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Abstract: The increased share of variable renewable energy sources such as wind and solar power 

poses constraints on the stability of the grid and the security of supply due to the imbalance between 

electricity production and demand. Chemical storage or power-to-X technologies can provide the 

flexibility that is needed to overcome this issue. To quantify the needs of such storage systems, en-

ergy system optimization models (ESOMs) are used, guiding policy makers in nationwide energy 

planning. The key input parameters for such models are the capacity and efficiency values of the 

conversion devices. Gas turbines, reciprocating engines, fuel cells and Rankine engines are often 

mentioned here as cogeneration technologies. Their performance parameters will however need to 

be revised when switching from fossil to renewable fuels. This study therefore investigates the pos-

sibility of using size-based scaling laws to predict the efficiency and power values of one type of 

conversion technology: the reciprocating engine. The most straightforward scaling laws are the ones 

based on the fundamental engine performance parameters and are constructed by fi�ing an arith-

metic function for a large set of representative engine data. Their accuracy was tested with a case 

study, consisting of thirty large-bore, spark-ignited gas engines. Two alternative methods were also 

investigated: scaling laws based on the Willans line method and scaling laws based on the similarity 

theory. Their use is deemed impractical for the current research problem. 

Keywords: energy system; energy storage; power-to-X; synthetic fuels; electrofuels; scaling laws; 

ICE; Willans line; similarity; spark ignition 

 

1. Introduction 

A high penetration of renewable energy systems such as wind and solar energy will 

need to be accompanied by additional renewable energy buffers to overcome the mis-

match between electricity demand and electricity supply [1]. This cooperative synergy 

between variable renewable energy sources (VRES) and other energy sources is being 

thoroughly investigated in hybrid renewable energy systems (HRES) [2,3]. The integra-

tion of large-scale energy storage devices (ESDs) into these systems is imminent [4]. A 

forecast of global electricity generation in 2040 estimates that major markets such as the 

United States would need an installed storage capacity of 470 GWh if they have more than 

40% VRES, while China would need more than 600 GWh [5]. Similarly, in Europe, a fully 

renewable electricity landscape would require a storage capacity of around 100–300 TWh 

under an optimal renewable energy mix [6–8]. In this regard, chemical storage or power-

to-X technologies can provide the flexibility that is needed with new capacity investments 

in VRES [9]. In power-to-X, CO2 and H2O are combined with a surplus of renewable elec-

tricity to produce synthetic versions of various fuels (e.g., methane, methanol, ammonia), 

all with green hydrogen as the basic building block. Considering the way these fuels are 

produced, they are also called ‘electrofuels’ or ‘e-fuels’. The remaining uncertainties are 

the quantities that will be needed in the future (as a function of the renewable shares) and 

Citation: Suijs, W.; Verhelst, S.  

Scaling Performance Parameters of 

Reciprocating Engines for  

Sustainable Energy System  

Optimization Modelling. Energies 

2023, 16, 7497. h�ps://doi.org/ 

10.3390/en16227497 

Academic Editors: Daniela Anna 

Misul and Mirko Bara�a 

Received: 11 October 2023 

Revised: 30 October 2023 

Accepted: 7 November 2023 

Published: 8 November 2023 

 

Copyright: © 2023 by the authors. 

Licensee MDPI, Basel, Swi�erland. 

This article is an open access article 

distributed under the terms and 

conditions of the Creative Commons 

A�ribution (CC BY) license 

(h�ps://creativecommons.org/license

s/by/4.0/). 



Energies 2023, 16, 7497 2 of 28 
 

 

their associated costs [10]. Rixhon et al. [11] stated that in order to realize the maximum 

potential of these synthetic energy carriers in a sustainable transition, it will be necessary 

to study the integration of these electrofuels within a multi-sector and whole-energy sys-

tem. This can be achieved using energy system optimization models (ESOMs). These op-

timization models can be used to find the cost-optimal combination of fuels and conver-

sion technologies to meet the energy demand [12]. They are considered to be very robust 

due to their detailed implementation of the techno-economic, spatial and environmental 

characteristics of the power system [13]. As a result, these optimization models have been 

used extensively in the last decade to analyze national policies [12]. For example, Sparatu 

et al. [14] used a spreadsheet tool to present two alternative scenarios for meeting the UK’s 

energy system decarbonization ambitions, one of which focused on developing VRES 

with energy storage and nuclear power. Aboumahboub et al. [15] used an open-source 

energy modelling system (OSeMOSYS) to explore the possibility of investing heavily in 

solar PV and energy storage technologies to decarbonize Australia’s energy system and 

meet the 1.5 °C climate goals according to the Paris agreement. Finally, Limpens et al. [16] 

analyzed the Belgian energy system in 2035 for different carbon emission targets through 

a multi-objective optimization approach using the open-source Energy TD model. In their 

study, they used an hourly time step in order to make the model suitable for analyzing 

the integration of intermi�ent renewables and storage. 

One of the three entities that make up an ESOM are the technologies that convert 

energy carriers from one form to another [17]. The key input parameters for the model are 

the techno-economic parameters of these conversion technologies, of which efficiency, 

lifetime, operating range and maintenance performance are the most important ones. A 

specific type of conversion device is the prime mover in cogeneration and trigeneration 

systems. Cogeneration or combined heat and power (CHP) systems use the energy in the 

fuel to simultaneously produce electricity and useful heat. Trigeneration or combined 

cooling, heating and power (CCHP) systems add another level of complexity by produc-

ing a cooling stream in addition to electricity and heat [18,19]. Jradi et al. [20] compared 

the electrical efficiencies and power ratings of the four prime movers used for electricity 

generation: gas turbines, internal combustion engines (ICEs), fuel cells and Rankine en-

gines. For fossil-fueled plants, the results are as follows: gas turbines tend to have electri-

cal efficiency values of 18–36%, with plant capacities of up to 250 MW. Similar values are 

found for Rankine engines (15–38%) for the same power output. ICEs are the most com-

monly used prime mover in the medium-scale CHP and CCHP application range [21], 

achieving electrical efficiencies of between 25–45% with cogeneration capacities of up to 

75 MW. The highest electrical efficiencies can be achieved by using fuel cells, where values 

of 37–60% can be found, but at lower plant capacities, up to 2 MW is possible. 

These current values will need to be revised because the properties of synthetic fuels 

can differ significantly from conventional fuels such as gasoline, diesel and natural gas 

[22]. Updated values are needed for a wide span of applications, implementing the con-

version devices at the neighborhood, district and city levels [23]. Therefore, this work in-

vestigates the existence and use of size-based scaling laws to quantify the performance 

parameters of prime movers and, more specifically, the internal combustion engine run-

ning on alternative fuels. The purpose of these scaling laws is to predict key operating 

conditions, such as the peak brake thermal efficiency (BTE) and peak brake power output, 

solely on the basis of the required size of the engine, disregarding other operating charac-

teristics for the time being. This is in steep contrast with conventional engine performance 

prediction models, where, with different levels of complexity, thermodynamics laws for 

mass and energy conservation are implemented [24–27]. Even though these scaling laws 

are not able to accurately reproduce the sensitivities to the other operating characteristics 

(e.g., operating speed, injection timing, spark timing, air-to-fuel ratio) of the engine, given 

the inaccuracies that arise within the energy system optimization models when predicting 

future events [11,28], they may represent a viable compromise between computational 

cost and accuracy. 
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The focus of this work is on the scaling laws for spark-ignition (SI) engines. The elec-

trofuels most likely to reach a certain level of cost-competitiveness (e.g., hydrogen, meth-

anol, methane and ammonia) tend more toward spark-ignition operation than to their 

compression-ignition (CI) counterpart [29–33]. However, as there has been less interest in 

large-bore SI engines in the past, and the scaling laws for general ICEs and CI engines are 

also examined. This review paper is divided into two main parts, the first part is based on 

the most accessible type of scaling laws: curve-fi�ed equations. The second part consists 

of two alternative methods that have been found, the Willans line method and the simili-

tude approach. The first part is structured as follows: Section 2.1 is a summary of map-

based, curve-fi�ed scaling laws. Since this type of scaling law requires a large data set for 

high accuracy, the constructed equations are rarely only based on SI data, and the result-

ing scaling laws are valid for both SI/CI four-stroke engines. The predicted performance 

parameters are the torque, brake engine power and brake thermal efficiency. In Section 

2.2, a literature review of large-bore heavy-duty SI engines running on synthetic fuels is 

added, as they will have to provide the necessary input data required to apply this method 

to the current research problem. The first part is then concluded in Section 2.3, where a 

case study evaluates the performance of the curve-fi�ed scaling laws on a data set consist-

ing of large-bore, prechamber SI natural gas engines. The second part consists of Sections 

3.1 and 3.2. Section 3.1 examines the possibility of using the Willans line method to scale 

the engine performance. The Willans line method assumes that, at a constant engine 

speed, the fuel consumption and power output can be scaled quasi-linearly. Section 3.2 

also considers the applicability of similitude.  

With the help of this overview of scaling laws, an optimal method can be chosen to 

provide more accurate input data (capacity and efficiency of the ICE as a conversion de-

vice) to ESOMs with li�le additional computational costs.  

2. Curve-Fi�ed Equations 

2.1. Scaling Laws 

The most simple way to predict the relationship between any combination of two or 

more variables is to construct an empirical curve that best fits a set of data points. This 

approach results in data-driven equations, excluding the influence of some or all physics-

based parameters. The quality of the fit can be measured using the R² value, or the coeffi-

cient of determination. Its value ranges from zero to unity, and it provides a measure of 

how well the observed outcome is represented by the model. 

Menon [34] and Brown [35] both fi�ed a power curve to a data set of peak power 

versus displacement volume for a large number of ICEs. Equation (1) shows the form of 

the power curve; the coefficients a and b of each correlation can be found in Table 1. To 

create uniformity among the different references, these coefficients have been recalculated 

from their source values so that the power is expressed in kW and the volume in liters 

(dm³). The unit of constant ‘a’ then changes according to the equation in order to match 

the left- and right-hand sides: 

� = � ∙ �� (1)

In Equation (1), the response value y is the total peak power (kW) and the variable x 

is the total displacement volume of the engine (dm³). As can be seen in Table 1, both coef-

ficients differ greatly for each data set. For an engine with a displacement volume of 10 

dm³, the power curve of Menon et al. [34] predicts a peak power value of 249 kW, while 

the curve of Brown et al. [35] predicts only 205 kW. Thus, the coefficients largely depend 

on the data set used. Menon correlated their function to a recent data set consisting of 

four-stroke aircraft engines, four-stroke light-duty vehicle engines, spark-ignition engines 

and diesel engines, all between 0.1 dm³ and 100 dm³. Brown’s curve is based on data from 

McMahon and Bonner from 1983 [36]. The data set consists of small single-cylinder two-

stroke gasoline engines of 0.01 dm³ very large 16-cylinder four-stroke diesel engines of 
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104 dm³. Large diesel engines typically operate under diluted conditions, reducing the 

specific power (kW/dm³) of the engine. Moreover, tremendous improvements have been 

made in recent decades with regard to the breathing capabilities of internal combustion 

engines. Four valves per cylinder have become the norm instead of two valves per cylin-

der, and the downsizing trend is steadily increasing the number of turbocharged cars. It 

is thus not a surprise that a higher specific power is predicted with a more recent set of 

data. 

Menon used the same approach for the brake thermal efficiency [34]. For a data set 

consisting of both two- and four-stroke SI and diesel combustion engines, the efficiency 

could be predicted by a power curve of the form: 

��� [%] = 24.644 ∙ �
��

1 dm�
�

�.����

 (2)

where the displacement volume Vd is set in (dm³). Since the brake thermal efficiency is 

already a dimensionless number, its value is much less dependent on the engine size. The 

exponent of Equation (2) is close to zero, while the previous two equations predicted a 

more linear relationship. The main reason why the efficiency continues to increase with 

the engine size is due to the smaller surface area to volume (SA/Vd) ratio of bigger engines 

[37,38]. The lower surface area simultaneously reduces heat losses and friction losses, 

thereby increasing the useful work of the engine. Menon [34] reported an R² value of 

0.3316 for the efficiency correlation, meaning that only 33% of the BTE behavior can be 

explained by a variation in the displacement volume. 

A more pragmatic approach for developing curve-fi�ed scaling laws is to start from 

the fundamental engine performance parameters. Chon and Heywood [39] developed 

four linear scaling laws to be�er predict torque and power as function of engine size. 

Based on the definition of brake mean effective pressure (BMEP), torque should scale with 

the total displacement volume as follows: 

� [Nm] =
����

2� ∙ �� ∙ 10�
∙ �� (3)

where �� is the number of crank revolutions per cycle, BMEP is in Pa and the total engine 

displacement volume �� is in dm³. For a four-stroke engine, �� equals 2. For a given en-

gine design and technology, BMEP should be relatively constant and hence the correlation 

should be linear. 

In order to scale the rated power with the engine size, Equation (3) is multiplied with 

the angular speed at the rated operating conditions. Simplifying it results in Equation (4): 

������ [kW] =
������ ∙ ����������

6 ∙ 10� ∙ ��
∙ �� (4)

where ������ (rpm) is the speed of the engine, ����������
 is in Pa and Vd again is in dm³. 

The slope of this line indicates the specific power of the engine in kW/dm³ and is widely 

used as a reference value for engine performance. Since the engine speed is also a variable 

among engines of different sizes, the accuracy of this scaling law is estimated to be quite 

low. A be�er representative of speed would be to use the maximum mean piston speed, 

since the la�er is limited by both airflow choking over the intake valves and inertia forces 

in large-bore pistons [40]. The maximum mean piston speed is defined by: 

��  �
m

s
� = 2 ∙ � ∙

������

600
 (5)

with S being the stroke of the engine (dm). Combining Equations (4) and (5) results in the 

third scaling law, Equation (6): 

������ [kW] =  
����������

∙ ��

2 ∙ 10� ∙ ��
∙ �� (6)

with �� being the total piston area (dm²) and BMEP again being in Pa. 
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Chon and Heywood [39] assessed the performance of the first three scaling laws on 

engine performance data for the 150 available spark-ignition engines in North America in 

1999. They observed that, contrary to their assumption, the maximum mean piston speed 

still showed a large variation from the mean value. Subsequently, they proposed a fourth 

scaling law that correlates the rated power divided by the mean piston speed to the total 

piston area: 

������

��
 �

kWs

m
� =

����������

2 ∙ 10� ∙ ��
∙ �� (7)

The relationship in Equation (7) should be approximately linear, with potential out-

liers being clarified through variations in the BMEP at the rated power among the different 

engine types. The coefficients obtained when fi�ing the data set to these four scaling laws 

correspond to engines featuring four valves per cylinder, naturally aspirated and with 

fixed valve timing. Their values can be found in Table 1. An excellent fit was achieved for 

the torque scaling law, as evidenced by an R² value of 0.9753. When predicting the rated 

power based on Equation (4), the results demonstrated the anticipated scaling behavior, 

yielding an R² value of 0.9357. However, it is important to highlight that certain engines 

deviated by more than 20% from the linear regression averages. After accounting for var-

iance in the mean piston speed, Equation (7) exhibited a much be�er fit, elevating the co-

efficient of determination to 0.9667. 

In 2009, Heywood and Welling conducted a similar analysis using available engine 

models in North America spanning the years from 2000 to 2008 [41]. Their data were ex-

panded to encompass diesel and flex fuel engines, even though gasoline engines still held 

a dominant 90% market share. Assuming a bore-to-stroke ratio of one, they wrote out an 

additional correlation between engine size and power. Given that the displacement vol-

ume can be expressed as: 

�� [dm³] = �� ∙
� ∙ ��

4
∙ � = �� ∙

� ∙ ��

4
 (8)

where �� is utilized to represent the number of cylinders and the stroke S is expressed in 

dm to derive the volume in liters. Combining Equations (4), (5) and (8) results in: 

������ [kW] = 0.23 ∙ 10�� ∙ ����������
∙ �� ∙ �

�

�
� ∙ ��

�
� (9)

where again, under the assumption that the BMEP and the maximum mean piston speed 

of engines within the same class remain relatively constant, the scaling of rated power 

should correspond to (�
�

�
��

∙ ��

�
��
). 

In contrast with previous research, Rowton et al. [42] approached their study on scal-

ing laws from a different perspective. Their objective was to investigate scaling effects in 

small two-stroke ICEs with displacement values smaller than 0.05 dm³. Due to the expo-

nential increase in the surface-area-to-volume ratio (SA/Vd) as the engine size decreases 

(given a constant bore-to-stroke ratio), the performance of such engines is predominantly 

influenced by heat and frictional losses. Consequently, the (SA/Vd) parameter was chosen 

as a representative indicator of engine size instead of the displacement volume itself. The 

ratio can be calculated using Equation (10). 

��

��
 [dm��] =

� ∙ � ∙ � + 2 ∙
� ∙ ��

4
� ∙ ��

4
∙ �

=
4

�
+

2

�
 (10)

where the bore and stroke are expressed in dm. The authors assumed a constant specific 

power, ���� (kW/dm³), and a bore-to-stroke ratio of one. The engine power per cylinder 

can then be scaled with the displacement volume to give: 
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������  �
kW

cyl
� = ���� ∙ ���� =  ���� ∙ � ∙

��

4
 (11)

where ���� (dm�) is the displacement volume of a single cylinder. Bringing the surface-

area-to-volume ratio inside Equation (11) results in the following scaling law: 

������ �
kW

cyl
� =

 ���� ∙ �

4
∙ �

��
��

�

6
�

��

 (12)

Rowton et al. [42] validated their scaling law across a diverse range of ICEs. This 

range extended from miniature model engines with a displacement as small as 0.0055 dm³ 

to conventional, light-duty engines with 2 dm³ of displacement. The coefficients defining 

the curve can be found in Table 1, and they exhibit a strong alignment with the theoretically 

derived values. Note that a lower accuracy would be obtained when writing the total en-

gine power as function of SA/Vd. This is because the surface-area-to-volume ratio is inde-

pendent of the number of cylinders Nc. If both sides of Equation (12) were multiplied by 

Nc, it would result in the total power output being dependent on two variables as opposed 

to one. 

Employing a similar methodology to formulate the scaling law described in Equation 

(12), Rowton also developed analogous scaling laws with respect to SA/Vd for the brake 

fuel conversion efficiency, normalized friction power and normalized heat loss in his the-

sis work [43]. Given our primary focus on performance parameters, only the brake fuel 

efficiency correlation is shown here: 

��� [%] = 664.08 ∙ ���
��

� ∙ 1 dm³�
��.�

 (13)

Similarly to Equation (2), the efficiency increases with an increase in the displacement 

volume and a respective smaller surface-area-to-volume ratio. For engines in the size 

range from 0.025 dm³ to 0.1 dm³, an effort was also made to express Equation (13) solely 

as a function of the displacement volume: 

��� [%] = 395.285 ∙ �
��

1 dm�
�

�.�

+ 7 (14)

Extrapolating Equations (13) and (14) beyond their design space, however, leads to 

meaningless results. 

The scaling laws detailed above have been summarized based on their mathematical 

formulations in Table 1. It is worth noting that certain coefficients may not align with the 

values found in the respective source references. This discrepancy arises from the objec-

tive of standardizing these scaling laws by expressing them all in consistent units, with 

power denoted in kW and displacement in liters (dm³). Consequently, the unit of the con-

stant a also varies for each scaling law, ensuring the commensurability of units between 

the left and right sides of the equation. 

Table 1. Performance correlation functions. 

Power (kW) 

� = � ∙ ��
� ∙ ��

� 

Reference  �� �� a b c  

Menon et al. [34] �� (dm³) 1 27.654 0.9543 0 

Brown et al. [35] �� (dm³) 1 37.349 0.74 0 

Chon et al. [39] �� (dm³) 1 49.435 1 0 

Chon et al. [39] A (dm²) 1 - - 0 

Heywood et al. [41] �� (dm³) �� - 2/3 1/3 

Rowton et al. [42] ��/�� (dm��)  1 27583 −3.1 0 



Energies 2023, 16, 7497 7 of 28 
 

 

Rated Power (kWs/m) 

� = � ∙ ��, � = �/�� 

Reference  x a b 

Chon et al. [39] A (dm²) 2.6 1 

Torque (Nm) 

� = � ∙ � 

Reference  x a 

Chon et al. [39] �� (dm³) 90.888 

BTE (%) 

� = � ∙ �� + � 

Reference x a b c 

Menon et al. [34] �� (dm³) 24.644 0.0688 0 

Rowton et al. [43] ��/�� (dm��)  664.078 −1.5 0 

Rowton et al. [43] �� (dm³) 395.285 1.5 7 

Since these curve-fi�ed equations are all wri�en as mathematical functions of the en-

gine size, their biggest advantage is their ease of implementation and rapid response 

within whole-energy ESOMs. The downside of this approach, however, is that by lumping 

together all the other operating characteristics (e.g., fuel type, combustion type (SI vs. CI), 

turbocharger specification, compression ratio, AFR, spark timing, injection timing, etc.) 

into one volume-specific power constant ‘a’ (see mathematical form in Table 1), their indi-

vidual impact on the performance parameters gets lost, and hence the accuracy of the 

prediction diminishes. This lack of accuracy is especially true for scaling laws based on 

Equations (1) and (12), where the only variable is the displacement volume. A level of 

improvement has been added to those equations which incorporate the engine speed and 

load (Equations (4), (6), (7) and (9)) into their formula. However, typically, no more than 

three or four variables are employed in the right-hand side of these equations. Hence, it 

becomes the responsibility of the end user to maintain a comprehensive understanding of 

the data set. Optimal results are achieved when engines with similar operating character-

istics are employed. Having knowledge of all the specifications also enables users to be�er 

account for any sca�er or outliers that may appear when plo�ing the performance param-

eters as a function of the engine size only. 

Another significant consequence of these curve-fi�ed equations is that there are no 

inherent limitations on the operating envelope. The displacement volume can be in-

creased or decreased without ever running into the thermodynamic limits of an ICE. Es-

pecially for SI engines, the maximum bore size is eventually restricted by knock phenom-

ena. Additionally, as the bore size increases, combustion can become unstable due to the 

finite flame speed. Such changes can impact both the efficiency and specific power; how-

ever, these effects are not currently accounted for in these models. 

2.2. Available Engine Data 

As pointed out in the previous paragraph, the predictive capabilities of these scaling 

laws are heavily contingent on the availability of engine performance data that can be 

used for curve-fi�ing. A reliable fit and thus accurate predictions can only be obtained 

when examining engines using the same type of fuel technology. This presents a particu-

lar challenge for renewable synthetic fuels. Since they are best suited for SI operation, 

heavy-duty performance data are relatively scarce. An increase in bore size is typically 

linked with a reduction in engine speed, which can elevate the risk of abnormal combus-

tion phenomena like knocking. However, an increased bore diameter also extends the 

flame travel time, leading to a more even distribution of heat release and a reduction in 

the unburned mixture pressure and temperature [44]. Moreover, renewable fuels like hy-

drogen, methane and light alcohols such as methanol and ethanol possess significantly 

higher laminar flame speeds compared to conventional gasoline. As a result, they 
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consume end gases more rapidly. Especially for liquid methanol and ethanol, where the 

strong evaporative cooling further reduces the tendency for knocking, these fuels have the 

potential to enable high-efficiency and high-power performance akin to their diesel com-

petitors. 

In Table 2, a summary of the collected data is presented, focusing on large-bore spark-

ignited engines running on alternative fuels. The engines are categorized into three differ-

ent technology groups: stoichiometric engines, lean-burn open-combustion-chamber en-

gines and lean-burn pre-chamber engines. The selection of engines in this table begins 

with a bore diameter equal to or exceeding 95 mm, a boundary considered as the upper 

limit for automotive-sized engines [40]. 

Notably, only three OEMs have recently published information on their hydrogen 

spark-ignition prototype engines [45–48]. Furthermore, following a collaboration, both 

Deu� AG [45] and Keyou GmbH [48] employed the same engine geometry, resulting in 

only two distinct engine types. For pure methanol operation, only seventeen references 

and even fewer engines were found in the literature, all summarized in Table 2. There are 

three engines that operate at stoichiometric conditions and nine that employ lean opera-

tion (one with a pre-chamber instead of the conventional open chamber). This insuffi-

ciency of data impedes the development of precise map-based models. The same holds 

true for ethanol-fueled engines, with only two references for pure ethanol use in large-

bore spark-ignited engines, namely the works of Mahendar et al. [49] and Li et al. [50]. 

However, E85, a fuel blend with 85 vol% ethanol and 15 vol% gasoline, has been studied 

to a slightly greater extent, with three references exploring stoichiometric operating con-

ditions [51–53]. 

Table 2. Overview of SI test engines running on hydrogen, methanol and ethanol. 

Hydrogen  

Reference B (mm) �� (dm³) �� (-) 

Stoichiometric 

Operation? 

(Yes/No) 

Pre-Chamber? 

(Yes/No) 

Koch et al. [47,48] 110 7.8 6 No No 

Nork et al. [45] 110 7.8 6 No No 

Sommermann et al. 

[46] 
145 16.8 6 No No 

Methanol  

Zhen et al. [54–58] 100 3.99 4 Yes No 

Li et al. [50] 100 3.99 4 No No 

Zhu et al. [59] 123 10.3 6 No No 

Mahendar et al. [49] 127 1.95 1 Yes No 

Mahendar et al. [49] 127 1.95 1 No No 

Gong et al. [60,61] 130 2 1 No No 

Björnestrand et al. [62] 130 2.12 1 No No 

Li et al. [63] 130 2.12 1 No No 

Güdden et al. [64] - 2.13 1 Yes No 

Bosklopper et al. [65] 170 34.5 8 No No 

Güdden et al. [64] - 5 1 No No 

Leng et al. [66] 320 33.78 1 No Yes 

Ethanol (E100) 

Li et al. [50] 100 3.99 4 No No 

Mahendar et al. [49] 127 1.95 1 Yes No 

Mahendar et al. [49] 127 1.95 1 No No 

Ethanol (E85) 
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Brusstar et al. [51] 95 4.5 6 Yes No 

Kumar et al. [52] 104 5.76 6 Yes No 

Ottosson and Zioris 

[53] 
127 1.95 1 Yes No 

When considering methane as a fuel, the landscape differs significantly. The cost-

effectiveness and abundancy of natural gas [67,68], along with its lower environmental 

impact compared to gasoline and diesel, has increased the share of gas-fueled heavy-duty 

engines over the years. By 2019, natural gas spark-ignition engines accounted for 14.4% of 

reciprocating engine power generation orders [69]. Based on their air-to-fuel ratio, they 

can be divided into two major groups, the stoichiometric and the lean-burn types. Stoichi-

ometric engines can effectively employ a three-way catalyst (TWC) aftertreatment system, 

enabling ultra-low tailpipe emissions of NOx, CO and THC, while remaining significantly 

more cost-effective compared to conventional diesel aftertreatment systems [70–72]. How-

ever, they are limited in their ability to achieve high BMEP values due to high thermal 

stresses and knocking propensity at elevated in-cylinder temperature conditions. For ex-

ample, the MAN E2842, a 21.9 dm³, 12-cylinder SI NG engine with a bore diameter of 128 

mm can reach up to a 9.13 bar BMEP under stoichiometric conditions [73]. Through the 

utilization of a Miller cycle to reduce the effective compression ratio and a redesigned 

turbocharger to handle the high exhaust temperatures, the Waukesha VHP Series Five SI 

gas engine, featuring a bore size of 238 mm, can reach even higher levels up to 12.29 bar 

BMEP [74]. One approach to enhancing the performance is by reducing in-cylinder tem-

peratures using EGR dilution. For instance, Wheeler et al. [75] achieved an engine load of 

25 bar IMEP in a medium-duty engine with a 106.5 mm bore by adding 20% EGR, while 

Zhang et al. [76] demonstrated a 22.18 bar BMEP in a 11.9 dm³, six-cylinder heavy-duty 

truck engine with a bore diameter of 130 mm, employing 17.8% EGR. The lower combus-

tion temperatures achieved with EGR also enhance the thermal efficiency by reducing 

heat and endothermic dissociation losses [77,78] while reducing the risk of knocking. This 

allows for a higher and advanced spark timing that is closer to the minimum advance for 

best torque (MBT) timing. 

Another approach to reduce in-cylinder temperatures is by introducing an excess of 

air into the combustion chamber, which, similar to EGR operation, promotes lean com-

bustion. Lean combustion can enhance the brake thermal efficiency by reducing heat 

losses, endothermic losses and the likelihood of knocking [79,80]. However, applying 

these principles to large-bore SI engines with natural gas is challenging. The slower burn-

ing velocity of methane limits its lean-burn capabilities [81], which can lead to incomplete 

combustion and misfires. Nevertheless, Wu et al. [82] demonstrated the feasibility of lean 

combustion in a 190 mm bore engine with a compression ratio of 10:1 by optimizing the 

combustion chamber shape to generate the appropriate turbulence intensity for complete 

combustion. 

To achieve even higher performance, modern gas engines utilize a pre-chamber de-

sign. This design incorporates a second combustion chamber with volumes of less than 

3% of the clearance volume of the main chamber, integrated into the spark plug design 

[83]. The pre-chamber is less affected by charge motion in the main chamber, providing 

more favorable conditions for igniting a lean mixture. After ignition, the pressure rise gen-

erates strong flame jets that flow out of the pre-chamber, offering two key advantages [84]. 

Firstly, a distributed ignition source is created in the main chamber, resulting in shorter 

combustion durations, compensating for the lower burning velocity of natural gas. Sec-

ondly, the flame jets consist of complete and partial combustion products with active spe-

cies, further enhancing the ignition of the charge. This design has enabled the develop-

ment of a wide range of SI engines, ranging from a 131 mm bore engine [85] to the world’s 

largest-bore gas engine with a diameter of 560 mm [86]. State-of-the-art engines at the high 

end of the scale include the Jenbacher J920 engine, a 20-cylinder, 310 mm bore engine with 

a thermal efficiency of 51% at an engine load of 24 bar BMEP. This engine delivers 10.4 
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MW of electrical power at an operating speed of 1000 rpm [87]. Similarly, the 20-cylinder 

MAN V35/44G engine with two-stage turbocharging and a bore size of 350 mm achieves 

a 24.2 bar BMEP with an efficiency of 51%, resulting in an output power of 12.8 MW at an 

operating speed of 750 rpm [88]. Lastly, the MAN V51/60G features two-stage supercharg-

ing and 18 cylinders with a bore size of 510 mm. When optimized for the specific power 

output, the engine delivers 20.7 MW (22.5 bar BMEP) with an efficiency of 50%, while 

optimization for efficiency results in 18.9 MW (20.56 bar BMEP) at an efficiency of 52% 

[89]. 

There are a substantial amount of engine data available for SI gas engines with a pre-

chamber, which provides a sufficient basis for assessing the performance of the curve-

fi�ed scaling laws. The next section applies these scaling laws to a data set consisting of 

28 engines. The results can be used to predict the performance parameters of similar but 

differently sized engines. 

2.3. Curve-Fi�ed Equations for Large-Bore SI NG Engines with Pre-Chamber Combustion 

To conclude this part, a case study was conducted on a set of heavy-duty SI gas en-

gines equipped with a pre-chamber spark plug and operating under lean conditions. The 

data set comprises 28 engines, with data drawn from both the scientific literature 

[67,85,86,90–104] and documentation from commercial OEMs [87–89,105–108]. Figure 1 

depicts the only scaling law for torque versus the displacement volume. As expected from 

Equation (3), the relationship is nearly perfectly linear. The mean rated BMEP corresponds 

to 4� times the slope of the regression curve, resulting in 21.33 bar for the large, four-

stroke pre-chamber gas engines included in this study. This value serves as a benchmark 

for engine manufacturers to remain competitive in today’s engine market and represents 

the current state of the art within this particular engine class. With an R² value of 0.9971, 

the accuracy of the scaling law across such a wide range of displacement volumes is note-

worthy. 

 

Figure 1. Curve-fi�ed equations of rated torque (Nm) versus displacement volume (dm³). 

Figure 2 shows the relationship between the rated power (kW) and the total cylinder 

volume (dm³). According to Equation (4), a linear relationship was initially assumed be-

tween the engine output and engine size. However, a significant deviation from this trend 

became evident, particularly for engines with bore diameters exceeding 500 mm. The de-

cline in the specific power (kW/dm³) was primarily a�ributed to the lower operating speed 

of these large engines. While the relatively smaller engines operate at engine speeds of 750 

rpm and beyond, the three engines represented by orange dots operate at 500 rpm, and 
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the one depicted by the green diamond operates at a mere 375 revolutions per minute. To 

achieve a more accurate fit, the equation associated with the linear scaling law omits these 

four data points. Due to their lean combustion operation, these large-bore SI gas engines 

struggle to a�ain a specific power level exceeding 13.91 kW/dm³, highlighting the chal-

lenges posed by abnormal combustion behavior in such engines. By way of comparison, 

light-duty naturally aspirated SI engines typically exhibit specific power values ranging 

from 40 to 65 kW/dm³, with turbocharged SI engines reaching levels as high as 80 kW/dm³ 

[40]. 

 

Figure 2. Both linear and power trendlines for rated power (kW) versus displacement volume (dm³). 

The linear trend line is correlated only to engines with a bore size smaller than 500 mm. 

A power trend line partly covers up the issue of lower engine speeds. By applying 

Equation (1), the coefficient of determination can be increased from 0.9516 to 0.9664. A 

more effective approach is to rewrite the engine speed as function of the mean piston 

speed �� (m/s) (Equation (5)). The resistance to gas flow into the cylinder imposes an 

upper limit on �� of around 15 m/s, irrespective of the engine size [40]. Additionally, es-

pecially for large-bore engines, inertia forces further restrict the piston’s achievable speed. 

Although Figure 3 demonstrates some sca�er in the data set related to the mean piston 

speed, utilizing scaling law (6) increases the R² value to 0.9813. The most accurate fit is 

achieved by normalizing the rated power with the mean piston speed. In this case, the 

slope of the curve becomes solely a function of the BMEP at the rated power, as indicated 

by Equation (7). As previously discussed, the BMEP is considerably less affected by the 

engine size, given its role as a vital performance parameter that must meet market de-

mands. 
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Figure 3. Mean piston speed (m/s) as a function of piston area per cylinder (dm²). The horizontal 

black line shows the mean value of the data set. 

Figure 4 presents the scaling law for normalized power (kWs/m) plo�ed against the 

total piston area (dm²) scaling law. For a given mean piston speed value, this scaling law 

offers the most accurate prediction of power for a specific engine size, achieving a high R² 

value of 0.9935. Equations (9) and (12) were also examined but yielded less-favorable re-

sults, as reflected in the R² values. The details of these equations, including their respective 

scaling laws and the coefficients of determination, are shown in Appendix A. In Equation 

(9), the parameter �� remains a factor, resulting in a similar predictive behavior as Equa-

tion (6). On the other hand, Equation (12), derived from the work of Rowton et al. [42], 

assumes a constant specific power (kW/dm³). However, as observed in Figure 2, the spe-

cific power varies significantly for engines with bore sizes exceeding 500 mm. Further-

more, the correlation in Equation (12) is based on the surface-area-to-volume ratio, a crit-

ical factor in small engines. In the case of large-bore engines, with ��/�� being inversely 

related to the engine size (Equation (10)), this factor has a relatively minor impact and 

undergoes only marginal changes across the range of engines investigated. Nevertheless, 

both equations exhibit a strong power-law dependence on engine size, with R² values of 

0.9805 and 0.9671, respectively. 

 

Figure 4. Normalized rated power (kWs/m) as a function of total piston area (dm²). 
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Finally, three laws were introduced to scale the brake thermal efficiency. Given that 

the BTE is already a dimensionless parameter, its dependence on engine size was antici-

pated to be relatively low. Figure 5 shows the correlation that best aligns with the data. 

Since there is no derivation of Equation (14) provided in reference [43], the data were fi�ed 

to a similar curve with the form y = ��� + �. A slight increase in efficiency is seen for the 

larger engines, primarily because of their marginally reduced surface-area-to-volume ra-

tio, resulting in lower heat and friction losses. The combustion efficiency on the other hand 

is lower for these large engines due to the challenges associated with maintaining stable 

combustion throughout the entire combustion chamber. 

 

Figure 5. BTE (%) as a function of displacement volume (dm³). The correlation is based on Equation 

(14). 

A summary of the accuracy of fit for all the scaling laws tested is provided in Table 

3. Rated power scales most effectively with the total piston area, as described by Equation 

(6). Increasing the total piston area Ap can be achieved by either increasing the number of 

cylinders in the engine or by enlarging the bore size of each cylinder, as detailed in Equa-

tion (8). On the other hand, the brake thermal efficiency is best predicted using a scaling 

law based on Equation (14). However, when examining the R² values for BTE scaling, it 

becomes apparent that only a portion of the variation in efficiency can be a�ributed to the 

engine size. The substantial sca�er observed in the efficiency data was a�ributed to other 

operational characteristics, as discussed earlier, such as valve timing, compression ratio, 

spark timing, etc. 

Table 3. Estimation of fit based on R² values. The best performing scaling laws are set in bold. 

Torque (Nm) Rated Power (kWs/m) 

Scaling law R² Scaling law R² 

Equation (3) 0.9971 Equation (7) 0.9935 

Power (kW) BTE (%) 

Scaling law R² Scaling law R² 

Equation (1) 0.9664 Equation (2) 0.6495 

Equation (4) 0.9516 Equation (13) 0.5168 

Equation (6) 0.9813 Equation (14) 0.7369 

Equation (9) 0.9805 
 

Equation (12) 0.9671 
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Due to the inherent dependency of these types of scaling laws on the input data (ex-

perimental and validated numerical engine data on synthetic e-fuels) and the current ab-

sence of them, alternative approaches were also investigated where no such test data were 

needed. They are explained and discussed in the next sections. 

3. Alternative Methods 

3.1. Willans Line Method 

The Willans line method can be used to scale and predict the brake thermal efficiency 

and fuel consumption map of an internal combustion engine based on the knowledge of 

one reference engine of the same class. The original Willans line representation is very 

generic and simply assumes that for an ICE at a constant engine speed, an affine relation-

ship between the input power and output power exists [109]. In other words, at a constant 

speed, the relationship between the load and fuel consumption is linear. Figure 6 provides 

a visual representation of this model, which can be mathematically expressed using Equa-

tion (15): 

���� [kW] = � ∙ ���  − ����� (15)

 

Figure 6. The linear relationship between input power (kW) and output power (kW) at a constant 

engine speed. 

Parameter ‘e’ denotes the net indicated thermal efficiency, while ����� accounts for 

external energy losses, encompassing mechanical friction losses and losses a�ributed to 

auxiliary components. Rizzoni et al. [110] extended this formulation to make it independ-

ent of the power rating or displacement volume, making it convenient for engine scaling. 

Since the speed is assumed to be constant, Equation (15) can be reformulated as follows: 

���� [Nm] = � ∙
�̇���

Ω
− ����� (16)

where �̇� and �� are the mass flow rate (kg/s) and the lower heating value (MJ/kg) of 

the fuel, respectively, and Ω is the angular speed (rad/s). In Equation (16), both the torque 

and angular speed remain dependent on the engine size. This dependency can be ad-

dressed by incorporating the concept of mean effective pressures. The mean effective pres-

sure normalizes the torque over an engine cycle with the total displacement volume: 

���� [Pa] =
4� ∙ ����

��
 (17)
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���� [Pa] =
4�

��
∙

�̇���

Ω
 (18)

������
 [Pa] =  

4� ∙ �����

��
 (19)

where BMEP represents the brake mean effective pressure, AMEP stands for the available 

mean effective pressure, which signifies the maximum MEP achievable if the engine op-

erates at 100% efficiency, and ������
 symbolizes the normalized torque incorporating fric-

tional losses. This reformulation aligns Equation (16) with the dimensionless Willans line 

method: 

���� [Pa] = � ∙ ���� − ������
 (20)

The engine efficiency can is defined as: 

� [−] =
����

����
 (21)

Both the indicated thermal efficiency e and the loss factor ������
 are functions of the 

engine speed. As proposed by Rizzoni et al. [110] these factors can be approximated by 

low-order polynomial functions of the mean piston speed ��, which, as previously dis-

cussed, is much less affected by the engine size than the engine speed. They put forward 

the following parametrization: 

�(��) = ��(��) − ��(��) ∙ ���� (22)

��(��) = ��� + ��� ∙ �� + ��� ∙ ��
�  (23)

��(��) = ��� + ��� ∙ �� (24)

������
(��) = ������,�

+ ������,� ∙ �� (25)

It is evident from Equation (22) that the dimensionless Willans line method is no 

longer an affine function. Nevertheless, introducing nonlinearity into AMEP is sometimes 

necessary to enhance predictions under high-load conditions. 

If now, for one optimized reference engine, the fuel consumption as a function of 

load is known, the seven efficiency-related parameters in Equations (23)–(25) can be found 

by curve-fi�ing the data to Equation (20) using a method such as least-squares fi�ing. 

Given that the functions from which they originate are dimensionless, these seven param-

eters are believed to accurately represent an engine of a specific class, irrespective of its 

size. 

For a new engine within the same engine class, with displacement volume ��,������ 

and the same bore-to-stroke ratio bs [111], the fuel consumption map for a given torque 

demand ���� can now be computed by following these steps [112]: 

������� [m] = �
��,������

� ∙ ���
�

�
�
 (26)

��,������ [m
s⁄ ] =  2 ∙ ������� ∙ � (27)

���������� [Pa] =
4� ∙ ����

��,������
 (28)

���������� =

�� − ���
� − 4 ∙ �� ∙ (���������� + ������

)

2 ∙ ��
 

(29)
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Once the efficiency parameters ��, ��  and ������
  are determined with the new 

��,������, Equation (18) can be employed to calculate the fuel flow rate of the scaled engine 

�̇�,������. The engine’s efficiency can be found by substituting these values into Equation 

(21). 

This method primarily finds application in optimizing the size of an ICE in hybrid 

electric vehicles [111–114]. There is a significant demand for the rapid modeling and com-

putation of fuel consumption maps for engines of varying sizes in this context. However, 

when it comes to precisely predicting the brake thermal efficiency for a given engine size, 

this method may not be entirely suitable. Unlike the right-sizing approach for hybrid elec-

tric vehicles, the range of displacement volumes that need to be considered in this study 

is much larger. The curve-fi�ed equations were employed to examine engines with dis-

placements ranging from 2.1 dm³ to 4000 dm³. In such cases, the variation in the surface-

area-to-volume ratio becomes important and influences the efficiency by reducing friction 

forces and heat losses. The engine efficiency, calculated in Equation (21) as the ratio of two 

dimensionless parameters, remains unaffected by the engine size. Additionally, the power 

output is not predicted but rather imposed. It is worth noting that the assumption of a 

constant engine speed can cause problems when dealing with significant differences in 

the displacement volume between the scaled engine and the reference engine. Since the 

mean piston speed is limited, the engine displacement can only be increased until the 

maximum value of �� is reached. Finally, a problem that this method has in common 

with the curve-fi�ed equations is that both methods fail to implement boundary condi-

tions or constraints. It is essential to define an upper limit beyond which these methods 

remain valid. 

In conclusion, the complexity of the prediction method needs to be increased in order 

to provide a more accurate framework to scale internal combustion engines. However, the 

advantage of needing only one reference engine is a key feature that should be retained 

when exploring alternative scaling methods. 

3.2. Similitude 

A more detailed approach than the one used by the Willans line method can be ac-

complished through similitude analysis. Under a set of initial and boundary conditions, 

the results of one reference design can be scaled up or down to a�ain the same dimen-

sionless performance parameters as the reference design for any arbitrary design. The 

concept is rooted in the idea that physics is inherently dimensionless [115] and has been 

employed in various engineering fields, including structural engineering, fluid mechan-

ics, vibration and impact problems [116]. In the context of internal combustion engines, it 

would mean that if two engines would reach similitude, their dimensionless performance 

parameters BTE (%), specific power (kW/dm³) and specific emissions (g/kW) would be 

identical. 

For example, consider the 33.78 dm³, single-cylinder pre-chamber methanol-fueled 

SI engine investigated by Leng et al. [66] (Table 2). This engine achieved an indicated ther-

mal efficiency of 48.1% at a rated power of 439 kW. When using this engine as the reference 

engine, achieving similitude implies that the ITE remains constant at a value of 48.1% 

across all different engine platforms, and the power output follows the scaling law ex-

pressed in Equation (30): 

������ [kW] = 13 ∙ �
kW

dm�
� ∙ �� (30)

where the displacement volume is in dm³. Note here that for the investigated methanol 

engine, the specific power (13 kW/dm³) is consistent with the values found for NG engines 

(as shown in Figure 2). This indicates the potential of methanol as an alternative fuel in 

large-bore SI engines. The scaling law proposed based on the similitude analysis shares 

the same form as the one proposed by Chon et al. [39]. 
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Given that the heavy-duty industry has traditionally been dominated by compres-

sion-ignition engines, the search for the initial and boundary conditions under which si-

militude can be achieved has primarily focused on conventional diesel combustion (CDC) 

mode. The theoretical foundation for describing diesel combustion processes with dimen-

sionless parameters began as early as 1906 with the work of Lanchester et al. [117]. How-

ever, it was not until 1988 that Chikahisa et al. [118] theoretically demonstrated the possi-

bility of achieving similarity in diesel compression-ignition engines. This analysis relied 

on two important assumptions: first, they assumed that the fuel spray could be treated as 

a gas jet due to the small size of the droplets, which evaporate almost instantly under very 

high pressures. Second, combustion was assumed to take place diffusively, with the reac-

tion rate controlled by the mixing of fuel and air. Based on these assumptions, Chikahisa 

et al. identified the following requirements for achieving similitude [118]: 

1. The combustion chamber and injection system must be geometrically scaled. 

2. The fuel should have the same stochiometric air-to-fuel ratio and the same nondi-

mensional heating value �� ����⁄ . 

3. The fuel mass flow rate for each crank angle �̇�(�)  should be proportional to the 

density times the third power of the bore, ����. 

4. The swirl ratio must be equal. 

5. The ratio (� ∙ �) (60 ∙ ��)⁄  must be equal for both engines. 

6. The fuel droplet diameter should be made proportional to �� ��⁄  by controlling the 

injection pressure, fuel viscosity and surface tension of the fuel. 

7. The cylinder wall temperature must be controlled to give the same heat transfer ef-

fect. 

8. The ignition delay must be equal in crank angle degree. 

For the above, �� is the lower heating value of the fuel (J/kg), and ��,  �� and �� are 

the fuel’s heat capacity at constant pressure (J/K), temperature (K) and density (kg/m³), 

respectively. �� is the injection rate of the fuel (m/s), and N is the engine speed. 

The assumptions outlined above also imply the need for equal ambient conditions. 

The ratio of the cylinder charge density and fuel density, which is dependent on the ap-

plied boost pressure, should be consistent. Requirement (5) is derived from the fact that 

the working volume of the large and small engine need to change proportionally during 

the engine cycle [119]. Considering the degrees of freedom in Requirement (5), Chikahisa 

et al. [120] suggested maintaining a constant engine speed N for engines of different sizes. 

However, keeping the engine speed constant imposes limitations on the scaling range, 

similar to the Willans line method. As the engine size increases with a constant engine 

speed, the mean piston speed �� will be the limiting factor for large-bore engines. Bergin 

et al. [121] took a different approach and recommended keeping the fuel injection pressure 

constant between the two engines. According to Bernoulli’s principle, this implies that the 

ratio of the injection rates must also remain constant: 

Δ� =
1

2
∙ �� ∙ ��

� (31)

Combining Equation (31) and Requirement (5) shows that engine speed should be 

inversely scaled with the ratio of the bore diameters of both engines r, while the mean 

piston speed remains constant under constant injection pressures: 

�������

����
=

����

�������
=

1

�
 (32)

Stager and Rei� [122] extended the work of Bergin et al. [121] by adding a constraint 

on the lift-off length H. The flame lift-off length is defined here as the distance away from 

the injector nozzle’s exit where the flame stabilizes during the quasi-steady phase of the 

spray’s development [40]. This lift-off length can be calculated using an empirical power-

law relationship presented by Picke� et al. [123]: 



Energies 2023, 16, 7497 18 of 28 
 

 

� [�] ∝ ��
�.�� ∙ �� (33)

where �� is the injector nozzle orifice diameter (m). In order to achieve similitude, the 

flame lift-off length should scale with the ratio of the bore diameters as follows: 

�������

����
= � (34)

By combining both Equations (33) and (34), the new relationship for the injection rate 

of fuels can be found. From there, Equation (31) can be used to calculate the relationship 

for the injection pressures and Requirement (5) for the engine speeds. 

In 2018, Zhou et al. [119] labeled the three different approaches above as the speed 

rule (S-law), the pressure rule (P-law) and the lift-off rule (L-law), respectively, depending 

on which factor they keep constant. More importantly, they revised the theoretical deri-

vation made by Chikahisa et al. [118]. Firstly, they reevaluated the assumption that the 

fuel spray could be treated as a gas jet and demonstrated that evaporating sprays could 

reach similitude similar to jet flow. However, this is only possible when the spray cone 

angle � of the diesel injection is equal for both engines. Given that both the S-law and the 

L-law change the injection pressure between the scaled engine and the reference engine, 

the spray angle will vary as well, making it challenging to achieve similitude. In contrast, 

the P-law keeps the injection pressure constant and is more favorable for achieving spray 

similitude. Secondly, Zhou et al. proved that diesel similarity can also be reached under 

premixed combustion conditions. In this case, the reaction rate is controlled both by the 

mixing rates and chemical reaction rates, subject to the condition of Equation (35): 

�������

��,������ 
=

����

��,���
 (35)

Substituting Equation (35) into Requirement (5) reveals that adhering to the condi-

tions of the S-law is necessary to achieve similitude in premixed diesel combustion condi-

tions. Table 4 provides a summary of the requirements needed, based on the theoretical 

derivation, to maintain constant dimensionless performance parameters for all three dif-

ferent approaches (S-law, P-law and L-law). 

Table 4. Initial and boundary conditions to reach similitude for the three proposed methods [119]. 

Conditions to Meet S-Law P-Law L-Law 

Geometric similarity  

Dimensions (
�������

����
,

�������

����
,

��,������

��,���
) r r r 

Kinematic similarity  

Ratio of swirl ratios (��������/�����) 1 1 1 

Injection rate ratio (��,������/��,���) r 1 ��/� 

Engine speed ratio (�������/����) 1 ��� ���/� 

Others 

Fuel mass flow rate ratio (�̇�,������/�̇�,���) r³ r³ r³ 

Injection duration ratio (�������/����) (s) 1 r ��/� 

Injection pressure ratio (Δ�������/Δ����) r² 1 ��/� 

In practice, despite adhering to these requirements, achieving perfect similarity is not 

always possible. The degree of similarity may vary depending on the load tested, the cho-

sen scaling rule and the specific performance parameter of interest. Researchers have ob-

served that different scaling rules are preferable for different aspects of engine perfor-

mance. 

Zhou et al. [124] stated that the P-law is more preferable for scaling in-cylinder pres-

sures and temperatures and the indicated thermal efficiency, while the S-law may be�er 
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predict the premixed combustion processes and pollutant emissions. Other researchers, 

like Shi et al. [125], found that the L-law might not scale the heat release rate (HRR) and 

exhaust emissions as effectively under medium-load conditions compared to low-load 

conditions. 

Staples et al. [126], on the other hand, conducted experiments to investigate the P-

law and the L-law. They found that both laws could scale the combustion parameters well 

under medium-load conditions, including the indicated mean effective pressure (IMEP), 

indicated specific fuel consumption (ISFC), in-cylinder temperatures and pressures and 

combustion phasing. However, emissions did not scale well, mainly due to the difference 

in engine speed under both laws (see Table 4) and the difference in heat transfer losses. 

The disagreement in terms of heat transfer losses between the scaled engine and the 

reference engine is an inherent issue of the similitude approach and is present for all three 

scaling rules. As the engine displacement volume increases, the surface-area-to-volume 

ratio decreases, deteriorating the scaling of the important performance parameters. Both 

heat loss and friction loss decrease, resulting in increased efficiency and power output. 

To mitigate these issues, researchers have proposed practical implementations to en-

sure the original intent of achieving identical dimensionless results. Methods to address 

the difference in heat transfer between the large and the small engines include increasing 

the temperature of the intake gases [127–130] or cylinder walls [120,121,126,131] of the 

smaller engine. 

It could be reasoned, however, that aiming for the same results in differently sized 

engines is not the ideal approach. With a smaller ��/��  ratio, one should strive for a 

larger brake thermal efficiency instead of adapting the engine to reach the BTE of the 

smaller engine. Researchers, such as Zhou et al. [124], have developed scaling laws, simi-

lar to the curve-fi�ed equations, that account for the observed differences between the 

reference engine and the scaled engines as a function of the bore diameter ratio r. 

For the indicated thermal efficiency, Zhou et al. found that instead of achieving iden-

tical values, the efficiency values changed according to the functions shown in Figure 7. 

As expected, all three functions confirm that the efficiency increases with the bore diame-

ter, owing to the reduced heat transfer loss. Analyzing the exponent � of each function 

� = x� allows for an estimation of how much the outcome of each scaling rule deviates 

from similitude. In this context, the offset of the ITE is the highest when adhering to the 

boundary conditions postulated by the S-law, as indicated by the values of � (0.036 > 

0.027 > 0.011). 

The power functions can be reformulated in terms of the displacement volume to 

present equations similar to those in Table 1. Assuming a constant bore-to-stroke ratio, the 

ratio of the displacement volumes becomes one third of the bore ratio: 

�
�������

����
� = �

��,������

��,���
�

�
�

 (36)

For the P-law at high load, expressing the indicated thermal efficiency (%) as a func-

tion of the displacement volume yields, for example, Equation (37): 

��������� [%] = 50.63 ∙ ��,������
�.���  (37)
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Figure 7. Power functions correlating the difference in indicated thermal efficiency as a function of 

the ratio of bore diameters r. For each scaling rule, both the mathematical expression as well as the 

R² value have been given [124]. 

These types of scaling laws, combined with the scaling rules outlined in Table 4, pro-

vide a strong starting point for evaluating the performance of a differently scaled engine 

based on the characteristics of one optimized reference engine. The la�er allows for re-

ducing the number of design parameters when developing new engine models, while the 

former allows for a good prediction of the performance values. 

However, it is important to note that while considerable work has gone into devel-

oping the scaling rules for conventional diesel combustion, relatively li�le research has 

been conducted on other combustion modes. Shi et al. [131] numerically explored two 

engines under homogeneous-charge compression-ignition (HCCI) conditions in order to 

investigate the scaling performance of the L-law in the absence of spray mixing and charge 

preparation. Their findings indicated that the lift-off rule works effectively for scaling en-

gines operating under HCCI conditions, suggesting that it accounts for the influence of 

chemistry timescales on the combustion and emissions. However, Lee et al. [127] con-

firmed that the lift-off rule was inadequate for properly scaling low-temperature-combus-

tion (LTC) conditions due to the lack of importance of the lift-off length in premixed com-

bustion systems. They recommended using the speed rule (S-law) to maintain an identical 

timescale for chemical reactions. This proposal, though, was questioned by Chuahy et al. 

[130] while developing scaling rules for reactivity-controlled compression-ignition (RCCI) 

combustion. While it is possible to adequately scale combustion phasing by keeping the 

engine speed constant, they pointed out that the BTE would still vary due to changes in 

heat transfer friction losses, which are function of the mean piston speed. 

Therefore, they introduced a new scaling rule applicable to highly premixed, kinet-

ically controlled combustion systems. Using a zero-dimensional, single-zone analysis, 

they found that the most effective way to maintain constant BTEs was to scale the engine 

speed with the bore size: 

�������

����
=

����

�������
=

1

�
 (38)

Although starting from a different perspective, this leads to similar requirements as 

dictated by the pressure rule (Table 4). 

For spark-ignited operation, unfortunately no scaling rules have been developed so 

far. The authors presume that this is firstly due to a former lack of interest in large-bore 

spark-ignition engines. For standard gasoline, the increase in the bore size is limited due 

to the risk of abnormal combustion phenomena such as knocking. Nonetheless, current 

research has shown that with fast-burning alternative fuels, bore diameters in the same 

range as those in heavy-duty diesel engines can be achieved. As a result, engine 
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developers could greatly benefit from the development of such scaling rules. Still, finding 

a way to deal with the constraints of SI engines will prove to be more challenging than it 

is for conventional diesel combustion. In CDC operation, the boundaries of scaling the 

reference engine are limited by the maximum value of the mean piston speed, fuel injec-

tion pressure and engine speed [124]. For SI operation, the biggest problem will be to as-

sess knocking combustion. A first idea can be to make use of the Livengood and Wu au-

toignition integral, an empirical model designed to predict the autoignition of unburned 

mixtures in spark-ignition engines [132]: 

�
��

�(�)

���

����

= 1 (39)

where ���� and ��� are the time at the intake valve closing and knock onset, respectively. 

�(�) is the instantaneous autoignition delay time. When the knock integral reaches a value 

of one, auto-ignition has occurred. With an increase in the bore size, the engine speed 

generally decreases to keep the mean piston speed limited. A lower engine speed increases 

the timestep dt (s/°ca), which will increase the chances of the integral reaching one. The 

la�er can be used as a constraint on the increase in the bore diameter when scaling. 

4. Summary and Conclusions 

In the pursuit of more accurate simulations of future energy systems, this review pa-

per provides a concise summary of scaling laws found in the literature. These laws are 

designed to predict the performance of internal combustion engines (ICEs) based on pa-

rameters linked to their size. This approach is presented as an alternative to the extensive 

0D/1D engine modeling techniques. Three distinct methodologies have been put forward: 

curve-fi�ed equations, the Willans line method and similitude analysis. 

Curve-fi�ed equations vary from empirically derived scaling laws to those based on 

the fundamental engine performance parameters. Since the brake thermal efficiency and 

brake power output cannot be scaled based on the displacement volume only, the accu-

racy of the correlation needs to be estimated with the value of the coefficient of determi-

nation R², ranging from zero to one, with one indicating a perfect representation of the 

data by the model. The main advantage of the curve-fi�ed equations is their ease of im-

plementation and their rapid results. The downsides are listed below. 

1. A large data set is needed for engines with the same class (e.g., SI or CI, lean or stoi-

chiometric, pre-chamber or open-chamber) and the same fuel type. This data set is 

currently missing for renewable fuels in large-bore SI engines. 

2. No boundary conditions or constraints are defined on the scaling range. SI engines 

tend to be limited by abnormal combustion behavior, which is not included in this 

method. 

To overcome these drawbacks, other methods were investigated as well. The Willans 

line method assumes that, for a constant engine speed, the fuel consumption and brake 

power/torque output increase linearly. Engine efficiency and frictional losses are para-

metrized as a function of the mean piston speed to represent one reference engine of a 

certain class. This parametrization can be used to represent any other engine of the same 

class with a different size. This method’s advantages include its ease of implementation 

and the reliance on just one reference engine. The drawbacks are that, similarly to the 

curve-fi�ed equations, no boundary conditions are present to outline the scaling range. 

On top of that, this method is meant for right-scaling the ICE in hybrid electric vehicles, 

while it has not been validated for truly large differences in engine size. 

The scaling laws based on the similitude analysis appear to be a be�er option. Under 

a predefined set of similarity conditions, this theory states that the dimensionless perfor-

mance parameters of a scaled engine are identical to those of one optimized reference 

engine. The advantages of this method again include the reliance on just one reference 

engine and the fact that engine constraints such as the maximum mean piston speed, fuel 
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injection pressure and engine speed are incorporated. The drawbacks of this method are 

as follows: 

1. It presupposes identical dimensionless performance values, such as the BTE and 

BMEP, for scaled and reference engine, disregarding the advantages of a larger bore 

size. This limitation has been partially addressed by extending the similitude method 

with scaling laws based on the bore diameter ratio between the reference and scaled 

engines. 

2. Deriving the requirements to achieve similitude is highly complex, and not all inter-

action effects are accounted for, leading to differences between the reference engine 

and the scaled engines. 

3. While combustion similitude has been demonstrated for conventional diesel and, to 

some extent, for low-temperature combustion, it remains unproven for spark-igni-

tion engines, with no guarantee that it can be established. 

The possibility to prove combustion similitude for spark-ignition engines will be in-

vestigated in future work. 

After evaluating these three scaling methods for the engine performance parameters 

with respect to the engine size, it is evident that in the short term, the most efficient ap-

proach to implement the BTE and brake power output values into ESOMs is through es-

tablished curve-fi�ed equations. The high degree of correlation (R² ≥ 0.95) suggests that a 

single power law does a good job in describing the scaling of power with displacement, 

regardless of the engine size or type. Efficiency, on the other hand, cannot be correlated 

effectively with engine size only (R² ≈ 0.74). A higher accuracy can be achieved there by 

employing a data set of engines with the same or similar operating characteristics and 

engines dedicated to the same type of fuel. Integrating an arithmetic function for predict-

ing the performance of small-to-large-scale conversion devices would also minimize the 

additional computation time compared to the implementation of 0D/1D or multi-dimen-

sional modelling alternatives. The primary bo�leneck, however, remains the lack of a 

comprehensive database of engines operating on alternative fuels. Although this limita-

tion applies to the other two approaches as well, this method, in particular, would greatly 

benefit from an increased number of demonstration cases involving alternatively fueled 

SI ICEs. In the long term, the similitude approach may become a more robust method, but 

it will require time and effort to sequentially demonstrate the possibility of spark-ignited 

combustion similarity, to establish a universal scaling rule to achieve spark-ignited com-

bustion similarity and, finally, to conduct numerous numerical simulations and experi-

ments to validate the theory of spark-ignited combustion similarity. 
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Appendix A 

Curve-fi�ed equations based on Equations (9) and (12), respectively. 



Energies 2023, 16, 7497 23 of 28 
 

 

 

Figure A1. Linear relationship between rated power (kW) and V
�

�

�N�

�

�. 

 

Figure A2. Rated cylinder power (kW/cyl) as a function of surface area to swept volume ratio (dm−1). 

The correlation is based on Equation (12). 
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