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FUJITA-TYPE RESULTS FOR THE DEGENERATE PARABOLIC
EQUATIONS ON THE HEISENBERG GROUPS

AHMAD Z. FINO, MICHAEL RUZHANSKY, BERIKBOL T. TOREBEK*

ABSTRACT. In this paper, we consider the Cauchy problem for the degenerate
parabolic equations on the Heisenberg groups with power law non-linearities. We
obtain Fujita-type critical exponents, which depend on the homogeneous dimen-
sion of the Heisenberg groups. The analysis includes the case of porous medium
equations. Our proof approach is based on methods of nonlinear capacity estimates
specifically adapted to the nature of the Heisenberg groups. We also use the Kaplan
eigenfunctions method in combination with the Hopf-type lemma on the Heisenberg
groups.
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1. INTRODUCTION

The main purpose of this paper is to study the following two types of degenerate
parabolic equations on the Heisenberg groups:

vy = Agv™ 4+ 07, t>0,neH"

and
uy = uAgu + u?, t>0, neH",
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wheren > 1, m > 1,0 > 1, ¢ > 0, p > 1. The Heisenberg group is the Lie group
H" = R?"*! equipped with the following law

non' =@+ y+y,7+7 +2xy —2"y)),

where n = (z,y,7), ' = (2/,y',7’), and - is the scalar product in R". The homoge-
neous Heisenberg norm is defined by

" 2 1
nls = (Z(x? + y?)) 72| = (P + P+ ),
i=1
where |- | is the Euclidean norm associated to R™. The left-invariant vector fields that
span the Lie algebra are given by
X; = 0y, — 2y,0-, Y, = 0,, + 2x,0;.

The Heisenberg gradient is given by

Vu = (X1, ..., X, Y1,...,Y5), (1.1)
and the sub-Laplacian is defined by

A =Y (X7 +Y2) = Dp+ Ay + 4|2 + [y + 4 (v, —v:02,), (1.2)
i=1 =1
where A, = V.-V, and A, = V,-V, stand for the Laplace operators on R". The
homogeneous dimension of H" is ) = 2n + 2.
We will obtain the results about nonexistence of global nontrivial solutions for
various values of exponents ¢ and p.

1.1. Historical background.

1.1.1. Results on R™. In [8], Fujita studied the following semi-linear heat equation

w(x,t) — Au(z, t) = uP(x,t), (x,t) € R" x (0,00),
(1.3)
u(z,0) = ug(x) >0, z € R"™

It was shown that, if 1 < p < 1+ %, then problem (1.3) admits no nontrivial
positive global solutions, while, if p > 1+%, then problem (1.3) admits global positive
solutions for some sufficiently small initial data. Later, in [15] Hayakawa proved that,
iftp=1+ %, then problem (1.3) admits no nontrivial positive global solutions. The
number pp =1+ % is called the Fujita critical exponent.

In [9], Galaktionov et al. considered the porous medium equation with power
nonlinearity

ug(z,t) — Au(z,t) = uP(x,t), (x,t) € R" x (0,00), m > 1,
(1.4)
u(z,0) = ug(x) >0, x €R",

and established the following results:
(i)let m<p<m+ %, then the solution of (1.4) does not exist globally in time;
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(i) let p > m + 2, then the problem (1.4) has a global solution for some sufficiently
small initial data.

In [19] the authors proved that, if p = m + %, then problem (1.4) has no positive
global solutions.

When m > 1, by using the transformation v(z,t) = au™(bx,t), a = m™/ @1,
b = mP=m/2=D " the porous medium equation (1.4) can be transformed to the
degenerate parabolic equation

vy — V" Av =", (2,t) € R" x (0, 00), (1.5)

Where0<k:m7_1<1andr:%p_l>1.

In [10], Galaktionov et al. obtained the following results for the equation (1.5):
i)let 1l <r<k+1+ ﬁ, then the solution of (1.5) does not exist globally in
time;

(ii) let r > k+ 1+ ﬁ, then there are both global solutions and solutions blowing
up in finite time.

In [26] Winkler extended the results of [10] by taking the more general £k > 1 in
(1.5). In particulary, Winkler obtained the following results:

(i) For 1 <r < k+1 (resp. 1 <r < 2if k= 1), all positive solutions of (1.5) are
global but unbounded, provided that uy decreases sufficiently fast in space;

(ii) For r = k 4 1, all positive solutions of (1.5) blow up in finite time;

(iii) For r > k+ 1, there are both global and non-global positive solutions, depending
on the size of wuy.

It follows from the above results that the equation (1.5) has two type of critical
exponents

k+1—|—ﬁ for 0 < k<1,
Te =
kE+1 for k> 1.

1.1.2. Sub-elliptic extensions. In [28] Zhang considered the semilinear diffusion equa-
tion on the Heisenberg groups:

uy — Agu = |ul?, t >0, neH", (1.6)

and they proved that, if 1 < p < 1+ %, @ = 2n + 2, then the problem (1.6)
admits no positive global solutions. Later, Pohozhaev and Véron [22] studied a more
general parabolic equation on H", and proved that there is no global solutions for
l<p<1+4 % In [12], Georgiev and Palmieri proved sharp lifespan estimates for
local in time solutions of problem (1.6).

In [20, 21] Pascucci obtained the Fujita-type results for the semilinear diffusion
equation on Carnot groups. We also note that the nonexistence of global solutions
to the various semilinear parabolic equations on the Heisenberg group were studied
by many authors (see for example [2, 6, 14, 16, 27]).

Recently, the second author and Yessirkegenov [23] consider the following equation
on general unimodular Lie groups G,

up — Agu = |ul?, in (0,00) x G, (1.7)

and established the following results:
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Let G be a connected unimodular Lie group with polynomaial volume growth of order
D andletl <p<oo:

(i) let 1 <p <14 2, then (1.4) does not admit any nontrivial global solution;
(it) let p > 1+ %, then (1.4) has a global solution for some small initial data.

Let G be a connected unimodular Lie group with exponential volume growth, then,
for any 1 < p < oo the equation (1.4) has a global solution for some positive initial
data.

Let G be a compact Lie group, then, for any 1 < p < oo the equation (1.4) does
not admit any nontrivial nonnegative solutions.

1.1.3. Motivation. From the above reasoning, it is easy to see that Fujita-type results
for semilinear parabolic equations on manifolds are fairly well studied. However,
such results have been little studied for strongly nonlinear parabolic equations. Here
we can note some papers devoted to the study of the Fujita-type results for the p-
Laplacian diffusion equations and porous medium equations on Riemannian manifolds
[5, 13, 17, 18].

As far as we know, in the case of sub-Riemannian manifolds, there are only a couple
of papers [2, 16], where Fujita-type results for the p-Laplacian diffusion equations on
Heisenberg groups are obtained. We also note that in [24] the blow-up results were
obtained for the porous medium equations on a bounded domain of the Carnot groups.

Motivated by this fact, in this paper we consider two types of strongly non-linear
parabolic equations on the Heisenberg groups. In particular, we determine the critical
exponents for which the considered equations are globally unsolvable.

2. POROUS MEDIUM EQUATION
In this section we consider the following porous medium equation

v = Agv™ +0v7,  t>0, neH",
v(0,m) =wvo(n) >0, neH" (2.1)

v(t,n) >0, t>0,neH"

where vg € L}, .(H"), n>1,m>1,0 > 1.

Definition 2.1. (Weak solution of (2.1))
Let 0 < vy € L, .(H") and T' > 0. We say that v is a nonnegative weak solution of
(2.1) on [0,7) x H™ if

v € LT,p((0,T) x H") N L, ((0,T) x H") N Ly, ((0,T); Ly (H")),

and

/ v(T,n)Y(T,m) dn — /nv(O,n)dJ(O,n) dn

// tndndt+// mAHwtndndt+//thtndndt
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holds for all compactly supported v € C’tluf( 0,7)xH"),and 0 <7 <T. f T = o0,
we call v a global in time weak solution to (2.1)

1).
Theorem 2.2. Let m > 1, 0 > 1 and let vo(n) > 0, vo(n) £ 0,7 € H".

(i) Suppose that vy € L*(H™). If
2
m<o<m-+ —,

Q

then problem (2.1) has no nonnegative global weak solutions.

(i) Assume that vo € L'(H"), and there exists a constant € > 0 such that, for
every 0 < v < Q, the initial datum verifies the following assumption:

wo(n) > £(1+ [nf2) """,
If

2
m<o<m-+ —,
~

then problem (2.1) has no nonnegative global weak solutions.

(iii) Assume that vo € L'(H") N L®(H"). If 0 = m, then problem (2.1) has no
nonnegative global weak solutions v € L7 ((0,00); L= (H™)).

loc

Remark 2.3. When m = 1, the critical exponent o, = m + % coincides with the
critical exponent obtained in [28] for the semilinear diffusion equations on H".
Observe that in the case v > @), we have

+2cmy?

m+—-—<m+ —.

v Q

Consequently, part (ii) of Theorem 2.2 follows immediately from the part (i).
Remark 2.4. Note that in Theorem 2.2 there are no results about the global existence
of a solution. We expect that, for o > m + % and for sufficiently small initial data
there should exist a global solution. Due to technical difficulties, we left this question
open.

To prove Theorem 2.2, below we give a number of auxiliary results.

Lemma 2.5. Let u,v be twice differentiable real valued functions defined on H".
Then
Ag(uv) = Ag(u)v + 2V (u) Ve (v) + uAg(v).
Proof. 1t is easy to see that
Az (uwv) = Ay(u)v 4+ 2V, (1) Va(v) + ul,(v), (2.2)
Ay(uv) = Ay(u)v + 2V, (u)V,(v) + uld,(v), (2.3)

and

2 (uv) = 92 (u)v + 20, (1), (v) + ud?(v). (2.4)
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Moreover,
Z 205 (uwv) = v Z 20, (u) + 0 (u) Z z;0,,(v)
i=1 i=1 . Tszl (25)
v) Z 20y, (u) + u Z 2,05 . (v)
i=1 i=1
and
Z yz U'U =v Z yz 87(“) Z yzax (U)
= (2.6)
v) Z Vi, (w) + 1y yi0Z  (v)
i=1 i=1
Using (2.2)-(2.6) and the definition of Ay, we obtain
Ag(uv) = Ag(u)v + ulAg(v)
+2 [V (w) Vi (0) + V(1) Vy () + 4|2 + |y[*)0r (u) 9, (v)
+ 20, ( Z x;0, —20,-(v) Z YiO, (1)
i=1
+20,( Z 20y, (v) = 20, (1) > 4i0s, (v)
i=1
= Ag(u)v + uAH( )+ 2Vg(u)Vi(v),
proving the claim. U
Lemma 2.6. Fore >0, A >0, let
Oy) = e STy = (g7 € H
Then
—AgO(n) < 2¢(Q +2)O(n), for alln € H".
Proof. Let p(z,y,7) :== A+ (|z]* + |y|*)* + 2. We have
€ _1
VaO(1n) = =592 Va(p)O (),
and then
€ _3 9 € 1 £’ —1 2
AO) = 7072 Va(p)PO(0) = 5p72 8s(p)O(0) + 07 [Valp)FO1).
As A,(p) = (4n + 8)|z|* + 4n|y|*, we conclude that
1 3
AO) == (ep 2 +2p7 1) |V.L(p)]?O
() =7 (2 +257) IV.00)POW) .

— & ((2n+ 9|z + 2n|y[?) =20 (n).
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Similarly,
1 -2 2 —1 2
8,00 = 7 (s07F +%71) IV, ()P0 () .
— & (2n[a* + 2n+ 4)[y[*) p~20(1).

On the other hand,

g 1
0:0(n) = —5p720:(p)O (1),
and then
2 € _3 2 € _1 g2 1
:0(n) = 1’ 2(27) @(n)—gp 22@(77)+Zp 40(n)
= 7 (ép‘% +62p‘1> O(n) — =p~20(n). (2.9)
Next,

92 .0(n) = —e70,, (P_%@(U»

— —er (~30 70, (00 - 55710, (900

=2 (=rF+2%7") 0, (O )

=27 (sp‘% + 52,0‘1) yi(|z[* + y[*)O(n),

for all 1 <1 < n, which implies that

> w2, 00) =27 (sp72 + 227 ) wy(of + PO (210)
=1

Similarly,
> widk () =27 (ép‘% + 62/)‘1) z-y(lz|* + [y e m). (2.11)
=1

Using (2.8)-(2.11) in (1.2), we arrive at

AH@(U) _ [|Vx(p)|2 1’ |Vy(p)|2 +T2(‘JJ|2 + ‘y‘2):| <€p—% + 62p_1> @(77)

—de(n+2)(Jz]* + |y1*)p~26/(n)
> —4e(n +2) (|2 + [y1)p~20(n),
and finally, using the fact that (|z|2 + |y?)? < p = (|z]> + |y[?) < p2, we get
Ax©(n) > —4e(n +2)0(n) = —2:(Q + 2)O(n),

completing the proof. O

Lemma 2.7. Let vg € L*(H") and T > 0. Let ¢ € C’;f([O,T) x H™) be such that

{Isbo(t, M) +10e0(t, )|+ [Veho (£, )| +|Autho(t, )|} dn < oo, ¥t € 0,T). (2.12)

H»
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If 0 <wve L. ((0,T); L*(H")) is a weak solution of (2.1) on [0,T) x H" then

loc

/an(T,ﬁ)dJo(T,n) dn—/ 0(0,1)¥0(0,7) dn

Hn
—/ / v‘rwo(t,n)dndﬂr/ / vaH%(t,n)dndH/ / vobo(t,m) dndt

for all T € [0,T).

Proof. Let 0 < T < oco. Suppose that 0 < v e L2 ((0,7); L>(H")) is a weak solution
of (2.1) on [0,T") x H", then we have

/nU(T, n)(T,n)dn — /nv(O,n)dJ(Om) dn

:/OT/nv%b(in)dndt+/OT/nv’”AH¢(t,n)dndt

+/OT/nm/zt(t,n) dndt,

for any compactly supported ) € C’tl,f([O, T)xH"),and 0 <7 <T. Let 7 € [0,T)
be a fixed number, and let

¢(tv 77) = @R(”)@Z}O(tvn) = Spl(x)gpl(y)QDQ(T)d}O(t’ 77)7 te [07 T)v n € H",

with R (%l) o) =0 (%) , pa(r) =@ (‘Rll) :

where R > 1, and ® is a smooth nonnegative non-increasing function such that
1 ifo<r<1/2,
O(r)y=4q¢ N\, if1/2<r <1,
0 ifr>1.

Then

/ o(r, m)r(n)bo(r, 1) di — / 0(0, 1) or(n) o0, ) di
B B
—/ /UJWR(U)¢O(t=n) dndt+/ /v’” Au(pr(n)o(t,n)) dndt
0 B 0 B
+ /0 /B ver(n)0o(t,n) dndt,

where
B={n=(z,y,7) € H" |z |y*,|7] < R*},

and we also denote

. R
C={n=(vy,7) e B — <[ |yl" 7] < R*}.
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Using Lemma 2.5, we get

/B o(rm)r(n) () diy — / o(0,m)or(n) b0 0,7) di

- / / o or(n)volt,n) dndt + / / o™ ot ) Daspre(n) di dt
0 B 0 C

+2/OT/CUm Vu(er(n)Vu(o(t,n)) dn dt
+/OT/BU’”¢R(77)AH¢0(15,77) dndt+/OT/BWR(n)6two(t,n) dndt. (2.13)

On the other hand,

In— vwo(t,n)AHgoR(n)dndt\s / / o™ o (t, )| | Dsor(n)] dndt.
C 0 C

Using (1.2), we have

|Arpr(n)| = |Ar (pi(@)e1(y)pa(T))]
< JAzpi()] 01 (y)pa(T )+ ©1(x) |Ayp1(y)| wa2(T)
+4(z” + [y o1 (@)1 (y) | 022 (7))

+4Z |z 5]p1 () }ayj%(y)} |07 p2(7)]
+4) " |yiler(y) |0, 01(2)] [0-0a(T)] |
on C. Substituting ¢; and ¢s we get

()3

waflaf+ e (B1)

L
<
7N
=
~
=IES
N—
N——
KA
VR
3=

|Ampr(n)] <




10 A. Z. FINO, M. RUZHANSKY, B. T. TOREBEK

we conclude that

[Ampr(n)] < R Az (|z)] @ (7)) @ (I7]) + @ (17]) R~ [Ag® (|gD)] @ (I7])
+HAR(|T + [g1*)@ (1)) @ ([91) R~ |02 (|7])]

+4ZR\%\¢ 7)) B~ |05, (lg)| B™* [0z (7))

7=1

+4ZRIy]|<P (19) B~ |05, @ (|2])| R |0:9 (7])],
7j=1
on C. Note that, as ® <1 and ® € C* on C, we can easily see that

|Appr(n)| < CR™2,  forallneC,

and therefore

Ir < CR_z/ /Cvm\wo(t,n)ldndt
0

< CR7?7 sup [[o(t,)|[Foeqny sup [Who(t, m)| dn,
tel0,7] t€l0,T) JH»

this implies, using (2.12), that
Ir — 0, when R — 4-00. (2.14)
Similarly,

- }z [ [ vaR(n))vH(%(t,n))dndt]
<2 / T / o™ [Vaspr(n)] [Vio(t, n)| dn .

Using (1.1), we have

IViaerM? < |Vaper(@) 03 @)es(r) + 03(@) [V (y)]” ¥3(7)

+4 (|2 + 1y1°) @1 (@)1 (v) [0rpa()],
on C. Substituting ¢; and ¢s we get

Vapr(n)? < }V @ ('ﬂ) @’ <|§§|> v <|R|> o <|x_|> ’V v (|Jy%|>

R
4 (| + [yP?) @° ('%l) v (‘fz‘) O (L;‘)

on C. By letting

()

9

we conclude that
Vepr()? < R Va0 (7)) @ (j5]) @* (7)) + @ (1z]) R V@ ([7])]” @* (I7])
+AR? ([T + [51%) @ (|7]) @* (|7]) B~ |0:@ (|7])]?,
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on C. Note that, as ® <1 and ® € C* on C, we can easily see that
|Vae(n) < CR™, for all n € C,

and therefore

Jp < OR‘l/ /mw%(m)\dndt
0 C

<CR sup [[olt,)[Pogaey SUD / Vo (t, )] din,

tel0,7] tel0,T)

this implies, using (2.12), that

Jr — 0, when R — 400. (2.15)
Finally, letting R — 400 in (2.13) and using (2.12), (2.14),(2.15) together with
Lebesgue’s dominated convergence theorem we conclude the result. 0

Proof of Theorem 2.2. (i) The proof is by contradiction. Suppose that v is a nonneg-
ative global weak solution of (2.1), then, for all "> 1, we have

/ o) o(T ) d / 0(0, 1) (0, 7) di

/ / ot ) dndt+/ / o™ At ) iy dt
+/0 /nm/Jt(t,n) dn dt

for all compactly supported v € C’; 2([0, 00) x H™).

We choose
Y(t,m) = @' (m)es(t) = o (@) p1(y)ea(T)¢5(t),
with
x T t

o (M) e (W), wm=o (). wo=o(f).
where o = ﬁ >0, /> 1, and ® is a smooth nonnegative non-increasing function
such that

1 ifo<r<1/2

O(r)y=q¢ N\, if1/2<r<1,

0 if r>1.

Then

/ / (t,n dndt+/3 o(me‘(n)dn = —/OT/Cvmwé(t) Agep’(n) dndi
A
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where
B={n=(z,y,7) €l |z [y || <T*},

and

[} 2

T T
C={n=(vy1)ecH, > <lzl, |yl < T, IbE <|r| < T*}.

Let us start to estimate I;. As o > m, using the following Young’s inequality

1
ab < “am + Cbom

Ny

we have

T
I < / /vmsog(t) | Aue’(n)| dndt
0 C

T
—//vmzﬁ(t,n) 7 (t,m)ps(t) |Ane’(n)| dndt

< // Y(t,n) dndt
- C/ /w‘mtn

To estimate I, using the following Young’s inequality

t) | Amp’( )"’f’" dndt. (2.17)

1 o
abgzao—l-Cbﬁ

and the fact that o > 1, we have

L < /0 /Bvsoz(n)\(?t(wﬁ(t))\dndt
- / / ot (63 (6t () |0 (4(0))| dn
< // W(t,n) dndt

— =7 £ 7o
L / / O (1 )RS () |07 dit. (2.18)
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Inserting (2.17)-(2.18) into (2.16), we arrive at

/ / tnwﬁ%—/%WWWW

f;q//¢ﬂwn 1) A ()| dd

+C/‘/¢“1th* n) 0t ()77 dipdt

= C/ /sog(t)w‘
—l—C/ / ‘81;803 ‘Uzl dndt

= L+ (2.19)

n) \Amwg(n)\ﬁ dn dt

Let us estimate Jo. As 0,05(t) = £o§ ' (t)0y03(t), we have

JQSCéﬁww/wg (1) |Ohpa(t)| 75t

- c/ ‘(n)d /chf—% O loe (D) a
= CSO n)an . T t T .

Letting
~ oz ~ Y ~ T rall t
x_Toﬂ y_Ta7 T_T2a7 _T7

and using the fact that ¢ < 1 and meas(C) = CT°?, we get

Jy < CT‘*Q—ﬁ“/ o7 (D) |@/(0)|7 T df < C T T (2.20)
0

To estimate .Jy, using (1.2), we have

|Aug'(n)] = |Au (£5@)ek(y)eh(1))]

| Aspl(z)| @5 ()5 (7)

+ @1 (@) [ Ayl (y }905
+4(|2? + [yl (@) () [0205(7))|

+4Z |251¢5 () \%%(y)! \87905(7)\
=1

IN

+4> "y 18 () [0, 0t ()] |0:05(7)
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on C. So

|Aup’ ()] <[00 = 1) (@) |Var (2) ] + Lot (@) | Aspr (2)]] 1 (1) 5(T)
+ @i (@) [0(0 = 1) W)V @) P + Lo () Ay ()] 5 (7)
+4(lz? + [yP) el (@)@l (y) [0 — 1) 2(7)]0r02(T)[? + Lo (7)]0202(7)|]

+4 Z 25101 (x) [¢o7 () |0y, 01 (W) |] [€057(7) |0r02(7)]]

+4Z ;195 (W) [608 (@) |0e, 01 (2)]] [0h72(7) [8r2(7)]]

-1 (2] 1IN gt (WD e (171
+ {0 <Ta> T ® T ® T2a

on C. Substituting ¢; and ¢, we get
1 _ 0—2 [ |z| |z|
At )] < [ae pe? (B [we (ED)[
1 M _ -2 M M ? -1 M \y[ 1 ﬂ
+ O () [0 () (Ve (g )| e 7o )| ( 72a
+ 4(|z)? + |y*)®* <M> P’ (%) (0 —1)02 (%) 0, (%) + 0@t (T‘ZD
|| 1 (7 7]
0y, ® <ﬁ (o1 730 ) |07® | 72a
|z| e (17l 7]

Ay

AyP

7|
82 <T2a

on C. By letting

we conclude that
[Aae(n)] < 06— 1) 2(FNT 2 Vo (7)) + (0~ ()T |Az([7) ]| @ (7)0"(17])
+ @@ [ = ) 2T [V (i) [ + (g T > [Age(ig)] | (7))

+ AT (|7 + [g*)2 (|2 e (17]) [ (€= DS A(FNT [0:B(|7))|* + €& (7)) T |3§‘1>(|?|)”

32T ) [ (T 05, 87| [e0% ()T 0507 ]
]1

+ a3 Tt [0t (e 05, (D] [ee (7T 05007,
j=1

on C. Note that, as
<1 =<t <2

we can easily see that

[dugt)| < e [af(Ep (e (R, fralnec,
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and therefore, using the fact that @3 < 1, we conclude that

T ¢ ZnL
no= o [eoeSmm| st
0 C
o(L—2)

2a0 T Im
< cr % [ emar [ mae@ne(E) s [0 ge (et © T 0

L(—2-1

_ 2a0 o ~ ~ POk S -
< TR é[é(lxl@(lyl@(lﬂﬂ =

< OT FwtteQ (2.21)

T dn dt

where we have used the fact that ¢ > 1.

Combining (2.19)-(2.21) and taking into account that o = %, we get

/ / et dndH/ o(n)¢’(n)dn < CTHe=n 9 =11, (2.22)

B

Ifo<m+ %, we can easily see that %Q — 5%7 +1 <0, and then, using the monotone

convergence theorem and the fact that ¢(¢t,n) — 1 as T — oo, we conclude that

1 o0
o< [ wdn<s [ [ o [ wmdn<o
Hn 0 n n

contradiction.
For the critical case 0 = m + %, we can see first, using again (2.22) and letting 7" — oo,
that

v e L((0,00) x H"),

which implies that

lim/ / Y(t,n)dndt = lim/ / tndndt—hm/ /thndndt
T—o0 T—o0 Co
= / / v"(:n,t)dndt—/ / v (z,t) dndt
0 n 0 n

= 0, (2.23)
where
T T2a
Co={n=(z,y,7) e " |zl ly| < - |7] < —-}, (2.24)

and

lim / / Y(t,m)dndt = lim / / Y(t,n)dndt — hm / / Y(t,n)dndt
T—o0 T—o0
/ / v"(m,t)dndt—/ / v7 (z,t) dndt
0 n 0 n
0

(2.25)
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On the other hand, we need to use Holder’s inequality instead of Young’s one in the esti-
mations of I1 and I5, and to refine them. Indeed,

Lo< //v eht) |Bugt (n)]

= [ [ eE e b [upt ) anae

o—m

< (// tndndt)ﬁ(/ /T,ZJ_f’mt’l’] AHSO )ﬁdndt>g
_ (/ / btn) dndt>% = (2.26)
and
B [ [ oo o) an
= [ [evteme et m]odso)] aa
< (/ [t dndt)é(/OT/Cw‘ﬁ@m)so%(n) \@sofé,(t)\ﬁdndt)%
< </ZT/B’UU¢(t,77) dndtfjf. (2.27)

Inserting (2.26)-(2.27) into (2.16), we arrive at

[otmsmans ([ [voen dndt)’% A ( [ [ dndtﬁf?l-

By letting

~ x ~ Y - T ~ t

l’:ﬁ7 y:ﬁ’ T:ﬁ’ T

inside J; and Js, using their estimates and that ¢ = m + %, we obtain

/ o(n)e" dn<0(// tndndt> +C<// tndndt)é.(Z.ZS)

Finally, using (2.23),(2.25), (2.28), the dominated convergence theorem, and the fact that
Y(t,n) — 1 as T — oo, we conclude that

0 </ vo(n) dn < 0;

contradiction.
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(ii) As T' > 1, we have
/ w0l (0. ) dy = / vt (n) dn > / w0 (n) di
B B Co
_ / vo() dn > € / (14 [nf2)~"/2 dn
Co CO

T200 T2 —/2
of (Tt
o\ 2 2

= eCT " meas(Cy)
c CTQ(Q—’Y)’

v

where Cy is defined in (2. 24) Therefore by repeating the same calculation as in the sub-

critical case (i) with o = 2(0 1) we get

e CTe=n (@™ / / (t,n)dndt < C T 571+
which implies
TR ¢ oA

that is
- < oTFEATE,

Aso <m + = (U 1)7 — =Z3 + 1 <0, then, by passing to the limit, as 7" goes to oo,
we get a contradlctlon

(iii) Let m = o. In this case, using Lemma 2.7, we may replace, in the test function,
©*(n) by ©(n) where O is defined in Lemma 2.6 with & = 4(2—_1@ ie.

1
—AgO(n) < 5@(77), for all n € H".

Therefore, by repeating the same calculation as before, we have from (2.16)

/ / Vi) dndt—i—/"vo d"</ /"” p5(t) (—Am)O(n) dn dt
- / [ vemadseyand
< [ wemaman [T [ vomaiho)

which is equivalent to

’ T
%/0 /nvo¢(t,77) dﬁdt—{—/Hn vo(n)O(n) dn < —/% /"v@(n)@(gpg(t))dndtzlg

where I is introduced above. Then, using (2.18), we get

//n tndndt+/ vo(1)©(n) dn
_4/ /nthndndt+0/ /nwvltn(%al (atgpg

d77 dt,
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T 1 - _o
/ / ¥(t,n dndt+/ vo(n)O(n) dn < C/ Y1 (t,n)07 T (n) (atsofi,(t) " dndt,
and so
T 1 _o_ ¢ ﬁ
| owmewmd < ¢ [ [ wemer i) o) an
T e , ﬁ
= o[ [ et w ok anar
As 9,5 (t) = £p5 (1) Opp3(t), We obtain
T ) o .
| wmewman < ¢ [ et [ e T ol @
o t\ |77
< C/" o ( ) @@(T) dt.
By taking ¢ = %, we conclude that
1 - _ -
/qmmmmmgCTﬁTH/@“rwﬂ@@ﬁjﬁgCTﬁﬁﬂ. (2.29)
n 0

By letting 7' — oo we obtain a contradiction with vo(n) > 0, vo(n) # 0. This completes the
proof. O

Next, we shall prove the nonexistence of positive classical and weak solutions in
the case of large data by an energy-type method as performed e.g. in [7, 26].

Theorem 2.8. Letn > 1, and 1 <m < o. For each 0 < w € C(H")NL>*(H"), there
1s B > 0 such that if vo = Bw then there are no positive global classical solutions of
(2.1). More precisely, there exists a T* > 0 such that

sup v(t,n) — oo, ast — T~.
’l’]GH"

Proof. Suppose, on the contrary, that v is a positive global classical solution of (2.1),
i.e. a positive classical solution of (2.1) on [0, 7] for all T" > 0.

Let Q C H™ be a Heisenberg ball with boundary 02, and let A; > 0 be the principal
eigenvalue of — AH with Dirichlet condition and A > 0 its corresponding eigenfunction
such that [, A(n)dn = 1 (The existence of such eigenvalue has been proved in [4]).
In order to get a contradlctlon, we are going to apply the energy method. We divide
our proof into three steps.

Step 1. Let

y(t) = / o(t)A(m) dn, ¢ € [0,T].

As v is a classical solution, we have

y € C([0,T]) nC((0,T)).
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Using the Green’s formula for Heisenberg group (see [11, 25]) one can get
v = [ utnnmdr
= /Q Agv™(t,n)A(n) dn + /Q vt m)A(n) dn
= —Al/glvm(t,n)/\(n) dn — /ag v"(t,0)0,A(0) da+/v”(t,n)A(n) dn.

Q

It follows from the Hopf type lemma on the Heisenberg group H" (see [3, Lemma
2.1]), that 9,A <0 on 092. Then we have

RSy / o™ (6, m)A(n) di + / o7 (6, m)A(n) . (2.30)

In order to apply the energy method, i.e. obtaining a differential inequality for y(t),
we need to estimate the right-hand side of (2.30). Let vy = Bw, where 0 < w €
C(H") N L*(H") and B > 1 is a positive real number such that

B> (20)7% ( [ wtmam dn)_l.

This implies that yo := y(0) > c3, with

= (20)7

Step 2. We have y(t) > ¢, for all t € (0,7]. Indeed, let Ty = inf{0 < ¢t < T y(t) >
c3} < T. Since y is continuous and y(0) > c3, we have Ty > 0. We claim Ty = T.
Otherwise, we have y(t) > ¢3 for all t € (0,75) such that y(7y) = cs, i.e. particularly,
y(t) > c3 for all t € [0,7]. On the other hand, using m > 1 and applying the
following Hélder’s inequality for negative exponent (see [1, p. 27])

1 1
/|f9|du2(/|f|”du) (/Igl’"zdu) forallr1<00<r2<1r—1+g=1,

1

with r = %m and 73 = -, we have

1

/Q o™ (t,n)A(n)dn = /Q o™ (t,m)A™ () A () dn

> ([otmaman) ([ am dn)l_m
= ([ otmainan)

= y™(t), (2.31)

for all ¢t € [0,T], where we have used that / A(n)dn = 1. In addition, using again

Q
Holder’s inequality for negative exponent with r; = —=- < 0 and ro = 2+ < 1, we
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have

/Qv"(t,n)/\(n)dn = / 7 (t,n) A () A" (n) dn

o) ([
- (/Q”’" man)”
which implies, using (2.31) and y(¢) > cs, that
[eworman = ([ oenawm dn)%_l ([oeirman)
> (y" ()= (/va(t,n)/\(n) dn)
= ) [ oA dy
> g m/ﬂvm(t,n)/\(n) dn

= 20 [ oA dn (2.32)
Q
for all ¢ € (0, Tp]. Therefore, by (2.30) and (2.32), we arrive at
y'(t) = —Al/vm(t,n)/\(n) dn+2A1/v’”(t,n)A(n) dn
Q Q
= [ A dn

which implies, using (2.31), that
y'(t) > My™(t) > 0, for all ¢ € (0, Ty,

m—o

yo)”

and hence
c3 =y(To) > y(0) = yo > c3;
contradiction.
Step 3. From Step 2, we have y(t) > c3, for all ¢ € [0,7]. This implies, using
(2.31)-(2.32), that

y'(t) > My (1), for all t € (0,77,
SO
y(t) > (1™ = (m— 1)\ t) 7T, forallt € [0,T].
Let
T = !

Yo' (m— 1A
If T* < T, we also get a contradiction because

1
sup v(t,n) > y(t) > (yo" — (m —1)At) ™1 — o0, when t — T™.
neHn”
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It T" < T* we get a contradiction by choosing from the beginning 7' big enough,
namely 7" > T™.
This completes the proof. 0

Theorem 2.9. Letn > 1, and m >0, o > 1.
If m < o, then for each 0 < w € L'(H") N BC(H"), there is B > 0 such that
if v = Buw there are no positive global weak solutions v € C([0,00); L*(H")) N
Li5.((0,00); L=(H")) of (2.1).
If m = o, then for each 0 < vy € L*(H") N BC(H") there are no positive global weak
solutions v € C([0,00); L*(H")) N L2.((0,00); L>(H")) of (2.1).
More precisely, there exists a T > 0 such that

sup v(t,n) — oo, ast — T".

neHn”
Proof. Suppose, on the contrary, that v € C([0,00); L' (H")) N L;2.((0, 00); L>=(H"))
is a positive weak solution of (2.1) on [0, 00) x H™.
The case m < g: Let ©1(n) := ¢.O(n), n € H", where O is defined in Lemma 2.6
with ¢ = 1, and c. > 0 is a constant such that an ©1(z)dn = 1, namely ¢, =

(S O 77) - Then
AgO1(n) > —A64(n), for all n € H", (2.33)

where A = 2(2+4 Q). In order to get a contradiction, we are going to apply the energy
method. We divide our proof into three steps.
Step 1. Let

J(t) :== /n v(t,n)©1(n)dn, t=>0.

As v is a weak solution, by Lemma 2.7 we may choose ¥(t,n7) = ©1(n) as a test
function. Therefore, using the continuity (in time) of v and (2.33), we have J €
C([0,00)) and

10 =30 = [ tmeim = [ wmendr

_ // dndt+/ /"v AyO1(n) dn dt
2(//}W—Mﬂ&mwwt
_ // n) dn dt,

for all 7 € [0,00), where F(z) := 27 — X\z™, z > 0.
Step 2. Let vy = Buw, Where 0<we Ll(H") N BC(H") and B > 1 is a positive

real number such that
1
B> Ao (/ w(n)O1(n) dn) :
Q

This is equivalent to J(0) > Ao, Therefore, by the continuity of J, there exists
0 <ty < 1 sufficiently small such that J(t) > A7 for all 0 < ¢ < t;. We claim that
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J(t) > A=, for all t > 0. Indeed, assume on the contrary that J(t) < Ae=m, for
some t > ty. Let 79 be the smallest such value, this implies that

J(T)>)\ﬁ, for all 0 < 7 < 79, and J(To):Aﬁ,
particularly J(7) > Ao=m for all 0 < 7 < 79. On the other hand, we can easily see

A(f:(g”:)l))ﬁ’ 00) if m > 1. Therefore

that I is convex on (0,00) if m < 1 and on ((
by using

J(7) 2 A5 > max { (At =10y

Jensen’s inequality and the fact that [; ©1(z)dn = 1, we get

;O}, for all 0 < 7 < 79,

J(r) > J(0) +/ F(J(t))dt =: G(1), foral 0<7<m. (2.34)
0
Moreover, as F' is positive on ()\ﬁ, 00), we have [[° F(J(t))dt > 0, which implies
Ao = J(19) > J(0) +/ F(J({))dt > J(0) > Na=m;
0

contradiction.
Step 3. From Step 2, we have

A
m)v—lm, for all t > 0.

J(t) > Ne=m > (

o
This implies, as F' is increasing on ((’\TW)Uflm,oo) and using (2.34), that
F(J(r)) > F(G(r)) >0

and

G'(r) = F(J(1)) = F(G(7))
=G(1) — A\G™(1)
=G(1)(1 = AG™7(1)).

In addition, as G(7) > J(0), it follows that
1= AG™(7) > 1 — A\J™(0) > 0,

o~~~

and so o
GU((:-)) >1—XJ"77(0), forall T>0.
Integrating both sides over (0,t), we arrive at
1
G(t) 2 o—1"
(J1=2(0) — (¢ — 1)(1 = AJm=o(0))t)
Let

Jl—a(o)

B CE e Y 1)
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then
sup v(t,n) > J(t) > G(t)

neHn
1
Z o—1
(J177(0) = (0 = 1)(A = AJm=2(0))t)
This completes the proof.
The case m = o: Let ©1(n) := ¢.O(n), n € H", where O is defined in Lemma 2.6
with ¢ = and ¢, > 0 is a constant such that [, ©1(x)dn = 1, namely

— 00, whent— T

1
4(2+Q)’ O
Co = (an el dn) . Then

1
Ag©q(n) > —561(7]), for all n € H". (2.35)

In order to get a contradiction, we are going to apply the energy method. We divide
our proof into two steps.
Step 1. Let

J(t) = / ot meimdn, ¢ 20

As v is a weak solution, by Lemma 2.7 we may choose ¥ (t,n7) = ©1(n) as a test
function. Therefore, using the continuity (in time) of v and (2.35), we have J €

C([0,00)) and

J(r)—=J(0) = /OT/an@l(n)dndt+/OT/anAHG)l(n)dndt
> %/OT/nv"@l(n) dn dt, (2.36)

for all 7 € [0,00). On the other hand, using o > 1 and applying the following Holder’s
inequality for negative exponent (1, p. 27]

1 1
/|fg|d,u> </\f|”d,u> </\g|”d,u> 2, for all ry < 0,0 <ry < 1, a—i-g:l,

with ry = ;= and ry = —, we have

/Q (O () dy = / o7 (£,)O7 ()01 (n) dn

> ([wtemeinan) ([ e dn)l_o
= (/Qv(t,n)@l(n)dny

= J°(b), (2.37)

for all ¢ > 0, where we have used that / ©1(n) dn = 1. Inserting (2.37) into (2.36)
Q

we get

J(r) > J(0) + % /0 ") dt = H(r). (2.38)
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Step 2. Let 0 < vy € L'(H") N BC(H"), then J(0) > 0. This implies, using (2.38),
that J7(7) > H?(7) and H(7) > J°(0) > 0, so

1 1
H'(7) = 5J°(7) = S H(7),
2 2
ie. e .
HU(TT)> >, forall7>0.
Integrating both sides over (0,t), we arrive at
1
H(t) 2 —— —
(J1=7(0) — (0 — 1)%)
Let -
o 2700
o—1
then we have
1
sup v(t,n) > J(t) > H(t) > — — 00, when t — T,
neH (J1=7(0) — (o — 1)1)""
This completes the proof. 0

3. DEGENERATE PARABOLIC EQUATION

In this section we consider the following degenerate parabolic equation

uy =ul Agu+u?, t >0, neH",
u(0,n) = ug(n) =0, ne€H", (3.1)

u(t,m) >0, t>0, neH",
where ug € L}, (H"), n>1,¢>0,p> 1.

loc

3.1. Case of 0 < g < 1. We first consider the case 0 < g < 1.

Definition 3.1. (Weak solution of (3.1))
Let ug € L}, .(H") and T > 0. We say that u > 0 is a weak solution of (3.1) on
0,T) x H" if

loc

and

/n u(r,n)p(r,n) dn — /H u(0,1)¢(0,m) dn

:/ / uPp(t, n) dndt+/ / u? Agu o(t,n) dndt
0 n 0 n
0 n

holds for all compactly supported ¢ € C’;;?([O, T)xH"),and 0 <7 <T. If T = o0,
we call u a global in time weak solution to (3.1).
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We set
H*(H") = {u € L*(H"); Vyu € L*(H"), Agu € L*(H")}.

In order to get the nonexistence result of (3.1), we need the following

Lemma 3.2. (Weak solution of (3.1) = Weak solution of (2.1))

Let T >0,0<qg<1,p>1 and 0 < uy € CH")NL}, (H"). Ifu > 0isa
positive weak solution of (3.1) on [0,T) x H" such that u € tlxo([ T) x H") and
u(t,-) € H?(H") for a.e. t € [0,T), then v(t,n) := aul_q(t,éb(n)) is a positive weak
solution of (2.1) on [0,T) x H", where

a:(l—q)ﬁ, b:(l_q)g(;—l_zg’

&(n) = (bz,by,b°1),  for alln = (z,y,7) € H",
with

1 _
m=——2>1, and a:u
1—¢

> 1.
1—g¢q

Proof. Let T" > 0. Suppose that u > 0 is a positive weak solution of (3.1) on
[0,7) x H" such that u € C’;f([O,T) x H"). Let ¢ € C’;f([O,T) x H") be a compactly
supported test function. Let

p(t,n) = u™(t,n)(t,01(n)),
then ¢ € C’tl,;?([O, T) x H") and

[t sy )y dn = [ 10,m)000.5,(0) d
= [ [ wntemte s v

[ [ st sesymana

| wtemantaee it sy ) o, 3:3)

0

+
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for all 7 € [0, 7). Using the integration by parts, we have

/T/nu t,m)0(u™(t,)i(t, 61 (n))) dn di

_—q/ /n “(t et M) (t, 81 (n dndt+//n “(t,m)n(t, 01 (n)) dn dt
— 1_q//a (u!=4(t,m)) (¢, 0 ( dndt+/ / Tt )t 61(n)) dn di
1_q// Ut ), 8 ( dndt+/ / St 61(n)) dn dt

—po [ e Sy ) dn s | )0, ) di
q q

1_q// (ot Sy ) dndt — [ w9 (e, 5, () d

+— [ g e, 61 (1)) dn, (3.4)

and

| [ sautemyotedyonande= [ [ e sx (vie.5,00) dna. 39

for all 7 € [0,T). Inserting (3.4)-(3.5) into (3.3), we obtain

1%(] u (7, n)Y(r, 01 1(n)) dn — L U(l) q(n)¢(0751(n))dn

//nupqtn t5 dﬁdt+// tnAH t5())>d77dt
1—q/ / Tt m)a(t, 01 (n)) dn dt,

for all 7 € [0,7). Let 77 := 01(n) i.e. n = 0y(7), then

1
b

1

= [ e a@ i - [ @@ o.n dy

_/T/nup_qtébﬁ) t~)dndt+b—/0/nut,ébm)AHdJ(t,ﬁ)dndt
1—q/ /n ¢, 65(1)) e (t, 1) dn dt,
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for all 7 € [0,T). Using the fact that dn = b% d7, and dividing the two sides by b9,
we get

L s @i di— —— [ 6@, 7 di

1_q H» 1_q Hn

= / / nu”‘q(t,éb(m)w(t,mdﬁdwb-2 /0 / ut, 8(7)) Ao (1, 7) diydt
1_q/ / L Sy (), ) di dt, (3.6)

for all 7 € [0,T). As v(t,7) = au'~9(t, (7)), we can easily obtain

“US() = (1 —q) = vo(m),  (3.7)

P—aq

u’"(t, 6(n) = (1 —q)"»1 07 (t,7),
and

b2u(t, 6(7) = (1—q) =1 v™ (¢, 70),

u' 9L, 6(7) = (1—g) 71 v(t, 7). (3.8)

1—

Putting (3.7)-(3.8) into (3.6), and dividing the two sides by (1 — q)_%, we conclude
that

[ w@emdi- [ w@eo.md
// (t, Mt 77)dndt+/ [ ot daute. ) dia

i / / ot ) dij,

for all 7 € [0,7), i.e. v is a weak solution of (2.1) on [0,7") x H". O

Set BC(H") = C'(H™) N L*>°(H"). Using Lemma 3.2 and Theorems 2.2 and 2.9 we
conclude the following results.

Theorem 3.3. Let 0 <ug € BC(H)NL'(H"), n>1,0<qg<1,p>1. If
2(1—q)

Q Y
then there are no positive global weak solutions u € Cif([(), oo) x H™) of (3.1) such

that u(t,-) € H*(H") a.e. t € [0,00). Note that, in the case of ¢+ 1 < p we just need
up € C(H") N LY(H").

g+1<p<p.=q+1+

Remark 3.4. When ¢ = 0, the critical exponent p. = 1 +% coincides with the critical
exponent obtained in [28] for the semilinear diffusion equations on H".

Theorem 3.5. Let 0 < ug € C(H*)NL'Y(H"), n >1,0< ¢ <1, p>1. Assume
that there exists a constant £1 > 0 such that, for every 0 < v < (1 — q)Q, the initial
datum wverifies the following assumption:

uo(n) > e1(1+ |8 (m)|?) 7.
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If
2(1 —q)

q+1<p<q+1+—j7—,

then there are no positive global weak solutions u € C’tl,f([(), o) x H™) of (3.1) such
that u(t,-) € H*(H") a.e. t € [0, 00).

Theorem 3.6. Letn>1,0<¢< 1, andp > 1.

If ¢+ 1 < p, then for each 0 < @ € L'(H") N BC(H"), there is B > 0 such that
if up = BW there are no positive global weak solutions u € C([0,00); L}(H")) N
C,if([(),oo) x H") of (3.1) such that u(t,-) € H*(H") a.e. t € [0,00).

If g+1 = p, then for each 0 < ug € L*(H")NBC(H") there are no positive global weak
solutions u € C([0, 00); Ll(H"))ﬂCtl,;co([O, o0)xH™) of (3.1) such thatu(t,-) € H?(H")
a.e. t €10,00).

More precisely, there exists a T > 0 such that

sup u(t,n) — oo, ast — T.
neHn”

3.2. The case of ¢ > 1. In this subsection, we present the results for the case ¢ > 1
and 1+ ¢ < p.

Theorem 3.7. Let n > 1, ¢ > 1, p > 1. Suppose that ¢ +1 < p. For each
0 <w e CH")N L*(H"™), there is A > 0 such that if ug = Aw then there are no
positive global classical solutions of (3.1).

Remark 3.8. In Theorem 3.7 there are no results for cases ¢ +1 =pand ¢+ 1 > p.
Therefore, these questions are still open.

Proof of Theorem 3.7. Suppose, on the contrary, that u is a positive global classical
solution of (3.1), i.e. a positive classical solution of (3.1) on [0,7] for all T" > 0.
Let Q C H" be a Heisenberg unit ball, and let \; > 0 be the principal eigenvalue of
—Apg with Dirichlet condition and A > 0 its corresponding eigenfunction such that
Jo A(n) dn = 1 (The existence of such eigenvalue has been proved by Chen and Luo
[4]). In order to get a contradiction, we are going to apply the energy method. We
divide our proof into two cases.

Case of ¢ > 1.
Step 1. Let

)= — [ W@ dn, e .7

As u is a classical solution, we have

y € C([0,T])n C*((0,T7),
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and
v = = [ Zemewm
= /Aut /up Ut,m)A(n)dn
= )\1/Qu(t,77)A(77) dn—l—/89 u(t,o)0,A(o) da—/ﬂup_q(t,n)A(n) dn.

It follows from the Hopf lemma on the Heisenberg group H" (see [3, Lemma 2.1]),
that 9,A < 0 on 0f). Then we have

y(t) < A / ut, m)A () dy — / @9t ) A(n) diy. (3.9)

In order to apply the energy method, i.e. obtaining a differential inequality for y(t),
we need to estimate the right-hand side of (3.9). Let uy = Aw, where 0 < w €
C(H™) N L>*(H") and A > 1 is a positive real number such that

a> @7 ([ wmam dn>q+l |

This implies that yo := y(0) < ¢o, with

= (g— 1) (2A) e =
Step 2. We have y(t) < ¢, for all ¢ € (0,7]. Indeed, let
T"=inf{0 <t <T;y(t) <c} <T.

Since y is continuous and y(0) < ¢p, we have 7% > 0. We claim that 7" = T.
Otherwise, we have y(t) < ¢ for all t € (0,7%) and y(T*) = ¢, i.e. particularly,
y(t) < ¢o for all t € [0,7%]. On the other hand, by Holder’s inequality for negative
exponent

2 1 1
/\fg\d,uZ (/|f\”du) (/|g\r2du> Jforall rp < 0,0 <1y <1, 7‘_1+E:1’

with 1 =1 —q and r, = , we have

/U(t,n)/\(n)dn = /U(t,n)/\_ﬁ(n)/\q%(n)dn
Q Q

1 q

- </Q“1_q(tﬂ7)/\(77) d77>_‘1_1 </QA(77) dn>ﬁ
- (/Qul_q(t’m/\(n)dn) !

= (q—l) q— ly qll(t) (310)
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for all ¢ € [0,T], where we have used that / A(n)dn = 1. In addition, using the
Q
standard Holder’s inequality, we have

/ u(t, mA() dy = / u(t, ) AT () AT () diy
Q Q .

< (L omom)” (fa)
- (o)™

which implies, using (3.10) and y(t) < co, that

[t mama > (

> =07 0 ([ unrman)
> (q— 1)”33?%{7)53;1 (/QU(t,n)A(n) dn)
= 2)\1/Qu(t,77)A(77) dn, (3.11)

for all ¢t € (0, T*]. Therefore, by (3.9) and (3.11), we arrive at
OESY / u(t, m)A () dy — 2\, / u(t, m)A(n) dn
Y / u(t, m)A(n) dn,

which implies, using (3.10), that
Y(t) < —M(g—1) 71y Ti(t) <0,  forallte (0,77,

and hence
=y(T7) < y(0) = yo < co;
contradiction.
Step 3. From Step 2, we have y(t) < ¢, for all ¢ € [0,7]. This implies, using
(3.10)-(3.11), that

() < —M(g—1) @1y a1(t),  forallte (0,7,

SO
qg—1

0<y(t) < (yF—cﬂ)T, for all ¢ € [0, 77,

where ¢; = Aq(q — 1)_43_1, and particularly we have

q
lql —111
T <cyg 1Co )
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which implies a contradiction by choosing from the beginning 7" big enough, namely
q%

T > c;'e™". This completes the proof.

The case of ¢ = 1.
Step 1. Let

y(t) = — / In(u(t, n)A(n) dn, ¢ € [0,T],

As u is a classical solution, we have
y € C([0,77) N C*((0,77),

and

s |8

(t,n)A(n) dn

mu(t, n)A(n) dn—/ﬂu”‘l(t,n)/\(n) dn

I
|

S— o5
>

u(t,n)A(n) dn+ /BQ u(t,o)0,A(o) do

- / (¢, m)A(n) dn.

As 9,A < 0 on 022 by the Hopf type lemma on the Heisenberg group H" (see |3,
Lemma 2.1]), we arrive at

y(t) < A / u(t, n)A(n) d — / aP () A () . (3.12)

In order to apply the energy method, i.e. obtaining a differential inequality in y(t),
we need to estimate the right-hand side of (3.12). Let ug = Aw, where 0 < w €
C(H") N L>*(H") and A > 1 is a positive real number such that

A> (2\) 72 e folntwmAm) dn,

This implies that yo := y(0) < ¢2, with

Cy 1= — ! In(2X\).
p—2
Step 2. We have y(t) < c¢o, for all t € (0,7]. Indeed, let T* = inf{0 <t < T'; y(t) <
ca} <T. Since y is continuous and y(0) < ¢y, we have T* > 0. We claim that 7% = T.
Otherwise, we have y(t) < cp for all t € (0,7*) such that y(7T*) = ¢y, particularly
we have y(t) < ¢y for all ¢ € [0,77]. On the other hand, by Jensen’s inequality with

/ A(n)dn =1, we have
Q

/ u(t,nA(n)dn = / e M A (n) dn
Q Q

= eV, (3.13)

v
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for all ¢ € [0, T]. In addition, using Holder’s inequality, we have

/U(t,n)/\(n)dn = /U(t,n)/\*’lj(n)/\%(n)dn
Q Q

which implies, using (3.13) and y(t) < ¢, that

[ emaman > (Au@dmm%m)wl

(/Qu(t,n)A(n) cl17)7”‘2 (/Q u(t, ) A(n) d??)

> e (P2l ( /Q u(t, n)A(n) dn)

> e e ( /Q u(t,n)A(n) dn)
= 2)\1/Qu(t,7])A(77) dn, (3.14)
for all ¢ € (0, T%]. Therefore, by (3.12) and (3.14), we get
v < [ ult A dn =27 [ ultn)s) dr
== [ ult @) dn

and then, by using (3.13), we we arrive at

Y (t) < =M\ e v <o, for all t € (0,77],

and hence
ca =y(T") < y(0) = yo < c2;
contradiction.

Step 3. From Step 2, we have y(t) < ¢y, for all ¢ € [0,7]. This implies, using
(3.13)-(3.14), that

y(t) < =M e v, for all t € (0,77,
SO
0 < e¥® < e¥o — )\t for all t € [0, T,
and hence "o ,
e ef
T< —< —
M TN

which implies a contradiction by choosing from the beginning 7" big enough, namely
T> % This completes the proof. U
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