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Abstract — The heterogeneous character of concrete results in spatial variation of its material
properties. Random field models are often used to account for this effect. Due to the large scatter on
the correlation lengths suggested in literature, tests could be performed to determine the most
appropriate correlation model and corresponding correlation length. Subsequently, different
techniques can be employed to fit an analytical model to the experimental semivariogram resulting in
the most appropriate correlation model and corresponding correlation length. However, the resulting
correlation lengths can largely depend on the experimental design. In this work, the effect of several
parameters and choices to be made by an engineer in deriving the correlation model based on
experimental data from destructive tests has been investigated. It was found that the curve fitting
method generally leads to better estimates of the scale of fluctuation compared to the maximum
likelihood method. Moreover, there is a clear benefit of applying a bootstrapping procedure to the
experimental data to estimate the covariance matrix adopted in the fitting procedures as well as to
estimate the uncertainty related to the estimated parameters. When a measurement error is
suspected to be present and cannot be neglected, the nugget should be estimated together with the
variance and the scale of fluctuation. Furthermore, the Gaussian correlation model was found to be
the most robust choice, even if the actual correlation model is not Gaussian. the latter was confirmed
for actual experimental data on the material properties of concrete, where a linear model was found

to fit the data best but the Gaussian model provided comparable results.
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Introduction

Material properties of concrete are having some spatial variation due to the heterogeneous character
of the concrete. To account for this spatial variation, random field models are often used. Nevertheless,
there is no general consensus on which correlation model should be applied and what are the
appropriate correlation lengths for different concrete properties. Variables often modelled by random
fields are the concrete cover, surface chloride concentration, concrete compressive strength, critical
chloride concentration, diffusion coefficient of the concrete, water/cement ratio, Young’s modulus of
the concrete, Poisson coefficient of the concrete, tensile strength of concrete, etc. (Vu & Stewart,
2005; Straub, 2011; Tran et al., 2012; Criel et al., 2014; Chen et al., 2018; Liang et al., 2022; Feng et al.,
2022). There can be a large spread on the correlation lengths used for one variable, for example with
ranges from 1 m to 3.5 m for the concrete cover and surface chloride concentration (Engelund, 1997
Vu, 2003; Li et al., 2004; Duprat, 2007; Stewart & Mullard, 2007). For the diffusion coefficient of
concrete, suggested values for the correlation length range from 0.8 m to 2 m (Straub et al., 2009;
Straub, 2011). Hence, it is not clear which correlation lengths should be used to model the spatial
variation of the material properties of concrete.

Due to the large scatter on the correlation lengths suggested in literature, tests could be performed to
determine the most appropriate correlation model and corresponding correlation length. Recently,
some authors have proposed methods to recover the properties of the correlation structure using
spatially sparse data based on advanced signal processing methods. Some successful applications of
these methods can be found in e.g. Zhao & Wang (2020), He et al. (2021) and He et al. (2022). The
current work focusses on a different approach frequently adopted in geosciences, in which an
experimental semivariograms is derived from the experiments, providing an estimation of the
correlation between measurements at specified distances from each other (i.e. lag distances).
Subsequently, an analytical model is fit to such an experimental semivariogram, for which different
techniques can be employed. Based on the results of this fitting procedure, the most appropriate

correlation model and corresponding correlation length can be derived. However, the resulting
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correlation lengths can largely depend on the experimental design. For example, in (Zheng & Silliman,
2000) it is stated that a common ‘rule’ applied for the estimation of the correlation model is that at
least 30 pairs of measurements are required for each lag distance in order to ensure a reliable
semivariogram estimate (Matheron, 1965; Journel & Huijbregts, 1978). When using a uniform, square
sampling grid, at least 200-300 measurements are needed in order to estimate the semivariogram
reliably (Webster & Oliver, 1992). These rules of thumb lead to a very large number of measurements
to be performed. This might be achievable in the application domains of the mentioned references
(i.e. geosciences), but such a large number of measurements is not practical and unfeasible when
considering measurements from destructive tests on concrete structures. Moreover, the requirements
found for soil properties might differ from those for concrete, due to the differences in spatial variation
(Cami et al., 2020; Yu et al., 2020; Tomizawa & Yoshida, 2022). Hence, in this work, it is investigated
for what ratio of the correlation length to the structural length and for what sampling distances an
appropriate estimate of the actual correlation model can be found. Such analyses have previously been
executed in the field of geosciences. In (Christodoulou et al., 2021), the influence of the sampling
domain length and the sampling interval on the correlation length has been investigated. Here it was
found that the domain length strongly affects the results from the estimation of the correlation length,
where larger domains improve the estimate. They also found that smaller intervals between the
measurements improve the estimate of the correlation length. Hence, the current work investigates
whether these results can be extended when applied to concrete structures.

In the abovementioned references, one single analytical correlation model has been assumed for the
analyses. Nevertheless, it is often not known beforehand which correlation model is the most
appropriate, and different correlation models can be fit to the experimental data, such as exponential
and Gaussian correlation models. Each model might be assumed when fitting the correlation length to
the experimental results, and the model with the best fit can be chosen as the most appropriate one.
However, it might be that one model in general performs better than another correlation model. To

the authors’ best knowledge, such analyses have previously not been executed in existing literature.
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Therefore, this will be investigated in the current work, considering the Gaussian and exponential
correlation model since these are appearing most frequently in literature. In addition, the linear
correlation model is considered because of its simplicity.

To fit an analytical correlation model to experimental data, different methods exist, such as the curve
fitting method (Vanmarcke, 1977; Vanmarcke, 2010; O’Connor & Kenshel, 2013) and the maximum
likelihood method (Li et al., 2004; O’Connor & Kenshel, 2013). In these methods, there can also be
accounted for the uncertainty on the experimental data. One method to account for this uncertainty
is by application of bootstrapping (Olea & Pardo-Igizquiza, 2011). In this work, these different methods
will be compared and it will be investigated whether one outperforms the others.

The outline of the paper is as follows: first, the experimental derivation of correlation models is
explained, where first a short review on the topic of random fields is given, followed by an overview of
different methods for fitting the correlation length to experimental data. Next, numerical analyses are
performed to derive general guidelines for the most appropriate sampling pattern as a function of the
structure length and the expected correlation length. Also, the different methods for the derivation of
the correlation length are compared, together with different assumptions on the analytical correlation
model. Moreover, different situations are considered, with varying assumptions on the standard
deviation of the parameter of interest and on the measurement error. Finally, the processing of actual
experimental data is treated and the correlation lengths are derived based on the different methods

and recommendations derived from the theoretical analyses.

Experimental derivation of the correlation model

Parameters that are measured at different spatial coordinates are possibly correlated. To model this
spatial correlation, random fields are often used. A brief introduction to random field modelling and
the derivation of the appropriate correlation models based on experimental data is given in the

sections below.
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Definition of random fields

A random field {X(s), s € 2} is a function whose values are random variables for any position s in the
domain 2 € RY (Vanmarcke, 2010). These random variables may have different characteristics for any
point s in the random domain. A deterministic function x(s) implies a single realisation of the random
field X(s). Two important features of a random field are the mean value px or trend surface m(s), and
the covariance function B(s;, s;) as given by equation (1). Here, 2 is the variance of the parameter

under consideration.

B(si,sj) =B (||si - sj||) = B(7)
(1)
B(0) = o?

This formulation, which only depends on the distance T between two location vectors s;and s;, is valid
when assuming homogenous, isotropic and ergodic fields. A summary of the covariance functions
considered in this work is given in Table 1. The parameters 8 and p; designate, respectively, the scale
of fluctuation and the correlation length. These parameters indicate the degree of spatial dependence
in the random field. A large value for 8 and p; corresponds to a slowly varying field, while a small value
represents a field characterised by a rapid spatial variation. The parameter ¢, represents the nugget,
i.e. the value of the semivariogram at a lag distance t equal to 0. This nugget effect quantifies the
variability at distances smaller than the spacing of the measurements, including the measurement
error. The latter effect is often neglected in scientific literature dealing with the assessment of spatial
variability in concrete structures.

It should be pointed out that, when dealing with Gaussian random fields (i.e. the marginal distribution
is a Gaussian or normal distribution), the mean ux and covariance function B(s;, s;) are sufficient to
completely specify the field.

In spatial data analysis of random fields, the use of a semivariogram y(sj - sl-) is often preferred over
the covariance function. A semivariogram contains the same information as the covariance function

and the relation is described in equation (2), where VAR[-] and COV][-] are the variance and

covariance operator, respectively.
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Zy(sj - sl-) = VAR[X(sl-) - X(sj)] ,
= VAR[X(s)] + VAR[X(s;)] — 2COV[X(s), X(s7)] ?
This expression can be reduced for homogenous, isotropic and ergodic fields which are second-order
stationary. The simplification is given by equation (3) and shows the relationship between the
semivariogram and the covariance function.
y(®) =co+0? = B(1) (3)

Methods for determination of the correlation model

Different methods exist to determine the correlation model and correlation length based on an
experimental dataset. In the following, two methods are described, i.e. the curve fitting (CF) method
and the maximum likelihood (ML) method. These methods can be used to fit an analytical
semivariogram to the experimentally obtained semivariogram. The latter is obtained by grouping the
measurement points in pairs with separation distances approximating the lag distance 7. The number
of pairs separated by this lag distance 7 is then given by N(7). An increase of this number generates a
semivariogram that is less influenced by noisiness. The empirical semivariogram is then given by

equation (4), where x(s;) resembles the measurement point at location s;(Matheron, 1965).

N(T)
Vexp (®) = g5 0 s+ D) = K5 @
i=1
Curve fitting (CF) method
A curve fitting method, also known as least squares method (LSM), can be performed to obtain an
estimation of the parameters of the chosen analytical autocorrelation function. Therefore, the
parameters ¢ and 6 are adjusted to the values (&, é) that minimize the difference between the

theoretical model and the experimental semivariogram according to equation (5).

I~ . T -_—
(6,0) = argmin (yexp —v(o, 9)) c! (yexp —v(o, 6)) (5)
Here, ¥ exp and y (o, 8) are the experimental and theoretical semivariogram values, respectively, and

C is a matrix in which the elements are defined by the type of LSM used, i.e. ordinary least squares
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(OLS), weighted least squares (WLS) or generalized least squares (GLS). In case of the OLS, the matrix
C is the identity matrix; in the WLS, it is a diagonal matrix with the variances of the experimental
semivariogram values on the diagonal; and in case of GLS, the matrix C is the covariance matrix of the
semivariogram values. Traditionally, the OLS method is applied.

Maximum likelihood (ML) method

The maximum likelihood method determines values for the parameters of a model by maximising the
likelihood that the process described by the model produced the data that was actually observed.
Mathematically, this comes down to minimizing the negative log-likelihood function, as given by
equation (6).

n 1
L(]/exp(l')ld, 6) = Eln(nrt) + ElnlCI

+2 (Verp@) = ¥(0,0)) € (erp(r) ~¥(0,0))

Here, n represents the number of lags considered in the semivariograms. Similar to the LSM, C is the
covariance matrix of the empirical semivariogram. In the standard maximum likelihood method, this
will be a diagonal matrix. Additionally, one could account for the covariance between different points
of the semivariogram. A bootstrap procedure can be applied to estimate the variance-covariance
matrix based on the observed experimental data.

Bootstrapping

In the curve fitting method and maximum likelihood method as described above, also the uncertainty
on the empirical semivariogram and the correlation between the different points on this
semivariogram can be accounted for, i.e. the covariance matrix of the empirical semivariogram can be
included in the analysis. In the curve fitting method, this matrix can be accounted for by application of
generalized least squares (GLS) fitting instead of ordinary least squares (OLS). In the maximum
likelihood method, the matrix C in equation (6) can represent the covariance matrix of the empirical

semivariogram.
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The covariance matrix of the empirical semivariogram can be determined by application of
bootstrapping. Olea & Pardo-lglzquiza (2011) pointed out that bootstrapping the empirical
semivariogram itself is incorrect as the squared differences of data pairs are not a set of independent
and identically distributed data but are correlated because the data themselves correlated and
because the same data appears in different pairs. Therefore, it is proposed to generate bootstrap
resamples for the spatial data themselves. For this purpose, the LU decomposition can be used, as

shown in (Solow, 1985; Olea & Pardo-lglzquiza, 2011).

Estimation of scale of fluctuation: determination of sampling pattern

and selection of the most robust method

General methodology

In this section, it is investigated how the sampling distance should be related to the structure length
and to the scale of fluctuation in order to determine the scale of fluctuation based on the experimental
results in one-dimensional elements such as beams and columns. Also, it is investigated whether one
of the abovementioned methods for determination of the scale of fluctuation is more robust than the
others, or whether one analytical correlation model is more stable than the others. These
investigations are performed based on simulated data and the general procedure is visualized in the
flowchart in Fig. 1.

First, an actual correlation model is assumed, together with a correlation length and a value for the
variability of the parameter that is considered to be measured. Based on these assumptions, N
realizations of the random field are generated. These realizations of the random field are used to
generate fictitious measurements, by superimposing a measurement error and considering a sampling
scheme, i.e. the distance Ax between the different measurements. By application of one of the
methods described before and by assuming an analytical correlation model from Table 1, the scale of
fluctuation and standard deviation of the parameter are estimated. These estimated values are

indicated by 9 and 6par. Hence, for each assumption on the actual correlation model, the correlation
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length /L, the variability of the parameter Opar, the sampling scheme Ax, the measurement error,
estimation method and assumed analytical correlation model, N values of 8 and 6par are obtained. As
such, it can be assessed how well a combination of different parameters leads to an accurate estimate
of the actual scale of fluctuation and variability of the parameter. A comparison is made by analysing
boxplots of In (g) favouring a low median and interquartile range (IQR), representing a low variability

of the estimate.

Actual correlation model: Correlation length Variability parameter
Exponential, Gaussian, Linear gL

Opar

Generate N realizations of the random field:

f=u+ z ¢i(x)\//1_ifi

A 1). . ey
Sampling scheme™: Generate fictitious measurements Measurement error
Ax y=f+¢ Oerror

Assumed correlation model?: Estimate parameters Estimation method®:
Exponential, Gaussian, Linear 0 and Gpar CF, ML, bootstrapping

Assess performance of
(1)+(2)+(3) based on
boxplots

Fig. 1. Flowchart for the analyses performed in this work

For the actual correlation model, three different correlation models are considered: Gaussian,
exponential and linear. For the correlation length relative to the structure length, the following values
are considered: &L equal to 1.0, 0.5, 0.1 and 0.01. The semivariograms of these different correlation
models are visualized in Fig. 2. Besides the correlation model, the random field is also defined by a

mean value and a standard deviation. The mean value of the random field is assumed equal to 1 for
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the purpose of generality, while for the standard deviation gy, a high (0.15) and low (0.05) value are
considered. In a first analysis, the measurement error is neglected and hence set equal to zero.
Consequently, in these first analysis, the nugget effect is neglected (co = 0). The effect of the
measurement error will also be investigated further in the contribution. Here, the assumed
measurement errors are represented by random white noise errors, considering different values for
the standard deviation of this measurement error G,por-: 0.01 and 0.05. Finally, for the sampling

distances Ax, values of 0.001L, 0.01L and 0.1L are considered.
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Fig. 2. Semivariograms for the different correlation models considered in this work (situation without measurement error)

Results when assuming no measurement error

The different assumptions on the analytical model, actual correlation model, sampling distance, scale
of fluctuation and variability of the parameter as summarized in the previous section are considered.
The influence of these different parameters on the estimate of the scale of fluctuation is investigated
in order to detect whether suggestions can be provided on the most appropriate fitting method and/or

the most appropriate sampling distance to experimentally determine the scale of fluctuation.

10



218

219

220

221

222

223

224

225

226

227

228

229

230

Results

For a certain combination of a4, given correlation model, scale of fluctuation, sampling distance,
assumed analytical model, and one of the fitting methods, a set of estimated scales of fluctuation 0 is
found. An example of the associated boxplots is given in Fig. 3, when the scale of fluctuation is
determined based on the curve-fitting method (without (CF) or with (CFCOV) bootstrapping) and the
maximum likelihood method (without (ML) or with (MLCOV) bootstrapping), the actual correlation
model is Gaussian and the assumed analytical model is also Gaussian. The values summarized in the
boxplots represent the natural logarithm of the ratio §/6‘. The variability of the parameter a4, is
equal to 0.15, but similar boxplots are found for a variability of 0.05. The horizontal axis either
represents the sampling distance relative to the scale of fluctuation (Ax/ 8 — bottom axis) or relative
to the structure length (Ax/L — top axis). The different subplots correspond to the different scales of
fluctuation used to generate the measurement results. The black horizontal lines represent the

situation of a perfect estimation of the actual scale of fluctuation, or 6=0.
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Fig. 3. Boxplots of the estimated scale of fluctuation when the actual correlation model and the analytical model are both

Gaussian and the variability of the parameter is equal to 0.15

The results of the analyses are presented as a summarizing table, considering the median (M) and
interquartile range (/IQR) of the sets of estimations in Table 2.

For each estimation method different values for M(é/@) and IQR(@/G) are found depending on the
combination of correlation models, scale of fluctuation, sampling distance, etc. Their mean values can
be used in order to detect the most appropriate method. Similarly, for each considered analytical
model, also different values for M(é/@) and IQR(@/B) are found, for which the mean values allow
to detect the most robust analytical correlation model. Also the mean values of M(é/e) and of
IQR(@/G) for the two considered values of g4, are summarized.

Besides the effects of the analytical model, the variability of the parameter and the method for deriving

the scale of fluctuation, there is also an influence of the sampling distance relative to the scale of
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fluctuation and of the scale of fluctuation relative to the length of the sampling domain. These results
are shown in Table 3.

Correlation structure of empirical semivariogram

To illustrate the fact that there is indeed (significant) correlation between the different points in the
empirical semivariogram, the correlation matrix for one sampled measurement result is provided in
Table 4 for /L = 0.5 and Ax/L = 0.1. The corresponding semivariogram is visualized in Fig. 4.

0.030

® Empirical
—— Median bootstrap
0.025 - —-== 68% Cl bootstrap

]

0.020 A

Semivariogram [
o
o
(=
wm

0.010 A

0.005 A

0.000

Fig. 4. Empirical semivariogram for which the correlation matrix is provided in Table 4

Discussion

When looking at Table 2, it can be seen that including the bootstrapping method in the estimation of
the scale of fluctuation generally leads to a better estimation (more accurate median estimate and
lower IQR). The curve fitting method also performs better than the maximum likelihood method, with
a better median fit.

When considering the influence of the assumed analytical model, the best fit of the median scale of
fluctuation to the actual value is found for the exponential model, closely followed by the Gaussian
model. The worst fit is found for the linear model. Whereas the exponential model gives the best

median fit, it leads to the largest IQR (Table 2). This IQR is smallest when assuming the Gaussian model.
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Hence, overall the Gaussian model can be assumed to be the best performing and to provide the most
robust estimates even if the actual correlation model is not Gaussian.

In Table 2 it can be seen that there is no clear influence of the variability of the parameter. It seems
that for largest variability (0y4,= 0.15) the best median fit is found, whereas for the smallest variability
(0par=0.05) the lowest IQR is found.

From Table 3, it can be seen that if the sampling distance is equal to or larger than the scale of
fluctuation, the median fit becomes worse and the IQR increases.

Furthermore, it can be seen that for the lowest value of the scale of fluctuation a bad median fit is
found. This improves towards a maximum for a scale of fluctuation equal to 10% of the domain length
L and then decreases again for an increase in scale of fluctuation. Similarly, the IQR is large for the
smallest scale of fluctuation, then decreases to a minimum for a scale of fluctuation of 10% of the
domain length L and then increases again for an increasing scale of fluctuation. It should be pointed
out that for the lowest scale of fluctuation, the relative values of the sampling distance to the scale of
fluctuation are also larger, which could be a cause of the bad estimates for this scale of fluctuation.
Hence, ideally, the domain length is at least 10 times as large as the scale of fluctuation to be estimated
and the sampling distances are sufficiently small (smaller than the scale of fluctuation to be estimated).
When looking at all results provided in the previous section, generally the values for M(@/G) are
negative and hence an underestimation of the scale of fluctuation is found.

To conclude, there seems to be a benefit of including correlation of the semivariogram by the
bootstrapping method. Moreover, the curve fitting method seems to perform better than the
maximum likelihood method. When an analytical correlation model is to be chosen, the Gaussian
model seems the most robust choice. There is no substantial influence of the variability of the
parameter. The sampling distance needs to be smaller than the scale of fluctuation to be estimated
and the domain length is ideally at least 10 times as large as this scale of fluctuation. If these criteria
cannot be met, generally an underestimation of the scale of fluctuation will be found. Finally, it is

important to note that for all combinations that have been assessed a significant scatter of the
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estimations is found (reflected by relatively large IQR values). This explains the variability of values
reported in literature and also shows the possible benefit of the application of Bayesian updating
techniques in which prior information regarding the spatial variability can be updated based on in situ

measurements (Criel et al., 2004).

Influence of a measurement error

The influence of the presence of a measurement error is investigated in this section. A measurement
error can be accounted for by means of the nugget effect in the semivariogram, i.e. the semivariogram
is not equal to zero for zero lag, but will have a specific value, called the nugget co. To the knowledge
of the authors, this effect has not been considered in scientific literature related to spatial variability
in concrete structures.

In this section, the actual model to simulate the measurement results is assumed to be the Gaussian
model. The assumed measurement errors are represented by random white noise, considering two
different values for the standard deviation of this measurement error ,;-o,-: 0.01 and 0.05.

The analytical model to fit the semivariogram to the empirical one is assumed Gaussian, corresponding
to the conclusions of the previous section. The sampling distance is taken sufficiently small compared
to the scale of fluctuation, i.e. Ax/8 is chosen equal to 0.1. Two values for the scale of fluctuation are
considered, i.e. 8/L equal to 0.1 and 1. The curve fitting method (with and without bootstrapping) will
be used to estimate the scale of fluctuation. When applying the curve fitting method, two situations
are investigated. In the first situation, the nugget effect is neglected, i.e. co= 0 corresponding to current
practice. In the second situation, the nugget ¢, is estimated based on the curve fitting method, together
with the scale of fluctuation 6 and the variability of the parameter gy,

The results of these investigations are illustrated in Fig. 5 and Fig. 6, considering 0,4, = 0.05 and
Opar = 0.15 respectively. Here, ‘CF nugget’ indicates that the curve fitting method is applied and that
the nugget ¢y is also estimated. When looking at Fig. 5 and Fig. 6, it can be seen that in case of the
presence of a measurement error, the curve fitting method combined with bootstrapping still

performs better than the ordinary curve fitting method in most of the situations. Furthermore, also
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estimating the nugget provides a better fit to the actual scale of fluctuation when looking at the median
of the boxplot. The larger the measurement error g0, the larger the benefit of also estimating the
nugget effect. If the nugget effect is neglected for the larger measurement errors, the median of the
boxplot deviates significantly from the actual value. This is more pronounced for 0,4, = Gerror = 0.05
due to the large measurement error compared to the variability of the parameter. The estimate of the
scale of fluctuation is also better for a lower ratio of 8/L, which could be expected beforehand based
on the results in the previous section. Finally, the IQR’s are also larger than for the situation where no
measurement errors are considered (see Fig. 3) and as also found in the previous section, generally
the median of the boxplots tends to underestimate the actual scale of fluctuation if the experimental

parameters are chosen inappropriate.
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Fig. 5. Results of investigations with a measurement error with 5,4, = 0.05
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Fig. 6. Results of investigations with a measurement error with 5,4, = 0.15

Application example: experimental investigation of spatial variability in

reinforced concrete

In this section, the correlation length is determined based on experimental investigations on a
reinforced concrete beam. Different mechanical properties of concrete (compressive strength, tensile
strength and diffusion coefficient) have been determined based on drilled cores taken from the beam.
The correlation model and correlation length for these different material properties are determined
based on the different estimation methods described before. Furthermore, four other beams have
been subjected to accelerated corrosion. Also this data is used to estimate the scale of fluctuation

corresponding to the corrosion process.
Description of the experimental campaign

The beams under investigation are reinforced concrete beams of 5 m long, with a height of 400 mm

and a width of 300 mm. The reinforcement layout of the beams is illustrated in Fig. 7 and 8.
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The concrete used for the beams has a composition according to Table 5. The concrete has chloride
class 0.4%, environment class El, maximum aggregate size Dmax= 14 mm, consistency class S4 and
strength class C25/30.

At a concrete age of 65 days, cores were drilled horizontally from one of the beams, through the entire
thickness of the beam, resulting in cores with a height of 300 mm. The diameter of these cores was
100 mm. Furthermore, these cores were taken in between the stirrups, with two cores in between
each pair of stirrups. The cores were taken at 140 mm from the bottom edge and the spacing between
two consecutive cores equals 135 mm. After drilling, the cores were cut in three slices, which were
subsequently used to determine the compressive strength, tensile strength and diffusion coefficient.
The concrete compressive strength was tested according to NBN EN 12390-3 (CEN, 2019), the concrete

tensile strength was tested according to NBN EN 12390-6 (CEN, 2005), and the diffusion coefficient
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was determined based on a rapid chloride migration test as described in (NORDTEST, 1999). The
resulting data sets are the following:
- 36 test results for concrete compressive strength (on 36 locations along the beam, spacing
135 mm);
- 18 testresults for concrete tensile strength (on 18 locations along the beam, spacing 270 mm);
- 18 test results for the rapid chloride migration test (on 18 locations along the beam, spacing
270 mm).
Here, these data sets are used to determine the correlation model for the concrete compressive
strength, the concrete tensile strength and the diffusion coefficient of the concrete.
The remaining four beams (indicated as ‘B’, ‘C’, ‘D’ and ‘E’) were subjected to accelerated corrosion.
Therefore, an imposed current of 100 uA/cm? was applied to the reinforcement, whereas a stainless
steel plate submerged in a 5% NaCl solution was used as cathode. After reaching a certain target
corrosion degree between 2% and 30%, the reinforcement was removed from the beam and cut into
pieces of 200 mm. Next, these pieces were cleaned and weighed, to determine the mass loss due to
corrosion. The resulting data sets are used to determine the correlation model for the corrosion degree
in this work. More details regarding the accelerated corrosion tests can be found in (Vereecken, 2022).

Empirical semivariograms and bootstrapping

In this section, based on the different datasets, the empirical semivariograms are derived. It was found
previously that bootstrapping can be used to, among others, determine the variance-covariance matrix
of the points in the semivariogram. Additionally, the results of such bootstrapping procedure also
allows estimating the average semivariogram as well as uncertainty bounds based on the
experimentally observed data. Such an approach is deemed extremely useful since experimental
semivariograms that are determined based on limited data (which is often the case for destructive
tests on concrete) can be significantly affected by outliers. Due to the bootstrapping procedure the

effect of these outliers on the semivariogram can be reduced.
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From the M (= 2000) bootstrapping resamples, the median semivariogram is evaluated as well as the

68% confidence interval (Cl) according to (Olea & Pardo-Iglzquiza, 2011). These results are visualized

in Fig. 9. In case of the corrosion degree, the considered experimental results are normalized by

considering the measured corrosion degrees divided by the average corrosion degree over the length

of the beam. As such, the corrosion degrees of the four beams subjected to accelerated corrosion can

be compared amongst each other. Furthermore, such normalization does not influence the estimation

of the scale of fluctuation.

In general, Fig. 9 shows that the uncertainty related to the semivariogram values increases for larger

lag distances. This can be attributed to the fact that for these larger lag distances less data is available.

Furthermore, the typical trend for a semivariogram is more apparent for the derived median of the

semivariogram than for the experimentally observed semivariogram.
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Determination of the correlation model

Next, the correlation model is estimated based on the experimental data. For this purpose, the curve
fitting method will be applied since this was found to provide better results compared to the maximum
likelihood method. The three different analytical models are considered, and each time the nugget is
once estimated and once neglected. The most appropriate model is selected as the one providing the
best fit to the experimental semivariogram, i.e. the one with the lowest least-squares value. For each
variable, the selected correlation model, scale of fluctuation, variability of the parameter and nugget
are summarized in Table 6.

It can be seen that for the concrete properties, generally a linear correlation model provides the best
fit, and that a nugget effect is present. Especially in case of the compressive strength, the latter effect
seems to be significant, indicating a relatively large measurement error possibly induced by drilling the
cores. The scale of fluctuation differs between the different properties, with a scale of fluctuation of
813 mm for the concrete tensile strength, 2160 mm for the concrete compressive strength and
3605 mm for the diffusion coefficient of the concrete. These values are in the same order of magnitude
as often suggested in literature based on engineering judgement, see e.g. (Straub, 2011; Tran et al.,
2012; Hajializadeh et al., 2016). In literature, the linear correlation model is not selected. Nevertheless,
for the investigated experimental results, the fit when assuming a Gaussian correlation model is almost
equally good as for a linear correlation model. Furthermore, the corresponding estimates of the
nugget, variance of the parameter and scale of fluctuation are almost unaffected when changing from
a linear to a Gaussian correlation model. The corresponding results are provided in Table 7.

Apart from estimating the covariance matrix, the bootstrapping procedure also allows to assess the
uncertainties related to the estimated parameters by fitting a semivariogram to each bootstrapped
semivariogram. The results are provided for the concrete properties in Table 7 in terms of the median
estimate as well as the first and third quartile, assuming a Gaussian model for each fit. As expected

from the theoretical investigations (cfr. supra), a relatively large scatter of the scale of fluctuation is
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observed. Furthermore, it is clear that the median estimate of this parameter obtained by
bootstrapping is not necessarily close to the value obtained from fitting the experimental results.

For the corrosion degrees, generally the Gaussian model provides the best fit. For this situation, the
nugget effect was neglected as no large measurement error was expected due to the non-destructive
nature of the measurements. For most beams, the variability of the parameter 6,4, is about the same,
and lies around 0.0025. The scales of fluctuation for the corrosion degrees are all of the same order of
magnitude, ranging from 327 mm to 879 mm if the Gaussian correlation model and no nugget effect
are assumed. It should be pointed out that these correlation lengths for the corrosion degree are in
contrast to the results provided in (Zhou et al., 2022) where no correlation for the corrosion degree
was found. Nevertheless, the latter research was based on bars with a length of 500 mm cut in pieces
of 20 mm. This bar length of 500 mm is smaller than the correlation length found for the corrosion
degree in the current work, and could hence not detect these larger correlation lengths, which was
acknowledged by the authors in their conclusions.

It was observed that when considering the nugget effect in the estimation for the corrosion degrees,
this could result in significantly different estimated scales of fluctuation, e.g. 2200 mm in case of beam
D. For the latter case, the nugget effect (¢, = 1.24e — 6) was estimated to be (significantly) higher
than the variance (65," = 1.08e — 6) and, consequently, a semivariogram with a longer scale of
fluctuation better fits the data. Therefore, it seems important to carefully consider whether or not a
(significant) nugget effect is to be expected and taken along in the estimation process.

Discussion

When considering the experimental results, there are some links to be made with the analytical results
from the previous section. Overall, the Gaussian correlation model provides a good fit to the data. Also
in the theoretical analyses it was found that generally the Gaussian correlation model is a robust choice
for the analytical correlation model. Further, the theoretical analyses showed that there is a benefit of
applying the bootstrapping method and including correlation between the points of the empirical

semivariogram in the analyses. This also shown in the plots in Fig. 9, where the median of the
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bootstrapping method indeed better approximates a semivariogram that could be represented by one
of the assumed analytical correlation models.

According to the theoretical analysis (cfr. supra), the sampling distance needs to be smaller than the
scale of fluctuation. This is indeed the case for the results summarized in the previous section.
Consequently also the effect of the different sampling distance for the compressive strength compared
to the tensile strength and diffusion coefficient is expected to be very limited.

From the theoretical analyses, the ideal ratio between the scale of fluctuation and the sampling
domain was equal to 0.1, in this case leading to a scale of fluctuation of 500 mm. Nevertheless, most
estimates of the scale of fluctuation in the analysis above are larger than 500 mm. Hence, the estimates
found for the scale of fluctuation might underestimate the actual scale of fluctuation. The estimated
scale of fluctuation is largest for the diffusion coefficient and close to the length of the beam (5000
mm). Hence, there might be some uncertainty on this estimate, which is reflected by the large
interquartile interval for this parameter. Finally, for all concrete parameters also including the nugget
effect in the estimate led to the best fit. This is in correspondence with the observations from the

theoretical investigations presented before.

Conclusions

The authors investigated the effect of several parameters and choices to be made by an engineer in
deriving the correlation model based on experimental data from destructive tests. The influence of
different parameters in the experimental program were investigated, such as the sampling distance,
the size of the sampling domain compared to the scale of fluctuation and the measurement error. Also
the influence of assumptions that need to be made when fitting the correlation model to the
experimental data has been studied, including the choice of the analytical correlation model and the
method applied to perform the fit.

Different methods for deriving the scale of fluctuation were selected and compared, i.e. the curve
fitting method and the maximum likelihood method, with or without the consideration of correlation

by application of bootstrapping. It has been illustrated that the curve fitting method generally leads to
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better estimates of the scale of fluctuation compared to the maximum likelihood method. Moreover,
there is a clear benefit of applying the bootstrapping procedure to the experimental data.

Also the influence of the selected analytical correlation model has been investigated, and here the
Gaussian model was found to be the most robust choice, even if the actual correlation model is not
Gaussian.

Considering the design of an experimental program, it was found that the sampling distance needs to
be small with respect to the scale of fluctuation to be estimated and that the size of the sampling
domain needs to be at least 10 times larger than the actual scale of fluctuation. If these criteria are not
met, generally an underestimation of the scale of fluctuation is found.

If there are no measurement errors, there is almost no influence of the variability of the measured
parameter on the estimate of the scale of fluctuation. This variability becomes more important if also
measurement errors are present: if the measurement error becomes large with respect to the
variability of the measured parameter, this leads to an increased deviation between the actual scale
of fluctuation and the estimated scale of fluctuation, especially if the nugget effect is neglected. Hence,
when a measurement error is suspected to be present and cannot be neglected, the nugget should be
estimated together with the variance and the scale of fluctuation.

The findings from the numerical analyses were subsequently applied to actual experimental data on
the material properties of concrete, i.e. data related to the concrete tensile strength, compressive
strength and diffusion coefficient. Also the spatial variability of the corrosion degree obtained in
accelerated corrosion tests was investigated. It was found that a Gaussian model provided a good fit
to the data in all cases, which is in line with the findings from the numerical analyses which indicated
that this model is the most robust. Furthermore, including the nugget effect led to a better fit of the
experimentally obtained semivariogram of the concrete properties. The latter indicate the presence of
an important uncertainty introduced by destructive testing of specimens (e.g. drilling of cores). In case

of non-destructive testing (determination of the corrosion degree of corroded reinforcement), it was
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found that including the nugget effect in the estimation process could result in significantly different
results. Therefore, the parameters to be estimated should be chosen with care.

Finally, the estimated scales of fluctuation were in line with those currently found in literature, which
are based on engineering judgement. Apart from a median estimate of the scale of fluctuation, also
the uncertainty of this estimate could be obtained in case a bootstrapping procedure is adopted. The
latter uncertainties were shown to be significant, implying the importance of assessing the sensitivity
of the behaviour of the element under consideration to spatial variability. In case of elements sensitive
to spatial variations, one might consider to update the model describing the spatial variability by means
of e.g. Bayesian updating (Criel et al., 2004), where the prior information can be adopted from this

research.
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Tables

Table 1. Summary of covariance functions and corresponding semivariograms used in this work

Name Covariance function B(t) Semivariogram y(7) 0(p))
. ) |zl ) |zl
Exponential o’exp| ——5- cop+a“|l1—exp — 2p
2 2
Gaussi ) |z|? 2| 4 |z|?
aussian 0 exp o2 coto —exp| — o2 pNT
() %)
T T
2(1_2°2 2(= <0
Linear {J (1 9) A ico to (9) t P
0 otherwise co + 02 otherwise

Table 2. Influence of the method used for parameter estimation and of the assumed analytical model on the estimated

scale of fluctuation

: Method for parameter estimation

Opar A'::")‘g::la' CF CFCoV ML MLCOV )
M IQR M IQR M IQR M IQR M IQR
Exponential | 0.1 3.5 1.5 25 | -09 49 0.5 4.5 0.3 3.8
Gaussian -0.2 16 | -14 1.7 | -0.2 1.8 -0.5 19 | -05 1.7
013 | linear 08 14| -03 23| -10 15| -10 17 | -07 17
(2) -0.3 2.2 0.0 2.2 -0.7 2.7 -0.3 2.7 | 03 2.4
Exponential | 0.3 3.8 1.6 28 | -02 23 | -0.2 2.2 0.4 2.8
0.05 Gaussian -0.2 16 | -10 16 | -04 1.7 | -0.6 19 | -0.6 1.7
Linear -0.8 14 | -03 2.3 -1.0 1.6 -1.1 1.9 | -0.8 1.8
(2) -0.2 2.3 0.1 2.2 -0.6 1.8 -0.6 20 | -0.3 2.1

(1) Average over the different estimation methods

2) Average over the different analytical models

Table 3. Influence of the sampling distance and the actual scale of fluctuation on the estimated scale of fluctuation

Ax/0 M IQR 6/L M IQR
0.001 -0.1 1.6 001 -06 2.5
0.002 -03 15 01 -02 1.2
001 -01 1.2 05 -03 15
002 -03 16 1 04 17

0.1 -00 1.0
0.2 -03 1.6
1 -06 29
10 -14 48
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Table 4. Example of a correlation matrix between the points of an empirical semivariogram derived based on bootstrapping

616 (symmetric matrix — only lower triangle values are presented)
y(dy) k=1 k=2 k=3 k=4 k=5 k=6 k=7 k=8 k=9 k=10
k=1 1.00
k=2 0.99 1.00
k=3 0.93 0.98 1.00
k=4 0.83 0.89 0.97 1.00
k=5 0.68 0.75 0.86 0.96 1.00
k=6 0.50 0.57 0.68 0.81 0.94 1.00
k=7 0.32 0.38 0.47 0.61 0.79 0.94 1.00
k=8 0.20 0.24 0.32 0.45 0.61 0.80 0.94 1.00
k=9 0.14 0.17 0.24 0.33 0.45 0.61 0.80 0.94 1.00
k=10 0.13 0.16 0.19 0.23 0.31 0.42 0.58 0.78 0.93 1.00
617
618 Table 5. Concrete composition
Component Content [kg/m3]
K 6.3/14 (limestone 6.3/14 Benor Holcim) 955
Sea sand 518
K 0/4 (washed limestone sand Holcim Gaurain Benor) 427
CEM 152.5 N Holcim 270
Water 174 (183 incl. absorption water)
Superplasticizer Sky 571 (BASF) 1.9
619
620 Table 6. Results of the fits to the experimental data
Variable Model 0 [mm] Opar’ ¢o
Concrete tensile strength fet Linear 813 0.14 MPa? 0.04 MPa?
Concrete  compressive  fe Linear 2160 3.57 MPa? 6.92 MPa?
strength
Diffusion coefficient D Linear 3605 89.11 (mm?/yr.)> 1.96 (mm?/yr.)?
Corrosion degree beam B ag Gaussian 352 8.62e-6 0
Corrosion degree beam C ac Gaussian 879 6.77e-6 0
Corrosion degree beam D ap Gaussian 327 2.44e-6 0
Corrosion degree beam E ag Gaussian 339 6.55e-7 0
621
622 Table 7. Results of the fits to the experimental data for the concrete properties and uncertainty assessment based on
623 bootstrapping procedure when assuming a Gaussian correlation model
6 0'12,‘". Co
Var.  Exp. M [Q1; Q3] Exp. M [Q1; Q3] Exp. M [Q1; Q3]
ft 856 760  [385;3292] 0.13 0.13 [0.07; 0.19] 0.05 0.05 [0.00;0.10]
fo 2288 507  [279;2218] 3.20  8.72 [5.70; 12.41] 725 461  [0.98;6.82]
D 4155 2763 [1182;7664] 82.63 89.25  [34.43;513.48] 1.96 5.23 [0.00; 11.56]
ag 352 195 [37;332] 8.6e-6 7.9e-6 [6.2e-6; 9.4e-6] - - -
ac 879 509 [369;917] 6.8e-6 4.5e-6  [3.2e-6; 6.5¢-6] - - -
ap 327 501 [349; 1050] 2.4e-6 3.5e-6 [2.4e-6; 5.3e-6] - - -
ag 339 259 [49; 343] 6.6e-7 6.6e-7 [5.2e-7; 7.2e-7] - - -
624  Note: Exp.: fit on experimental data — M: Median bootstrap — Q1: 1° quartile — Q3: 3" quartile
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Figure captions

Fig. 1. Flowchart for the analyses performed in this work

Fig. 2. Semivariograms for the different correlation models considered in this work (situation without
measurement error)

Fig. 3. Boxplots of the estimated scale of fluctuation when the actual correlation model and the
analytical model are both Gaussian and the variability of the parameter is equal to 0.15

Fig. 4. Empirical semivariogram for which the correlation matrix is provided in Table 4

Fig. 5. Results of investigations with a measurement error with g,,4, = 0.05

Fig. 6. Results of investigations with a measurement error with g,,4, = 0.15

Fig. 7. Longitudinal section of the beams (dimensions in mm)

Fig. 8. Cross-section of the beams (dimensions in mm)

Fig. 9. Empirical semivariograms and results of bootstrapping
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