncanonical link GLM IPTW + MLE + standardization Not generally

and we fit this model via weighted MLE, with weights based on the model in Equation (4), giving us the coefficient vector

{foip‘”, ﬁip v gt } When we further standardize, our estimator of the ACE is given by E{E(Y|X = 1,2)} — E{E(Y|X =

0,Z)} where
1+ ; ; .
BUEYIX =x.2)) == Y™ (30" + 5" "x+ m (x.2:77) ).
i=1

This standardization estimator is consistent for the ACE if either the working outcome model or the working propensity
score model is correctly specified for confounding.

Thus, logistic regression, as with all noncollapsible link/estimand canonical link GLMs, is doubly robust after stan-
dardization, and the difference between the standardized probabilities is a consistent estimate of the ACE. Once again,
we provide code for running logistic regression in combination with IPTW and using standardization to obtain the risk
difference in Section S4 of the Supporting Information . It is of note here that, due to the noncollapsible link/estimand
combination in logistic regression, the coefficients from the working outcome model will not be consistent estimates of
any conditional causal odds ratio, unless the outcome model is correct specified for confounding, even if the propensity
score is correct. These estimates will converge to the probability limit of the misspecified model in a randomized trial.
Thus, with logistic regression, and all other noncollapsible link/estimand combinations, standardization is required for
doubly robust estimation of the ACE.

As we have demonstrated, when the ACE is the target of inference, one can use an IPTW canonical link GLM and
regression standardization to obtain a DR estimator of the ACE. Table 2 provides a summary of the methods we have
reviewed and if they are doubly robust for the ACE.

5 | INFERENCE

We have so far only considered the consistency of the estimator and not how to perform inference. Several possible stan-
dard error estimators can be used; we review two of them here. The first is the whole procedure nonparametric bootstrap.
This procedure refits the propensity score model and the outcome model after each bootstrap resample and then uses the
0.025 and 0.975 percentiles of the resulting estimates for the confidence interval. In simulations, we show that this proce-
dure has proper coverage when the estimator is consistent, and we provide R code to run this procedure for the selected
canonical link GLMs in combination with IPTW weights obtained from the logistic regression.

The second is an influence function based standard error estimator that we have implemented and for which we
provide code to use in addition to the bootstrap. This estimator is derived and provided in Section S2 of the Supporting
Information based on estimators given in Reference 17. It is of note that one could also use a sandwich based standard
error formulation. However, if one were to account for the variation in all models in the formulation of the sandwich
based standard error it would either be the same estimator as the influence function based standard error estimator, or
be asymptotically equivalent.

The influence function based standard error estimator is constructed specifically to account for the uncertainty in
incorrect working models. This can be seen in Table S1 of the Supporting Information, which compares the empirical
standard error over simulated replicates to estimators of the standard error. When both models are correctly specified
for confounding, the extra terms in the asymptotic variance for estimation of the propensity score and outcome models
approach zero, and hence the variance of the estimator approaches that of the efficient influence function. In other words,
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when both models are correct, the estimator has the smallest possible variance, asymptotically, across all estimators that
are asymptotically unbiased.

6 | SIMULATIONS
6.1 | Datageneration and analysis

In all settings, for observationsi =1, ... , n = 2000 we generate independent covariates Z;; from a standard normal distri-
bution and Z;, from a normal distribution with mean 1 and variance 1. Then the exposure X; is generated from a Bernoulli
distribution with probability

expit (—0.4 4+ 0.4Z;; +0.28Z] +0.4Z;) .
The linear predictor for the outcome is generated as
ni = Yo+ BXi + 11Z1i + 122, + 132,

which is then used to generate the outcome Y; as a sample from a distribution F with mean parameter g~!(s;;). We vary
the distribution F (which may have additional parameters not depending on the other covariates, as stated below) and
link function q as follows:

1. Gaussian: F is normal with mean g~'(#;), with variance 1, and g(x) = x (identity). The coefficients (yo, 8, 71, 72, 73) =
(=2,2,1,0.4,1.5).

2. Inverse Gaussian: F is inverse Gaussian with mean g~'(;), shape parameter 2, and g(x) = x~2. The coefficients
(Y0, B 71, ¥2, v3) = (50, =200, 4, 10, 5).

3. Poisson: F is Poisson with mean g~!(s;), and q(x) = log(x). The coefficients (yo, , y1, 72, ¥3) = (0,2,0.1,0.05,0.4).

4. Bernoulli: F is Bernoulli with probability g=*(#;), and g(x) = logit(x). The coefficients (yo, 8, 71, 72, 73) = (=2,2,1,1,4).

Once data are generated, they are analyzed as follows:

1. A propensity score model is estimated using logistic regression with X; as the outcome and including predictors
Zil,Zl.z1 and Zj. This is the correctly specified propensity score model and it outputs predicted probabilities f)gl)
Oin =1.

2. A propensity score model is estimated using logistic regression with X; as the outcome and including only

. .. . i . . . R ~(2)
Zél as a predictor. This is the misspecified propensity score model and it outputs predicted probabilities p,
of X; =1.

3. For a given propensity score model that outputs fnl@, predicted probabilities of X; = 1, we compute weights

s X 1-X
W=t
pi 1 _pi

4. A generalized linear outcome model with link function q is estimated using iteratively reweighted least squares with
weights W/i(i), with Y; as the outcome, and predictors X;, Z;, Zl.z1 and Z;,. This is the correctly specified outcome model.

5. A generalized linear outcome model with link function d is estimated using iteratively reweighted least squares with
weights Wl.(j), with Y; as the outcome, and predictors X;, Z;;. This is the misspecified outcome model.

6. For a given outcome model, regression standardization (unweighted) is used to estimate the ATE contrasting X; = 1
toX; =0.

We consider settings where d is the identity, log, and logit link, and where the GLM is for Gaussian, Poisson, and
binomial families, respectively. We also consider a binomial family with a log link to demonstrate what happens when
the link is not canonical. For each setting, we do the analysis where the propensity score model is misspecified and the
outcome model is correctly specified, where the propensity score model is correctly specified and the outcome model is
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misspecified, where both are misspecified, and where both are correctly specified. Our measure of interest is the aver-
age bias over 2000 replicates of the simulation: the mean of the estimated ATE minus the true ATE. We also report the
standard deviation of the estimates over the simulation replicates. We also assess and compare the coverage of 95% con-
fidence intervals based on the standard error that does not take into account the estimation of the propensity scores,
based on the quantiles of the bootstrap distribution, and using standard errors estimated using the influence function
estimator.

We compared the above estimators to the doubly robust estimator as described in Funk et al,” but that was
developed theoretically previously.® In addition to a model for the propensity score that gives predicted probabili-
ties p;, Funk et al’ suggest to use two outcome models, one for the subgroup where X; = 0 and another for the
subgroup where X; = 1, which yield predictions of the potential outcomes Yy and ¥; for i =1, ... ,n. This is not
required for the estimator to be doubly robust, it simply makes the modeling more flexible. This estimator for the ATE
is given by:

n

1vYX YaXi-p) via-X) YoXi-p)

ni:l pi pi 1_pi 1_i)l

This estimator is also consistent if either the propensity score or outcome models are correctly specified. However, in
practice, this estimator is often not implemented as it is described in the paper, see for example Karter et al'® and Xie
et al,’ where instead of using an unweighted outcome model, the authors used a IPT weighted outcome model alone
but cite Funk et al.” In selected settings, we compare these two estimators in terms of finite sample bias and efficiency.
We show in Section S1.1 of the Supporting Information that the two estimators are asymptotically equivalent if both
working models are correctly specified, and that in this case they are both efficient, having a variance given by the efficient
influence function.

We investigate one additional setting, which demonstrates that one cannot remove residual confounding by further
adjusting an outcome model, when, for example, the working model for the weights is not correctly specified for con-
founding. For this example, we consider a binary confounder V; that is Bernoulli with probability 0.35, a continuous
confounder C; that is standard normal, and the propensity model is

expit(—0.4 + 4C; + 0.28C7 + 0.4V;)
and the outcome is generated as
Yi=-2+2X;+1C; +4.5V,.

Then we fit the propensity score model including only the predictor V; and the outcome model including only main effect
terms for X; and C;. In this case, both the propensity and outcome models are correctly specified statistically, but neither
is correctly specified for confounding.

R code and detailed documentation to reproduce the simulation study is available at https://github.com/sachsmc/
doubly-robust-GLM.

6.2 | Results

Ascan be seen in Table 3 the simulations support the theory that the IPTW Canonical link GLM and IPTW OLS estimators
are doubly robust and that the whole procedure nonparametric bootstrap provides nominal coverage when the estimator
is consistent, that is, when one of the two working models is correctly specified for confounding. In the last section of
Table 3 we demonstrate when the working outcome model is not using the canonical link, the result of the IPTW GLM
estimator followed by standardization is not a doubly robust estimator. We also provide results showing the bias and
coverage if both working models are misspecified. These results serve to demonstrate the worst case scenario where not
only are both models misspecified but neither model even contains all of the confounders. In practice, if the measured
confounders are sufficient for confounding control, the bias would be expected to be lower, although the estimator would
still not be consistent.
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TABLE 3 Simulation Results from IPTW OLS and IPTW GLM.

Canonical link

Type True value Percent bias (SD) Coverage boot Coverage IF

Generation: linear; analysis: ols weighted standardized

Wrong outcome right weights 2.00 0.2 (0.06) 94.7 95.2
Right outcome wrong weights 2.00 0.0 (0.05) 95.5 95.1
Both wrong 2.00 37.5(0.07) 0.0 20.0
Right both 2.00 0.0 (0.05) 94.6 95.2

Generation: log poisson; analysis: poisson weighted standardized

Wrong outcome right weights 10.94 0.1(0.17) 94.9 94.9
Right outcome wrong weights 10.94 0.1 (0.16) 94.6 94.8
Both wrong 10.94 10.3 (0.21) 0.0 54.7
Right both 10.94 0.01 (0.16) 95.2 94.9

Generation: logit binomial; analysis: logit binomial weighted standardized

Wrong outcome right weights 0.12 0.0 (0.01) 95.1 94.7
Right outcome wrong weights 0.12 —0.0(0.01) 93.7 95.1
Both wrong 0.12 96.3 (0.02) 0.0 16.9
Right both 0.12 0.0 (0.01) 95.2 94.8

Generation: inverse gaussian; analysis: inverse gaussian weighted standardized

Wrong outcome right weights —0.06 0.0 (<0.01) 94.5 94.9
Right outcome wrong weights —0.06 0.0 (<0.01) 94.3 94.9
Both wrong —0.06 5.2(<0.01) 0.0 92.2
Right both —0.06 0.0 (<0.01) 94.8 94.9

Noncanonical link
Generation: logit binomial; analysis: log binomial weighted standardized

Wrong outcome right weights 0.33 —33.6(0.03) NA NA

Abbreviations: boot, nonparametric bootstrap; coverage, confidence interval coverage percent; IF, influence function; SD, standard deviation.

Table 3 also shows that the confidence intervals based on the bootstrap and the influence function based standard
error both have the correct coverage when the estimator is consistent. The confidence intervals constructed using the
naive standard error have severe under coverage.

In the final scenario not included in Table 3, where IPTW OLS was applied followed by standardization but both the
propensity score model and the linear outcome model were correctly specified statistically but neither sufficiently for
confounding control, we find an average bias (standard deviation) of 0.18 (0.12) and bootstrap 95% confidence interval
coverage of 70.5%. In this scenario there were two confounders; the propensity score model was correctly specified for
one confounder, while the outcome model was correctly specified for the other. This demonstrates that one cannot use
the IPTW OLS, and through equivalence, the method of Funk et al,” to adjust for residual confounding, even if both
models are correctly specified. In general, one working model must always be correctly specified for confounding for the
estimator to be consistent.

We also compare the finite sample efficiency of the method of Funk et al’ and the IPTW GLM in Table 4, and find
even in finite samples the estimation procedures have very similar efficiency. This supports the use of whichever method
is easier for the user, although, at least in our simulations, we do find slightly better finite sample performance of the
IPTW GLM.
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TABLE 4 Standard deviations over the simulation replicates of the estimates.
GLM linear Funk linear GLM logit Funk logit
n =100
Right outcome wrong weights 0.224 0.224 0.059 0.059
Both wrong 0.381 0.381 0.077 0.077
Wrong outcome right weights 0.259 0.329 0.063 0.069
n = 500
Right outcome wrong weights 0.094 0.094 0.027 0.027
Both wrong 0.177 0.177 0.037 0.037
Wrong outcome.right.weights 0.120 0.141 0.030 0.030
n = 1000
Right outcome wrong weights 0.067 0.067 0.018 0.018
Both wrong 0.123 0.123 0.025 0.025
Wrong outcome.right.weights 0.081 0.089 0.020 0.020
n = 2000
Right outcome wrong weights 0.047 0.048 0.013 0.013
Both wrong 0.085 0.085 0.018 0.018
‘Wrong outcome right weights 0.062 0.068 0.015 0.015

7 | REAL DATA EXAMPLE

We illustrate the methods outlined in the simulation section with the low birth weight dataset, which is publicly available
as part of the R package AF.2° We use this example so that readers can use the code provided in the supplement to
reproduce the results easily. The dataset includes information on 487 births from 189 mothers who have given birth to one
or more children. As described by Hosmer and Lemeshow,?! the data are based on real data collected as part of a larger
study at Baystate Medical Center in Springfield, Massachusetts. The dataset includes information on the birth order (ie,
first born, second born, etc.), whether or not the mother is a smoker, the race of the mother with levels white, black, or
other, the age of the mother in years, the weight of the mother in pounds at last menstrual period, and the birth weight
of the newborn in grams.

First, we analyze the data using a linear model where smoking is the exposure, and birth weight in grams is the
outcome. The potential confounders are race (white, black, other), age of the mother in years, and weight of the mother
at last menstrual period (in pounds). The working outcome model includes an intercept, an indicator of smoking, an
indicator of black race, and an indicator of other race, age as a linear term as well as age squared, weight as a linear term
as well as weight squared, interactions between the smoking indicator and the race indicators, and interactions terms
between smoking and age and smoking and weight. The working propensity score model is a logistic regression for the
outcome of smoking, including an intercept, the indicators of race black, and race other, a linear term for age and age
squared, a linear term for weight and weight squared, interactions between the race indicators and age and weight, an
interaction between age and weight, and the three-way interaction between the race indicators, age, and weight. The
code to implement weighted OLS with standardization and the estimator described by Funk et al’ using these models
is provided in the Supporting Material. We use the glm function in base R specifying a binomial family with a logit
link to fit the propensity score model. We then use the predict function from the stats R package using option
type="response” to obtain predicted probabilities for each subject. We then constructed the IPTW as outlined above,
weighting those observed to have the exposure by the inverse probability of being exposed and those that are observed
to not be exposed by the inverse probability of not being exposed. We include these weights, using the weights option
in the GLM function in base R with family Gaussian and the identity link for the outcome model. We then again use the
predict function using the resulting model object, but on two new data sets, which are the same as the original data
set but setting the exposure to 1 or 0 for all subjects, respectively. Note that the IPTW are not used during this procedure.
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Having obtained these two sets of predictions we take the average over the subjects and take the difference between the all
exposed estimate and the all unexposed estimate to obtain our estimate of the ACE. We note that if one uses the stdReg
R package, as we have in the simulations, one must set the prior.weights element of the GLM object to a vector of
1s before passing it to the standardization function in order to get estimates for the observed and not the hypothetically
randomized population. Finally, to obtain 95% confidence intervals we either implement the influence function based
standard error estimate or we bootstrap the full procedure as outlined in the inference section above.

Using this procedure, the IPTW OLS followed by standardization, gives an estimated ACE of —225 grams, with an
influence function-based 95% confidence interval of (—446 to —1.2). We note that if one does not include interactions
between the exposure and potential confounders, then the coefficient estimate for the exposure is a doubly robust esti-
mate of the ACE. We also bootstrap the entire procedure, including the estimation of the propensity score model, to
estimate confidence intervals; this gives a bootstrap 95% confidence interval of (—387 to —46) grams. Thus, regardless of
the standard error estimator used, the inference suggests that smoking is associated with a significant reduction in birth
weight. We compare the IPTW OLS standardization estimate to the estimate given by using the method of Funk et al,’
this is —226 grams with a bootstrap 95% CI of (=390 to —52). Although the confidence intervals are somewhat different,
all inference agrees that we can reject the null of no effect of smoking on birth weight, with both the IPTW OLS and the
method of Funk et al’ providing similar estimates for the ACE.

We also analyze the binary outcome of an indicator of low birth weight (less than 2500 grams) using a similar pro-
cedure. Here, we could continue to use an IPTW OLS, either followed by standardization if there are interactions or the
coefficient estimate for the exposure directly if there is no interaction. However, as it is unlikely that this can be correctly
specified for confounding over the full range of continuous covariates, like age or weight, we use the binomial family and
the logit canonical link. The ACE in this analysis is thus the difference in probabilities of low birth weight, comparing
smokers to nonsmokers. The propensity score model remains as outlined above, and the outcome model, although now
for a binary outcome and using a logit link, includes all of the same variables via the same interactions and functional
forms as outlined in the linear setting. We use the same fitting procedure as outlined above, simply replacing the Gaussian
GLM outcome model with the logistic GLM outcome model.

Using the IPTW logistic GLM followed by standardization, we get an estimate of 0.13 for the risk difference with an
influence function-based 95% confidence interval of (0.01 to 0.27) and a bootstrap 95% confidence interval of (0.03 to
0.24). Using the method of Funk et al” we get an estimate of 0.14 with a bootstrap 95% confidence interval of (0.03 to
0.24). Again the inference remains the same for all methods, and suggests a significant effect of smoking on the risk of
low birth weight.

8 | DISCUSSION

Although it is not a new result, we have demonstrated via simulation and analytical proof that a canonical link GLM fit
via maximum likelihood, where one directly weights the score equations, followed by regression standardization delivers
a doubly robust estimator for the ACE. Although we discussed it separately, this result also includes IPTW OLS and
IPTW OLS followed by regression standardization. We have demonstrated via simulation that, when using this type of
DR estimator, one of the working models must be correctly specified for confounding. This is true even if both models
are correctly specified and contain between them all confounders, as in the example in the simulations. Thus, one cannot
adjust for residual confounding not captured in the propensity score, for example, by adjusting only for that residual
confounding in the outcome model. Additionally, although we have focused throughout on causal estimands, the same
reasoning for double robustness can be applied to a marginal but adjusted association, which may be a more feasible
target when unmeasured confounders are present.

We have shown that the IPTW GLM and IPTW OLS, in addition to regression standardization, are asymptotically
equivalent to the method outlined in Funk et al” and found no notable differences in simulations in the resulting estimates
or the efficiency in practice in finite samples. Although both methods are DR, it may sometimes be easier to use the IPTW
GLM method rather than constructing the estimator given in Funk et al.” It has the further advantage of guaranteeing
ACE estimates in the parameter space (eg, [—1, 1] for a dichotomous outcome).

We have shown that bootstrap will provide proper inference for the ACE using IPTW GLM or OLS followed by stan-
dardization if the estimator is consistent for the ACE, that is, if one of the two working models is correctly specified
for confounding. We have also derived and implemented a closed-form standard error estimator based on the influence
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function, which we have also demonstrated in simulations to provide nominal coverage in finite samples. The code for
this estimator is provided in the Supporting Information.

We have provided an example code for using the IPTW GLM and the method outlined in Funk et al” to obtain a
DR estimator of the ACE and the two inference methods. For applied researchers who wish to use a DR estimator, but
do not want to or are uncomfortable using a method they are unfamiliar with, for example, TMLE or double machine
learning, IPTW GLM may be a useful tool for analysis. We note that, although we provide code for these estimators, we do
not encourage their use above estimators, such as TMLE that provide a higher likelihood of getting a correctly specified
outcome or propensity model by supporting more flexible modeling. However, we also note that the more flexible versions
of TMLE are generally more computationally and conceptually complex. As a result, this approach can have higher sample
size requirements and does not automatically outperform the more parametric approaches. We have also not considered
more complex data structures, such as missing or longitudinal data. In these settings, once again, other methods that have
been designed to handle such structures are likely better approaches than ad hoc modifications of IPTW GLM.

Finally, we caution the reader that, although IPTW canonical link GLM and IPTW OLS followed by standardization
delivers doubly robust estimators when the GLM is fitted via weighted MLE, not all methods of estimation that combine a
working outcome model and a working propensity score model result in a doubly robust estimator. Although it is beyond
the scope of this article, this is particularly true for propensity score weighting of common survival models. This is well
demonstrated by the IPTW noncanonical link GLM estimator, which is not doubly robust, even though it uses maximum
likelihood for fitting the model, the subtle difference in the resulting score estimating equations eliminates the ability of
the weights to compensate for a misspecified outcome model.
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