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The Significance of Fluctuating Charges for Molecular Polarizability and Dispersion

Coefficients
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(Dated: 10 August 2023)

The inŕuence of ŕuctuating charges or charge ŕow on the dynamic linear response

properties of isolated molecules from the TS42 database is evaluated, with particular

emphasis on dipole polarizability and C6 dispersion coefficients. Two new descriptors

are deőned to quantify the charge-ŕow contribution to response properties, making

use of the recoupled dipole polarizability to separate isotropic and anisotropic com-

ponents. Molecular polarizabilities are calculated using the “frequency-dependent

atom-condensed Kohn-Sham density functional theory approximated to second or-

derž, i.e. the ACKS2ω model. With ACKS2ω, the charge-ŕow contribution can be

constructed in two conceptually distinct ways, which appear to yield compatible re-

sults. The charge-ŕow contribution is signiőcantly affected by molecular geometry

and the presence of polarizable bonds, in line with previous studies. We show that

the charge-ŕow contribution qualitatively reproduces the polarizability anisotropy.

The contribution to the anisotropic C6 coefficients is less pronounced, but cannot be

neglected. The effect of ŕuctuating charges is only negligible for small molecules with

at most one non-hydrogen atom. They become important and sometimes dominant

for larger molecules or when highly polarizable bonds are present, such as conjugated,

double or triple bonds. Charge ŕow contributions cannot be explained in terms of

individual atomic properties, because they are affected by non-local features such as

chemical bonding and geometry. Therefore, polarizable force őelds and dispersion

models can beneőt from the explicit modeling of charge ŕow.

a)Electronic mail: toon.verstraelen@ugent.be
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I. INTRODUCTION

Van der Waals (vdW) dispersion interactions are ubiquitous non-bonded forces in molec-

ular systems and materials, playing a crucial role in various applications in chemistry and

physics. These interactions are relatively weak compared to bonded forces, yet universally

attractive between all atoms due to the coupled motion of electrons at different sites. While

classical models for the coupled electronic vibrations exist, only the zero-point oscillations in

quantum-mechanical models can explain the persistence of vdW interactions at 0 K.1 Den-

sity functional theory (DFT) is extensively employed in chemistry and physics, particularly

for large systems, as it provides a favorable balance between computational accuracy and ef-

őciency compared to more accurate wavefunction methods such as conőguration interaction

(CI) and coupled cluster (CC). However, one of the main challenges with DFT is its strug-

gle to accurately describe the attractive part of vdW dispersion interactions, also known

as long-range correlation energy, necessitating the development of appropriate dispersion

corrections.

To address the lack of long-range correlation energy in DFT approximations, several cor-

rection terms haven been proposed. Prominent correction schemes can be classiőed into three

categories:2 (i) semiclassical schemes, which apply corrections mainly to the total energy E,

(ii) nonlocal, density-based functionals, which incorporate corrections to the electronic po-

tential V , and (iii) one-electron effective potential methods, which rely on a single electron’s

potential for corrections. This study focuses on the őrst category, semiclassical schemes, as

methods in this group explicitly use C6 or higher-order dispersion coefficients, which play a

signiőcant role in determining the interaction strengths in molecular systems and materials.

For more details about methods in other categories, refer to a recent review.3 Additionally,

dispersion energy calculations have been extensively covered in numerous review articles.2,4–9

The őrst quantum-mechanical dispersion model, by London, applied perturbation theory

to the Coulomb interaction between electrons of two polarizable hydrogenic atoms.10 Building

on London’s work, the generalized Casimir-Polder (GCP) expression describes dispersion

interactions for any pair of molecules A and B.11 At long distances R, the leading attractive

terms are proportional to R−6, R−8, R−10, etc. Molecules are typically treated with a

distributed multipole expansion, i.e. they are decomposed into sites, a ∈ A and b ∈ B,

treating each atom or group as a multipole polarizable site. Ignoring intra-molecular coupling
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and non-local effects, the total dispersion energy is approximated by a simple pairwise-

additive form.

E = −
∑

ab

∑

n=6,8,10,···
fn(Rab)

Cab
n

Rn
ab

(1)

where Rab is the distance between atoms a and b, and fn(Rab) is a damping function account-

ing for short-range phenomena. Cab
n are dispersion coefficients, which can be expressed in

terms of the frequency-dependent multipole polarizabilities of sites a and b. As the leading

term in Eq. (1), the C6 dispersion coefficients play a crucial role in determining the strengths

of the dispersion interactions in molecular systems and materials. The conventional power

laws are employed in most molecular force őelds and empirical dispersion corrections for

DFT.12–14

The basic pairwise-additive form in Eq. (1) is only an approximation of the complete dis-

persion interaction between molecules A and B. The errors made by Eq. (1) were classiőed as

different types of non-additivity.15 Type-A non-additivity arises when atomic Cn coefficients

in a molecule deviate from those of isolated atoms.16 Type-B non-additivity emerges when

the presence of a third atom or molecule screens the electrostatic interaction, modifying

the dispersion interaction compared to just having molecules A and B in vacuum. Recent

studies have suggested that Type-B non-additivity can also be interpreted as a manifesta-

tion of electric many-body effects.17 Type-C non-additivity is observed in low-dimensional

nanostructures or metallic systems, where long-range charge ŕuctuations result in dispersion

interactions with non-standard power laws, with a smaller magnitude of the exponent of R.18

Semiclassical models with pairwise expressions, such as Eq. (1), including Grimme’s

DFT+Dn (n = 1, 2, 3, 4) schemes,19–23 Tkatchenko and Scheffler (TS) method,13 the

exchange-hole dipole moment (XDM) method by Becke and Johnson,12,24,25 and the local-

response dispersion (LRD) model by Sato and Nakai,26–28 consider type-A non-additive

dispersion interactions.15 However, only a few models partially account for type-B non-

additivity, as simple pairwise methods struggle with many-body effects. DFT+D3 and

DFT+D4 methods include the three-body Axilrod-Teller-Muto (ATM) term,29,30 and XDM

can describe type-B interactions through electronic many-body effects.17,31 Although the

atomic three-body ATM term can be added in XDM, its contribution is typically small com-

pared to higher-order two-body dispersion terms, suggesting that atomic many-body effects

might be negligible.32,33 A well-known method for fully treating both type-A and type-B
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non-additive dispersion energy is the many-body dispersion model (MBD),34–36 based on

dipolar coupling between atomic quantum harmonic oscillators. In addition, MBD also

exhibits signiőcant deviations from common power laws, which is normally associated with

charge ŕow in type-C dispersion.37 However, all models mentioned so far treat atoms as local

(dipole and optionally higher multipole) polarizable sites, neglecting ŕuctuating charges or

monopoles, which are the leading term of distributed multipole expansion.

Fluctuating charges can contribute signiőcantly to the dispersion energy,38 and they be-

come essential in systems where the GCP equation is insufficient. For example, dispersion

interactions are critically affected by monopolar effects in carbon nanomaterials,7,39,40 tradi-

tional semiconductors,41,42 and low-dimensional materials.39,43 In the presence of delocalized

bonds, monopolar ŕuctuations exhibit complex non-local features related to resonance.44

Charge ŕuctuations have been used to model speciőc dispersion interactions, e.g., between

inőnite wires and slabs,39,45,46 and in fullerenes and aromatic systems.47,48 A recent study by

Dobson shows that local models, e.g., MBD, cannot capture type-C non-additive dispersion

interactions, which are related to long-range charge ŕuctuations.40 To further explore the

relevance of charge ŕuctuations, this work focuses on their impact on the polarizability and

dispersion interaction of a more general set of molecules or molecular dimers. Understand-

ing the contribution of ŕuctuating charges to polarizability and C6 dispersion coefficients is

crucial for developing more accurate polarizable force őelds and dispersion models that can

better describe the behavior of molecular systems and materials.

Previous studies have examined the signiőcant contributions of charge-ŕow effects on

static dipole polarizabilities in various systems, such as silicon clusters,41,42 water and water-

ion clusters,49,50 hydrated methane sulfonic acid (MSA) clusters,51 and stoichiometric alu-

minum phosphide clusters.52 Recent work has also revealed that these effects can strongly

inŕuence the polarizability anisotropy, with the speciőc partitioning scheme employed fur-

ther inŕuencing the magnitude of their contribution.53 Anisotropic polarization naturally

leads to dispersion anisotropy, which was recently identiőed as a driving force for the confor-

mational stability of macromolecules.54 However, the inŕuence of charge ŕuctuations on the

anisotropy of frequency-dependent polarizabilities and dispersion coefficients has not been

fully explored. This paper aims to address this knowledge gap by investigating the impact

of charge ŕuctuations on the anisotropy of frequency-dependent dipole polarizabilities and
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C6 dispersion coefficients in a more general set of molecules or molecular dimers.

To accurately investigate the contribution of charge ŕow to linear-response properties,

non-local distributed polarizabilities must be computed. These polarizabilities can be deter-

mined using various methods, broadly categorized into two groups. The őrst group involves

numerical partitioning of molecular properties in Hilbert space, such as distributed multi-

pole analysis (DMA),55 LoProp,56,57 MoProp,58 QUAMBO,59 IAO/QUAO,60–62 as well as

methods based on constrained density őtting.63 While successful in developing useful mod-

els for polarization energies and dispersion models, these methods go beyond the scope of

the current work. The second category of methods operate in real space, by deőning dis-

tributed multipole operators as products of an atom-in-molecule (AIM) weight functions

and regular multipole operators. The AIM weight functions determine the proportion of

molecular density attributed to each atom, using partitioning schemes such as QTAIM,64,65

(Iterative) Hirshfeld,66,67 Iterative Stockholder,68,69 and so on. AIM weight functions directly

partition the electron density, which also makes them trivially applicable to partitioning of

density response kernels. In any case, all methods in the two categories can be employed to

derive distributed polarizabilities from the interacting linear-response kernel, which can be

computationally demanding for large-scale systems.

In this paper, we present an alternative approach to studying the impact of charge ŕow

effects on the frequency-dependent linear-response properties of molecules. Speciőcally, we

utilize a novel polarizable force őeld called “frequency-dependent atom-condensed Kohn-

Sham density functional theory approximated to second orderž (ACKS2ω), which was intro-

duced in previous works.70–72 This approach partitions both the hardness and non-interacting

response kernels and can reproduce response properties with high accuracy. It even cap-

tures correct trends with ŕuctuating charges alone. We employ ACKS2ω to compute the

frequency-dependent response properties, including isotropic and anisotropic dipole polar-

izabilities and C6 dispersion coefficients, of all molecules in the TS42 database, which is a

diverse selection of organic and inorganic molecules.13 We then investigate the signiőcance

of charge-ŕow using two descriptors, for isotropic and anisotropic response properties, re-

spectively. Our methodology yields valuable insights into the dominant contributors to the

molecular polarizability and C6 coefficients, shedding light on the role of ŕuctuating atomic

charges in the dynamic linear-response properties of őnite systems. Our results can inform
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the development of more accurate polarizable force őelds and dispersion models in the future.

For the deőnition of response basis functions in the ACKS2ω model, an atoms-in-molecules

method is used, analogous to our previous publications.71,72 Practically, multiple deőnitions

of atoms in molecules exist, each having speciőc advantages, e.g., in terms of interpretability

and robustness. We employ one of these methods in this work, namely Minimal Basis

Iterative Stockholder,73 and slightly different results may be obtained when using another

AIM scheme. Still, we believe the general trends to hold across different AIM deőnitions, as

they did in previous works.53

The remainder of this paper is structured as follows. In Section II, we describe the

relevant methodology for this study. We begin by deőning charge-ŕow distributed polariz-

abilities and then introduce the concept of recoupled dipole polarizability, which we use to

deőne the anisotropy of the (frequency-dependent) dipole polarizability. Moreover, we show

that anisotropic C6 coefficients can also be deőned using the recoupled dipole polarizability.

Furthermore, we introduce two descriptors to compute the ratio of charge-ŕow contribution

to various linear-response properties. In Section III, we provide computational details on

the ACKS2ω model, the reference TD-DFT calculations, and introduce notation to describe

the charge-ŕow and other contributions. The results and discussion are presented in Sec-

tions IV and V, respectively. Lastly, a summary is given in Section VI. Atomic units are

used throughout.

II. METHODS

In this section, we introduce the theory used in this work. First, we describe charge-ŕow

distributed polarizabilities, as deőned in Ref. 74. Next, we introduce recoupled dipole po-

larizabilities to deőne the anisotropy of dipole polarizability and C6 dispersion coefficients.

Finally, we introduce two descriptors to study the charge-ŕow contribution to dipole polar-

izability and C6 coefficients.

A. Charge-flow contribution to the polarizability

The response of a molecule’s charge density ∆ρ(r′, ω) to an external őeld V (r, ω) at

position r can be described by the density response function χ(r, r′, ω), which quantiőes the
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change in charge density at position r
′. This relationship can be expressed by the following

equation:

∆ρ(r′, ω) = −
∫

drV (r, ω)χ(r, r′, ω). (2)

One way to represent an external potential is through real spherical harmonics Rℓκ(r) and

their corresponding őelds Vℓκ(ω) as
∑

ℓκ Rℓκ(r)Vℓκ(ω), following Stone’s notation.38 With

this representation, the change in charge density can be expressed as:

∆ρ(r′, ω) = −
∫

χ(r, r′, ω)
∑

ℓκ

Rℓκ(r)Vℓκ(ω)dr, (3)

and the response multipole moments related to Rℓ′κ′(r′) are

∆µℓ′κ′(ω) =

∫

dr′∆ρ(r′, ω)Rℓ′κ′(r′) (4)

As a result, the spherical-tensor polarizability αℓκ,ℓ′κ′(ω) can be determined through the

following equation:

αℓκ,ℓ′κ′(ω) =

∫

Rℓκ(r)χ(r, r
′, ω)Rℓ′κ′(r′)drdr′. (5)

The molecular dipole polarizability, represented as a 3 × 3 matrix, can be obtained with

ℓ = ℓ′ = 1.

The radius of convergence of the single-site molecular polarizability is limited by the

largest distance between the molecular center and a point inside the molecule.74 To overcome

this limitation, distributed polarizabilities have been proposed, where a molecule is divided

into atomic regions, and the potential is expanded using multipoles or Taylor series about

each local center. The external potential can then be expressed as a sum of the potentials of

the regions. The spherical-tensor form, similar to Eq. (5), is used, and the external potential

can be written as:

V (r, ω) =
∑

a

wa(r)
∑

ℓκ

Rℓκ(r −R
a)V a

ℓκ(ω), (6)

where wa(r) is the AIM weight function (0 ≤ wa(r) ≤ 1) that determines which portion of

the total electron density is attributed to atom a. Within each atom a, a standard multipole

expansion is used with őelds V a
ℓκ(ω) and spherical harmonics Rℓκ, which use R

a, the nucleus

of atom a, as origin.38
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The distributed polarizability is deőned by the following expression:75

αaa′

ℓκ,ℓ′κ′(ω) =

∫∫

drdr′Qa
ℓκ,ℓ′κ′(r)χ(r, r′, ω)Qb

ℓ′κ′(r′) (7)

where Qa
ℓκ(r) = wa(r)Rℓκ(r−R

a) is the distributed multipole moment with rank ℓκ of atom

a.

For a homogeneous electric őeld along the x -axis, the multipole expansion is given by

x =
∑

a

wa(r)X
a +

∑

a

wa(r)(x−Xa) (8)

where Xa is the x-component of atomic coordinate R
a. With this decomposition of a homo-

geneous őeld, distributed contributions to the dipole polarizability can be deőned, for which

a more convenient notation than that of Eq. (7) can be used. The frequency-dependent

charge-ŕow, charge-dipole, and dipole-only distributed polarizabilities are deőned, respec-

tively, as

αab
00(ω) =

∫

drdr′wa(r)χ(r, r
′, ω)wb(r

′) (9)

αab
0j(ω) =

∫

drdr′wa(r)χ(r, r
′, ω)wb(r

′)(rj −R
b
j) (10)

αab
ij (ω) =

∫

drdr′wa(r)(ri −R
a
i )χ(r, r

′, ω)wb(r
′)(rj −R

b
j), (11)

where i or j represents x, y or z. The total molecular polarizability αij(ω) is reconstructed

from these contributions with:38

αij(ω) =
∑

ab

(Ra
iR

b
jα

ab
00(ω) +R

a
iα

ab
0j(ω) +R

b
jα

ab
i0 (ω) + αab

ij (ω)), (12)

In this study, we investigate the charge-ŕow contribution to the distributed polarizability

of molecules, speciőcally the αab
00 term. We deőne the charge-ŕow (CF) contribution to the

molecular dipole polarizability as follows:49–52,76–79

αCF
ij =

∑

ab

R
a
iR

b
jα

ab
00 (13)

This deőnition differs from that used in previous work by Jackson and co-workers41,42,53,

where the CF contribution is deőned as:

αCF
ij =

∑

a

Ra
i

∫

wa(r)∆ρj(r)dr =
∑

ab

(Ra
iR

b
jα

ab
00 +R

a
iα

ab
0j) (14)

In the above equation, ∆ρj(r) is the response density resulting from a homogeneous electric

őeld applied along the j axis. Our focus, however, is solely on the charge-ŕow contribution

described by Eq. (13).
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B. Recoupled dipole polarizability

The deőnition of dipole polarizability in Eq. (5) uses two spherical harmonics, which

can be expressed more elegantly using single harmonics, as has been extensively covered in

pervious studies.38,80 We provide a brief summary of this concept here for the sake of clarity,

and the frequency is omitted in this subsection for simplicity.

The components αLK of the recoupled dipole polarizability are deőned as
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α20
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√
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√
2
2

0 −
√
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√
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√
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√
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√
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αxz

αyy

αyz

αzz



























(15)

where L can be either 0 or 2 and K can be 0, 1c, 1s, 2c, or 2s. (See Ref. 38 for more details.)

The isotropic dipole polarizability, denoted as αiso or ᾱ, can be expressed in terms of the

component α00 as:

αiso =
1

3
(αxx + αyy + αzz) = −

√

1

3
α00 (16)

The anisotropic dipole polarizability, denoted as α⃗, is a vector composed of all elements αLK

with L = 2. It can be written as:

α⃗ =

√

1

3
(α20, α21c, α21s, α22c, α22s), (17)

where
√

1
3

is a new prefactor instead of
√

3
2

in Ref. 38, in order to maintain consistency with

the deőnition of isotropic dipole polarizability using recoupled polarizability. The anisotropy

of the dipole polarizability, denoted as ∥α⃗∥, is deőned as:38

∥α⃗∥2 = 1

3

∑

q

|α2q|2

=
2

3
(α2

xy + α2
xz + α2

yz) +
1

9
[(αxx − αyy)

2 + (αxx − αzz)
2 + (αyy − αzz)

2], (18)

where the summation is taken over all K values associated with L = 2 in Eq. (15). It should

be noted that anisotropy can be deőned in terms of the tensor eigenvalues, which has the
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TABLE I. The factor N(LA, LB, J).

LA LB J N(LA, LB, J)

0 0 0 1/π

0 2 2 −
√
2/2π

2 0 2 −
√
2/2π

2 2 0 1/10π

2 2 2 1/7π

2 2 4 54/35π

same form as Eq. (18) without the off-diagonal elements.53,81,82 However, both deőnitions

are equivalent, and Eq. (18) can be systematically extended to deőne the anisotropy of

higher-multipole polarizabilities. Thus, we use Eq. (18) as the deőnition of anisotropy in

this work.

C. C6 dispersion coefficients

The C6 dispersion coefficients of a pair of molecules are expressed in terms of the

frequency-dependent polarizabilities of the individual molecules, as shown in Ref. 80:

C6(LALBJ ;KAKB) = N(LA, LB, J)

∫ ∞

0

αA
LAKA

(iv)αB
LBKB

(iv)dv, (19)

where |LA−LB| ≤ J ≤ LA+LB, and A and B refer to the molecules. According to previous

work,38,80,83 C6 with odd J is negligible, so we only consider C6 with even J . The prefactor

N depends on LA, LB, and J , and its values are shown in Table I.

The isotropic C6 coefficient, denoted as C iso
6 , can be expressed as C6(000; 00):

C iso
6 = C6(000; 00) =

3

π

∫ ∞

0

ᾱA(iv)ᾱB(iv) dv. (20)

In analogy to the dipole polarizability in Section II B, the anisotropic C6 coefficients are

collected in a vector C⃗6, which comprises all elements C6(LALBJ ;LALB) that satisfy the

condition LA+LB+J ̸= 0. When LA = 0 (LB = 0), the KA (KB) is restricted to 0, whereas

for LA = 2 (LB = 2), the possible values for KA (KB) include “00ž, “20ž, “21cž, “21sž, “22cž,

and “22sž. Consequently, C⃗6 encompasses 85 distinct components. The anisotropy of C6,
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denoted as ∥C⃗6∥, is deőned analogously to ∥α⃗∥:

∥C⃗6∥2 =
∑

LA+LB+J ̸=0

|C6(LALBJ ;KAKB)|2. (21)

Using the deőnition in Eq. (19), the long-range dispersion energy, which accounts for

molecular polarizability anisotropy, is given by:

E = −
∑

n=6,8,10,···

1

Rn
AB

∑

LA,LB ,J

∑

KA,KB

CAB
n (LALBJ ;KAKB)S̄

KAKB

LALBJ (22)

where S̄KAKB

LALBJ depends on the relative orientation between molecules A and B.80

D. Descriptors to quantify different contributions to polarizability and

dispersion

In this study, the dipole polarizability or the dispersion coefficients will be computed with

different forms of the ACKS2 model. As explained in the following section, ACKS2 allows

us to isolate speciőc contributions, such as charge ŕow, to these quantities. The importance

of a contribution, for any given molecule, will be quantiőed with descriptors deőned below.

For the deőnition of these descriptors, generic symbols X iso, X⃗ and ∥X⃗∥2 are used below,

where X could refer to polarizability or dispersion coefficients, presented in sections II B

and II C, respectively. The subscript c is added to denote a contribution of interest: X iso
c ,

X⃗c and ∥X⃗c∥2. The absence of a subscript in X, or the subscript “refž, will be used to refer

to the reference result computed directly with TD-DFT. Plots and statistical properties of

the descriptors will used to summarize the detailed results for the entire TS42 database.13

The relevant dimensionless descriptors are deőned as follows:

• The descriptor s quantiőes the isotropic part of contribution c relative to its reference

value:

sc[X] =
X iso

c

X iso
(23)

Because the isotropic property in the denominator of sc[X] is always non-zero in prac-

tice, this ratio is well-deőned.
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• The fractional anisotropy of a property X, which is independent of the contribution

being considered:

u[X] =
∥X⃗∥2

∥X⃗∥2 + (X iso)2
(24)

For symmetric molecules, u[X] may become zero. This descriptor will be analyzed as

such to illustrate the overall anistropy of the molecular properties under study.

• The scalar product of X⃗ and a contribution c to X⃗, normalized in the same way as

u[X]:

u∥
c [X] =

X⃗ · X⃗c

∥X⃗∥2 + (X iso)2
(25)

The term (X iso)2 is included in the denominator to avoid divisions by zero for molecules

lacking anisotropy. The symbol ∥ indicates that this descriptor only considers the

contribution of vector X⃗c along the vector X⃗. This descriptor is ideally close to u[X].

Because u[X] may become zero for symmetric molecules, the descriptor u
∥
c [X] cannot be

safely normalized on u[X]. Moreover, u[X] can be interpreted as u
∥
c [X] when X⃗c = X⃗. The

notation u
∥
ref[X] is used to represent u[X] in the remainder of the text, to emphasize that it

is the reference value that includes all contributions.

Note that the descriptor u[X] is guaranteed to lie in the interval [0, 1]. The two other

descriptors, sc[X] and u
∥
c [X], can be interpreted on the same scale, but are not guaranteed

to remain within the [0, 1] interval, of which some examples can be found in the results.

III. COMPUTATIONAL DETAILS

In this study, we investigated the impact of charge ŕow on dipole polarizabilities and

C6 coefficients, including their anisotropies, for all molecules in the TS42 database. The

LDA/aug-cc-pVDZ level of theory84,85 was used for all response calculations, as it resulted

in a good correspondence with experimental data in our previous work.72

The frequency-dependent dipole polarizabilities were computed using the ACKS2ω model

with bi-orthogonal atomic potential and density basis sets, as described in Ref. 72: The po-

tential basis set consists of distributed multipole operators deőned with MBIS partitioning73

and the density basis set is derived from a Fukui function and the non-interacting response
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to the distributed multipole operators. To isolate the contribution of charge ŕow to the

molecular dipole polarizability, ℓmax was set to 0 in the construction of the basis functions

for ACKS2, which is denoted as contribution c = 0. The charge and dipole contributions to

the molecular dipole polarizability were computed by setting ℓmax = 1, which is denoted as

contribution c = 1. Further exploration of ℓmax > 1 is not expected to yield qualitatively

different results because the ACKS2 model with ℓmax = 1 already quantitatively reproduces

frequency-dependent linear response, as will be shown in the results.72 We deőned more

őne-grained contributions to the ℓmax = 1 result by considering the four terms in Eq. (12):

the őrst is due to charge-ŕow, labeled c = 1(0), the second and third terms are due to

chare-dipole interactions, labeled c = 1(1), and the last is due to dipole-only ŕuctuations,

labeled c = 1(2). One would not expect qualitative differences between c = 0 and c = 1(0)

a priori as they are two slightly different ways of modeling the charge-ŕow contribution to

the polarizability.

The integral in Eq. (19) was evaluated using Gaussian-Legendre quadrature with 12 imag-

inary frequencies to calculate C6 coefficients. The same frequencies were also used to study

the relative charge-ŕow contribution to the frequency-dependent dipole polarizabilities. Be-

cause C6 is calculated from two molecular dipole polarizabilities, the integer indices 0, 1 and

2 to classify multipole contributions in Eq. (12) appear twice, once for molecule A and once

for molecule B, leading to six categories of contributions to the dispersion coefficients, labeled

as 1(00), 1(01), 1(02), 1(11), 1(12), or 1(22). There is no distinction between e.g. 1(01) and

1(10), because all N2 = 1764 molecular dimers were considered to collect the statistics, as

opposed to only the unique N(N+1)/2 = 903 pairs in our previous work.72 Table II provides

an overview of all possible contributions to the polarizability and the dispersion coefficients.

All calculations were performed using the Horton package,86 using the methodology de-

scribed in Ref. 72. Reference TD-DFT calculations were performed with Dalton 2020.87

Figure 1 illustrates the computational workŕow to obtain the above descriptors, for the

case of the static dipole polarizability of carbon monoxide. The upper part (blue boxes) rep-

resents the processing of TD-DFT reference results: by recoupling of the Cartesian tensors,

the isotropic and anisotropic components are separated, which are then used as input for

the descriptors (green box). The lower part (yellow and orange boxes) show the ACKS2ω

branch, whose main difference is the additional decomposition of the dipole polarizability
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TABLE II. Overview of all considered contributions c to the dipole polarizability and the dispersion

coefficient. For the ACKS2ω model with ℓmax = 1, the contributions to the response are decomposed

further by grouping terms in Eq. (12): charge-flow (first term), charge-dipole (second and third

term), dipole-dipole (fourth term). For the dispersion coefficient, this classification of terms must

be applied to both molecules A and B in the dimer. Symmetrically equivalent cases are combined

into one contribution.

Quantity Contribution c Model Molecule A Molecule B

Polarizability α ref TD-DFT Reference

0 ACKS2ω ℓmax = 0 all –

1 ℓmax = 1 all –

1(0) ℓmax = 1 charge-flow –

1(1) ℓmax = 1 charge-dipole –

1(2) ℓmax = 1 dipole-dipole –

Dispersion C6 ref TD-DFT Reference

0 ACKS2ω ℓmax = 0 all all

1 ℓmax = 1 all all

1(00) ℓmax = 1 charge-flow charge-flow

1(01) ℓmax = 1 charge-flow charge-dipole

1(02) ℓmax = 1 charge-flow dipole-dipole

1(11) ℓmax = 1 charge-dipole charge-dipole

1(12) ℓmax = 1 charge-dipole dipole-dipole

1(22) ℓmax = 1 dipole-dipole dipole-dipole

to isolate of different contributions, here charge ŕow [CF, c = 1(0)]. Also the recoupled

ACKS2ω tensors are used as input for the descriptors (green box). A similar workŕow is

used for dispersion coefficients, for which frequency-dependent polarizabilities at multiple

imaginary frequencies are combined.
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FIG. 1. The computational workflow to derive the polarizability descriptors from the TD-DFT and

ACKS2ω (ℓmax = 1) frequency-dependent polarizability tensors, for the case of carbon monoxide.

See text for details.

IV. RESULTS

A. Isotropic dipole polarizability

Table III presents the values of sc[α(0)], i.e. the static case, for various contributions c.

Supplementary Tables S1-S12 show similar results at other imaginary frequencies. Figure 2

displays violin plots of sc[α(0)] for different contributions c.

The charge-ŕow descriptors s0[α(0)] (average 0.237) and s1(0)[α(0)] (average 0.247) are

very close. Except for slight differences, all results for c = 0 and c = 1(0) are consistent,

conőrming that these are two comparable deőnitions of the charge-ŕow contribution. Any
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TABLE III. Isotropic descriptors sc[α(0)] for all molecules in the TS42 database, for each contribu-

tion c, as documented in Table II.

s0[α(0)] s1[α(0)] s1(0)[α(0)] s1(1)[α(0)] s1(2)[α(0)]

Molecule

C8H18 0.417 0.988 0.429 0.218 0.341

C7H16 0.404 0.988 0.415 0.224 0.349

C6H6 0.404 0.965 0.414 0.204 0.348

C6H14 0.387 0.987 0.398 0.230 0.359

C5H12 0.365 0.986 0.377 0.238 0.372

CH3CH2OCH2CH3 0.358 0.985 0.368 0.230 0.388

C4H10O 0.354 0.983 0.365 0.234 0.384

C4H10 0.337 0.986 0.348 0.248 0.391

C4H8 0.336 0.984 0.347 0.260 0.377

C3H7OH 0.322 0.982 0.332 0.242 0.408

CH3CH3CH3N 0.318 0.981 0.329 0.244 0.408

CH3COCH3 0.312 0.974 0.329 0.222 0.422

C3H6 0.309 0.975 0.319 0.222 0.434

C3H8 0.299 0.985 0.308 0.258 0.419

CCl4 0.299 0.905 0.303 0.126 0.475

CH3OCH3 0.284 0.982 0.292 0.254 0.437

CH3CHO 0.273 0.970 0.291 0.224 0.456

CH3NHCH3 0.283 0.981 0.291 0.260 0.430

C2H5OH 0.278 0.980 0.286 0.248 0.447

CS2 0.267 0.899 0.276 0.140 0.484

N2O 0.235 0.934 0.270 0.162 0.504

CO2 0.214 0.957 0.258 0.152 0.548

C2H6 0.249 0.984 0.257 0.264 0.463

C2H4 0.236 0.970 0.244 0.220 0.506

COS 0.218 0.922 0.242 0.128 0.552

SiH4 0.235 0.975 0.242 0.194 0.540

SO2 0.217 0.923 0.236 0.140 0.547

H2CO 0.211 0.967 0.225 0.224 0.517

CH3NH2 0.215 0.978 0.222 0.254 0.503

CH3OH 0.212 0.978 0.219 0.248 0.510

C2H2 0.183 0.966 0.190 0.176 0.600

Cl2 0.156 0.894 0.156 0.108 0.631

CH4 0.148 0.983 0.151 0.246 0.585

N2 0.104 0.941 0.114 0.148 0.681

CO 0.090 0.932 0.097 0.120 0.715

H2S 0.083 0.932 0.086 0.130 0.716

NH3 0.078 0.972 0.080 0.190 0.703

H2O 0.063 0.971 0.065 0.178 0.727

H2 0.061 0.993 0.062 0.184 0.748

HBr 0.051 0.930 0.053 0.074 0.803

HCl 0.046 0.926 0.047 0.078 0.801

HF 0.045 0.973 0.047 0.134 0.791

Min. 0.045 0.894 0.047 0.074 0.341

Max. 0.417 0.993 0.429 0.264 0.803

Mean 0.237 0.964 0.247 0.197 0.520

deviation between the two is due to the difference in ACSK2 basis set for ℓmax = 0 and

ℓmax = 1. These values also show that the charge-ŕow contribution has an incomplete but

non-negligible contribution to the isotropic polarizability. As mentioned above, the charge-
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0 1 1(0) 1(1) 1(2)

Contribution c

0.0

0.2

0.4

0.6

0.8

1.0

s c
[α
(0
)]

FIG. 2. Violin plots of the distribution of the isotropic descriptor for the static polarizability,

sc[α(0)], for all TS42 molecules, grouped by contribution c, as documented in Table II.

ŕow contribution reported here is typically smaller than in some previous works.41,42,53 This

difference arises from the distinct deőnitions of charge ŕow and the AIM schemes applied in

prior studies, as detailed in Section II.

The average s1[α(0)] value (0.964) approaches 1.0, indicating that the molecular dipole

polarizability can be accurately predicted by considering both atomic ŕuctuating charges

and dipoles. Such results are in accordance with previous research71,72. The charge-dipole

contribution, s1(1)[α(0)], is generally limited, yielding an average value of 0.197, while the

dipole-only contribution has the main contribution with an average value of 0.520. Violin

plots of sc[α(ω)] for other frequencies can be found in Figure S1.

Figure 3 further explores the dependence of s1(0)[α(ω)], s1(1)[α(ω)], and s1(2)[α(ω)] on

the imaginary frequency. We observe a slight increase in the contribution of charge-ŕow

with increasing |ω|, except for the highest frequency. Interestingly, a similar trend can

be identiőed in the dipole-only contribution, where the increase is more pronounced than

in the charge-ŕow case. Considering that the sum of charge-ŕow, dipole-only, and charge-

dipole contributions nearly equals unity, the charge-dipole contribution, s1(1)[α(ω)], decreases

with increasing |ω| as depicted in Figure 3, attaining a negative average value when |ω| ≥
2.308. As |ω| increases, the difference between charge-ŕow and dipole-only contributions
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FIG. 3. The dependence on the frequency of the isotropic descriptor for the polarizability, sc[α(ω)],

for the charge-flow [c = 1(0)] charge-dipole [c = 1(1)] and dipole-only [c = 1(2)], contributions.

also increases, causing the contribution of charge-ŕow to fall below that of dipole-only in

high-frequency cases for all molecules when |ω| ≥ 1.154. Overall, the frequency dependence

is small and the role of charge-ŕow remains comparable over the entire range of tested

frequencies.

Figure 4 presents scatter plots of s1(0)[α(0)] and s1(2)[α(0)] as a function of the number

of non-hydrogen atoms. We note that the contribution of charge-ŕow increases with the

number of non-hydrogen atoms, while that of dipole-only decreases. This trend also holds

for nonzero frequencies, as shown in Figure S2. In the static case, the contribution of charge-

ŕow overtakes that of dipole-only when the number of non-hydrogen atoms in the TS42

database exceeds 5. For small molecules, most notably HF, HCl, and HBr, the isotropic

dipole-only descriptor, s1(2)[α(0)], is close to 1, while other contributions remain negligible.

This is likely due to the limited number of non-hydrogen atoms in these molecules, which

restricts charge exchange between atoms. Molecules with longer chains (e.g., C6H14, C7H16,

and C8H18) or π-conjugated systems (e.g., C6H6), have the largest charge-ŕow contributions.

This can be traced back to the larger number of non-hydrogen atoms in these molecules and

the delocalized bonds, which are known to be highly polarizable. These results conőrm that

charge-ŕow varies with molecular topology and chemical bonding, which is consistent with
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Number of non-hydrogen atoms

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

s c
[α
(0
)]

1(0)

1(2)

FIG. 4. The distributions of the isotropic descriptor for the static polarizability, sc[α(0)], for the

charge-flow [c = 1(0)] and dipole-only [c = 1(2)] contributions, grouped by the number of non-

hydrogen atoms in the TS42 molecules.

the use of atom-condensed response kernels for the characterization of chemical bonding.44

B. Anisotropy of dipole polarizability

Table IV details the u
∥
c [α(0)] values of (static) anisotropic polarizability. Tables S13-S24

show analogous results for other frequencies. Figure 5 depicts violin plots of the u
∥
c [α(0)]

values for different contributions c. Similar violin plots of u∥
c [α(ω)] at higher frequencies can

be found in Figure S3. In addition, the results of ∥αc(ω)∥ for all frequencies studied are

presented in Tables S25-S37.

The average values of u∥
0[α(0)] (0.032) and u

∥
1(0)[α(0)] (0.034) are close to the reference

result uref[α(0)] (0.035). Both approaches to isolate the charge-ŕow contribution are again

consistent. The reference is qualitatively reproduced by the charge-ŕow result, meaning that

charge-ŕow contributions can explain most of the anisotropy of the static dipole polarizabil-

ity. One average, the charge-dipole and dipole-dipole effects also contribute, but compensate

each other to large extent.

The descriptor u
∥
c [α] is designed to have a meaningful sign that reveals whether contri-
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ref 0 1 1(0) 1(1) 1(2)

Contribution c

−0.05

0.00

0.05

0.10

0.15

0.20

u
‖ c
[α
(0
)]

FIG. 5. Violin plots of anistropic descriptor of the static dipole polarizability, u
∥
c [α(0)] for all

molecules in TS42, grouped by contribution c, as documented in Table II.

bution c is pointing in the right direction. However, a good correspondence between u
∥
c [α]

and u
∥
ref[α] is only a necessary condition for contribution c to fully explain the reference.

Because this descriptor is deőned through a scalar product, it is insensitive to contributions

orthogonal to the reference. To further support our claim that the anisotropy is qualitatively

reproduced by the charge-ŕow contribution, we veriőed that the following inequality holds

for all molecules and all imaginary frequencies up to 0.386× i:

∥α⃗1(0)(ω)− α⃗(ω)∥2
∥α⃗(ω)∥2 + (αiso(ω))2

≤ 0.02 (26)

The term (αiso(ω))2 in the denominator is included to avoid (near) division by zero for

molecules lacking anistropy in the reference calculation. For imaginary frequencies with

larger magnitude, the charge-ŕow and other contributions do not vanish as quickly, as men-

tioned in the previous paragraph, thereby making larger relative errors.

All u∥
0[α(0)] and u

∥
1(0)[α(0)] values are positive, while all u∥

1(2)[α(0)] values are negative,

except for NH3 and H2S. Like other molecules with a single non-hydrogen atom, these

two are only weakly anisotropic. Unlike other molecules, the charge-ŕow and charge-dipole

contributions to the anisotropy have the wrong sign. These aberations could be due to the

presence of lone pairs, whose contribution is local within the non-hydrogen atom, such that
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charge-ŕow models should not be expected to perform well for these speciőc cases.

Notably, the charge-ŕow contribution signiőcantly inŕuences the anisotropic polarizability

of molecules with highly polarizable bonds, typically delocalized, double or tripple bonds For

example, these are present in the molecules CS2, N2, COS, CO2, C6H6, and C2H2. For such

molecules, u∥
1(2)[α(0)] also contributes signiőcantly, but with the opposite sign. The large

contributions with opposite sign may pose challenges when parametrizing an approximate

polarizable force őeld. Due to the cancellation of different effects, small absolute errors on

individual contributions would be needed to obtain a small relative error on the combined

result.

Figure 6 examines the dependence of u∥
1(0)[α(ω)] and u

∥
ref[α(ω)] on the imaginary frequency

ω. It can be observed that with increasing |ω|, the anisotropy of the TD-DFT reference

decreases and becomes very small at high frequencies (|ω| ≥ 2.308). Tables S25-S37 show

in more detail how the anisotropy disappears at high frequency for individual molecules.

This behavior is reproduced quantitatively by the ACKS2ω model with ℓmax = 1. (See

őgure S3.) The charge-ŕow contribution follows this trend closely, but does not drop as

sharply to zero at higher frequencies. In this regime, some molecules, e.g. C2H2, C6H6, and

CO2, have relatively large contributions c = “1(0)ž and c = “1(2)ž, adding up to a much

smaller total anisotropy, as shown in Tables S22-S24. Also here, quantitative results rely on

compensation effects between different terms, which may be challenging to reproduce with

more approximate models.

C. C6 coefficients

Figure 7(a) displays violin plots of the distribution of sc[C6] over all molecular pairs, for

each contribution c. In Figure 3, s0[α(ω)] shows a mild dependency on frequency. We can

use this weak frequency dependency to approximate s0[C6] in terms of s0[α(ω)] by rewriting

Eq. (20) as:

sAB
0 [C6] ≈

∫ ∞

0

sA0 [α(iv)]s
B
0 [α(iv)]dv, (27)

where sAB
0 [C6] is the s0[C6] value of molecular pair A and B, and s

A(B)
0 [α(iv)] are the s0[α(iv)]

values for molecule A (B). Our results indicate that charge-ŕow contributions to C6 are rela-

tively small, with very similar trends observed for c = 0 and c = 1(00). The small magnitude
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FIG. 6. The dependence on the frequency of the anisotropic descriptor for the polarizability,

u
∥
c [α(ω)], for the charge-flow contribution [c = 1(0)] and the reference [c = ref].

of charge-ŕow dispersion emerges from the underestimation of the isotropic dipole polarizabil-

ity across all frequencies by the charge-ŕow contribution. This underestimation is ampliőed

in the isotropic C6 coefficient because its scales quadratically with the dipole polarizability.

The dipole-only contribution, c = 1(22), is in general the largest, but other contributions in-

volving ŕuctuating charges and dipoles are also needed to obtain a quantitative reproduction

of the reference result. These őndings align with previous work.72

Figure 8 illustrates the dependence of the largest s1(00)[C6] values on the number of non-

hydrogen atoms in the molecular dimer. The corresponding detailed data are shown in

Table V. Charge-ŕow effects have an increasing contribution to the isotropic C6 of larger

molecular pairs, in line with our results for the isotropic polarizability.

Figure 7(b) presents violin plots of the distribution of u∥
c [C6] values over all molecular pairs

in TS42, for each contribution c. The charge-ŕow contribution to anistropic dispersion is on

average 0.066 for u
∥
0[C6] and 0.069 for u

∥
1(00)[C6]. Again, both characterizations of charge-

ŕow agree with each other. Whereas charge-ŕow could explain most of the anisotropy of the

dipole polarizability, it cannot accomplish the same for dispersion. This can be understood

by analyzing Eq. (19): some of the anisotropic dispersion coefficients depend on the isotropic

frequency dependent polarizability of one of the two molecules. As discussed in Section IVA,
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FIG. 7. Violin plots of the isotropic descriptor for dispersion coefficients, sc[C6] (panel a), and the

anisotropic descriptor, u
∥
c [C6] (panel b), for all molecular pairs from the TS42 database, for each

category c, as documented in Table II.

this isotropic contribution is not reproduced qualitatively when only considering charge-

ŕow. Nonetheless, u
∥
0[C6] remains signiőcant for several molecular pairs, and we list the

top 50 in Table VI. The minor discrepancy between the distribution of u∥
ref[C6] and u

∥
1[C6]

values suggests that anisotropic C6 coefficients can be accurately represented by combining

frequency-dependent ŕuctuating charges and dipoles.
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FIG. 8. The dependence on the number of non-hydrogen atoms of the 50 highest charge-flow

isotropic descriptors for the C6 dispersion coefficient, s1(00)[C6]. For the same molecular pairs, also

the corresponding dipole-only descriptor [c = 1(22)] is included.

Finally, it is noteworthy that the dipole-only contribution to the anisotropy, u∥
1(22)[C6],

is negative in general. This suggests that ŕuctuating dipoles render the dispersion more

isotropic, countering the anisotropy from all other contributions.
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TABLE IV. Anisotropic descriptors u
∥
c [α(0)] for all molecules in the TS42 database, for each con-

tribution c, as documented in Table II.

u
∥
ref

[α(0)] u
∥
0 [α(0)] u

∥
1 [α(0)] u

∥
1(0)

[α(0)] u
∥
1(1)

[α(0)] u
∥
1(2)

[α(0)]

Molecule

CS2 0.199 0.151 0.176 0.156 0.078 -0.058

N2O 0.187 0.130 0.173 0.149 0.088 -0.064

CO2 0.132 0.102 0.128 0.123 0.072 -0.067

COS 0.123 0.101 0.116 0.112 0.060 -0.056

C6H6 0.061 0.069 0.064 0.070 0.034 -0.041

C2H2 0.067 0.065 0.071 0.067 0.062 -0.058

SO2 0.070 0.060 0.066 0.066 0.028 -0.028

Cl2 0.071 0.057 0.059 0.057 0.038 -0.037

C8H18 0.034 0.051 0.034 0.051 -0.002 -0.015

C3H6 0.041 0.045 0.042 0.047 0.018 -0.023

C7H16 0.029 0.043 0.029 0.043 -0.000 -0.013

C2H4 0.042 0.041 0.044 0.042 0.030 -0.028

H2CO 0.052 0.036 0.052 0.039 0.038 -0.024

C6H14 0.024 0.036 0.024 0.037 -0.000 -0.012

CH3CHO 0.033 0.028 0.032 0.031 0.014 -0.014

N2 0.036 0.027 0.039 0.030 0.038 -0.030

CH3CH2OCH2CH3 0.019 0.028 0.019 0.028 0.000 -0.009

C5H12 0.018 0.027 0.018 0.027 0.000 -0.010

C4H10O 0.018 0.027 0.018 0.027 0.002 -0.011

CH3COCH3 0.022 0.021 0.022 0.022 0.008 -0.009

C4H10 0.013 0.020 0.013 0.020 0.001 -0.008

CH3CH3CH3N 0.014 0.019 0.014 0.019 0.002 -0.007

C3H7OH 0.012 0.018 0.012 0.018 0.002 -0.009

H2 0.043 0.018 0.044 0.018 0.052 -0.027

CO 0.016 0.016 0.019 0.017 0.022 -0.020

CH3OCH3 0.010 0.016 0.011 0.016 0.002 -0.008

HF 0.031 0.011 0.027 0.012 0.032 -0.017

CH3NHCH3 0.008 0.011 0.008 0.011 0.002 -0.005

C2H5OH 0.007 0.010 0.007 0.010 0.002 -0.006

C3H8 0.006 0.009 0.006 0.009 0.002 -0.004

CH3OH 0.005 0.007 0.005 0.007 0.003 -0.005

CH3NH2 0.006 0.007 0.006 0.007 0.002 -0.004

C2H6 0.005 0.007 0.005 0.007 0.000 -0.003

C4H8 0.004 0.006 0.004 0.006 0.000 -0.001

HCl 0.005 0.004 0.005 0.005 0.008 -0.007

HBr 0.003 0.004 0.003 0.004 0.006 -0.007

H2O 0.002 0.002 0.002 0.002 0.006 -0.006

CH4 0.000 -0.000 0.000 0.000 0.000 -0.000

CCl4 0.000 0.000 0.000 -0.000 0.000 0.000

SiH4 0.000 0.000 -0.000 0.000 0.000 -0.000

H2S 0.000 -0.001 -0.000 -0.001 -0.000 0.001

NH3 0.005 -0.003 0.004 -0.003 -0.006 0.013

Min. 0.000 -0.003 -0.000 -0.003 -0.006 -0.067

Max. 0.199 0.151 0.176 0.156 0.088 0.013

Mean 0.035 0.032 0.034 0.034 0.018 -0.018
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TABLE V. Isotropic descriptors sc[C6] for the 50 molecular pairs from TS42 with the highest

s1(00)[C6] value.

s0[C6] s1[C6] s1(00)[C6] s1(01)[C6] s1(02)[C6] s1(11)[C6] s1(12)[C6] s1(22)[C6]

Molecule

C8H18· · ·C8H18 0.192 1.002 0.198 0.156 0.340 0.036 0.128 0.147

C8H18· · ·C7H16 0.187 1.002 0.193 0.154 0.339 0.036 0.132 0.150

C8H18· · ·C6H6 0.186 0.995 0.190 0.144 0.346 0.032 0.126 0.158

C7H16· · ·C7H16 0.182 1.001 0.188 0.152 0.338 0.036 0.132 0.152

C8H18· · ·C6H14 0.181 1.001 0.187 0.154 0.337 0.036 0.134 0.153

C6H6· · ·C7H16 0.182 0.995 0.185 0.144 0.344 0.032 0.128 0.161

C7H16· · ·C6H14 0.176 1.001 0.182 0.154 0.336 0.036 0.136 0.156

C6H6· · ·C6H6 0.181 0.988 0.182 0.136 0.350 0.028 0.124 0.170

C6H14· · ·C6H6 0.175 0.995 0.179 0.142 0.342 0.032 0.134 0.165

C5H12· · ·C8H18 0.172 1.001 0.178 0.152 0.336 0.036 0.138 0.158

C6H14· · ·C6H14 0.170 1.001 0.176 0.152 0.334 0.040 0.140 0.159

C7H16· · ·C5H12 0.168 1.001 0.173 0.152 0.334 0.040 0.142 0.161

C8H18· · ·CH3CH2OCH2CH3 0.169 1.001 0.173 0.148 0.340 0.036 0.140 0.165

C8H18· · ·C4H10O 0.167 1.001 0.172 0.150 0.337 0.036 0.140 0.164

C6H6· · ·C5H12 0.167 0.995 0.170 0.144 0.340 0.036 0.138 0.170

CH3CH2OCH2CH3· · ·C7H16 0.164 1.001 0.169 0.146 0.337 0.036 0.142 0.168

C4H8· · ·C8H18 0.165 0.999 0.169 0.156 0.330 0.040 0.146 0.159

C4H10O· · ·C7H16 0.163 1.001 0.168 0.150 0.336 0.036 0.142 0.167

C6H14· · ·C5H12 0.162 1.001 0.167 0.152 0.331 0.040 0.146 0.164

C8H18· · ·C4H10 0.161 1.001 0.166 0.152 0.333 0.040 0.146 0.164

CH3CH2OCH2CH3· · ·C6H6 0.163 0.994 0.166 0.138 0.343 0.032 0.136 0.178

C6H6· · ·C4H10O 0.162 0.995 0.165 0.140 0.341 0.032 0.140 0.176

C4H8· · ·C7H16 0.160 0.999 0.165 0.154 0.328 0.040 0.148 0.162

C6H14· · ·CH3CH2OCH2CH3 0.159 1.001 0.163 0.146 0.335 0.036 0.146 0.172

C4H8· · ·C6H6 0.159 0.993 0.162 0.146 0.333 0.036 0.144 0.171

C7H16· · ·C4H10 0.157 1.001 0.162 0.152 0.332 0.040 0.148 0.167

C4H10O· · ·C6H14 0.157 1.001 0.162 0.148 0.332 0.040 0.146 0.171

C5H12· · ·C5H12 0.155 1.001 0.160 0.152 0.328 0.040 0.152 0.169

C4H8· · ·C6H14 0.155 0.999 0.159 0.154 0.326 0.044 0.152 0.166

C4H10· · ·C6H6 0.156 0.994 0.159 0.144 0.336 0.036 0.144 0.177

C8H18· · ·CH3CH3CH3N 0.153 1.002 0.158 0.150 0.335 0.040 0.150 0.171

C3H7OH· · ·C8H18 0.154 1.001 0.158 0.148 0.336 0.040 0.146 0.173

C6H14· · ·C4H10 0.152 1.001 0.157 0.150 0.328 0.040 0.152 0.171

C5H12· · ·C4H10O 0.150 1.001 0.155 0.146 0.329 0.040 0.154 0.176

C5H12· · ·CH3CH2OCH2CH3 0.151 1.000 0.155 0.146 0.332 0.040 0.150 0.177

CH3COCH3· · ·C8H18 0.148 0.997 0.154 0.138 0.345 0.036 0.144 0.183

CH3CH3CH3N· · ·C7H16 0.149 1.002 0.154 0.148 0.332 0.040 0.154 0.174

C7H16· · ·C3H7OH 0.150 1.001 0.154 0.146 0.334 0.040 0.150 0.176

C3H7OH· · ·C6H6 0.149 0.994 0.152 0.138 0.338 0.036 0.144 0.186

CH3CH3CH3N· · ·C6H6 0.149 0.995 0.152 0.140 0.337 0.036 0.148 0.184

C5H12· · ·C4H8 0.148 0.999 0.152 0.152 0.322 0.044 0.158 0.171

CH3CH2OCH2CH3· · ·CH3CH2OCH2CH3 0.148 1.000 0.151 0.140 0.334 0.036 0.152 0.186

C4H10O· · ·CH3CH2OCH2CH3 0.147 1.000 0.150 0.142 0.333 0.040 0.152 0.184

C4H10O· · ·C4H10O 0.145 1.000 0.150 0.144 0.330 0.040 0.156 0.183

C7H16· · ·CH3COCH3 0.144 0.997 0.150 0.136 0.341 0.036 0.148 0.186

C3H8· · ·C8H18 0.145 1.000 0.150 0.150 0.331 0.040 0.154 0.174

C6H14· · ·CH3CH3CH3N 0.144 1.002 0.149 0.148 0.329 0.040 0.158 0.178

C6H14· · ·C3H7OH 0.145 1.000 0.149 0.146 0.330 0.040 0.156 0.180

C4H10· · ·C5H12 0.145 1.000 0.149 0.148 0.325 0.044 0.160 0.176

CH3CH2OCH2CH3· · ·C4H8 0.145 0.999 0.148 0.146 0.325 0.044 0.158 0.179

· · · · · · · · · · · · · · · · · · · · · · · · · · ·

Min. 0.002 0.890 0.002 0.008 0.082 0.004 0.096 0.147

Max. 0.192 1.016 0.198 0.156 0.403 0.052 0.268 0.726

Mean 0.066 0.977 0.069 0.083 0.297 0.028 0.178 0.322
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TABLE VI. Anisotropic descriptors u
∥
c [C6] for the 50 molecular pairs from TS42 with the highest

u
∥
1(00)[C6] value.

u
∥
ref

[C6] u
∥
0 [C6] u

∥
1 [C6] u

∥
1(00)

[C6] u
∥
1(01)

[C6] u
∥
1(02)

[C6] u
∥
1(11)

[C6] u
∥
1(12)

[C6] u
∥
1(22)

[C6]

Molecule

CS2· · ·CS2 0.153 0.070 0.131 0.071 0.056 0.010 0.012 0.004 -0.023

N2O· · ·CS2 0.151 0.065 0.134 0.070 0.060 0.009 0.016 0.004 -0.024

N2O· · ·N2O 0.151 0.061 0.138 0.070 0.068 0.006 0.016 0.004 -0.024

CO2· · ·CS2 0.121 0.052 0.110 0.059 0.050 0.010 0.012 0.004 -0.025

CO2· · ·N2O 0.124 0.050 0.115 0.059 0.056 0.008 0.016 0.004 -0.026

COS· · ·CS2 0.119 0.052 0.105 0.056 0.042 0.015 0.008 0.006 -0.024

N2O· · ·COS 0.122 0.050 0.111 0.056 0.048 0.014 0.012 0.006 -0.025

N2O· · ·C6H6 0.095 0.050 0.091 0.054 0.046 -0.002 0.012 0.000 -0.018

CS2· · ·C6H6 0.090 0.052 0.083 0.052 0.038 0.001 0.008 0.000 -0.017

CO2· · ·CO2 0.100 0.040 0.094 0.049 0.048 0.010 0.012 0.004 -0.027

CO2· · ·COS 0.097 0.040 0.089 0.047 0.040 0.014 0.008 0.006 -0.026

N2O· · ·C8H18 0.080 0.042 0.077 0.045 0.032 0.007 0.004 0.002 -0.014

C6H6· · ·CO2 0.073 0.040 0.071 0.045 0.038 -0.002 0.008 0.000 -0.018

CS2· · ·C8H18 0.074 0.043 0.068 0.044 0.026 0.008 0.004 0.000 -0.013

COS· · ·COS 0.093 0.039 0.084 0.044 0.032 0.016 0.008 0.008 -0.025

N2O· · ·C7H16 0.078 0.039 0.074 0.042 0.030 0.008 0.004 0.004 -0.015

COS· · ·C6H6 0.068 0.039 0.064 0.041 0.032 0.002 0.008 0.002 -0.018

CS2· · ·C7H16 0.071 0.040 0.066 0.041 0.024 0.009 0.004 0.000 -0.013

N2O· · ·C2H2 0.100 0.038 0.095 0.040 0.048 0.012 0.016 0.006 -0.027

C2H2· · ·CS2 0.094 0.039 0.087 0.039 0.044 0.013 0.012 0.006 -0.026

N2O· · ·C6H14 0.076 0.036 0.072 0.039 0.030 0.009 0.004 0.004 -0.015

CS2· · · SO2 0.089 0.035 0.079 0.038 0.028 0.022 0.008 0.006 -0.021

N2O· · · SO2 0.094 0.034 0.087 0.038 0.032 0.023 0.008 0.010 -0.023

C8H18· · ·CO2 0.060 0.033 0.058 0.037 0.026 0.005 0.004 0.000 -0.014

CS2· · ·C6H14 0.069 0.037 0.064 0.037 0.024 0.010 0.004 0.000 -0.013

C3H6· · ·N2O 0.081 0.033 0.077 0.036 0.034 0.013 0.008 0.004 -0.019

CH3CH2OCH2CH3· · ·N2O 0.073 0.032 0.070 0.035 0.026 0.012 0.004 0.006 -0.016

CS2· · ·C3H6 0.075 0.034 0.069 0.035 0.028 0.014 0.008 0.002 -0.017

C5H12· · ·N2O 0.073 0.032 0.069 0.035 0.028 0.011 0.008 0.004 -0.015

C6H6· · ·C6H6 0.045 0.035 0.046 0.035 0.024 -0.006 0.004 -0.004 -0.012

C8H18· · ·COS 0.054 0.032 0.051 0.034 0.020 0.007 0.004 -0.002 -0.012

CO2· · ·C2H2 0.077 0.030 0.075 0.034 0.040 0.011 0.012 0.006 -0.028

N2O· · ·C4H10O 0.073 0.032 0.069 0.034 0.028 0.011 0.008 0.004 -0.016

CO2· · ·C7H16 0.058 0.031 0.056 0.034 0.024 0.005 0.004 0.002 -0.014

CS2· · ·C4H10O 0.065 0.032 0.060 0.033 0.024 0.012 0.004 0.000 -0.014

CS2· · ·C5H12 0.065 0.033 0.060 0.033 0.024 0.012 0.004 0.002 -0.013

CH3CH2OCH2CH3· · ·CS2 0.066 0.033 0.061 0.033 0.022 0.013 0.004 0.002 -0.014

C7H16· · ·COS 0.052 0.030 0.049 0.032 0.020 0.008 0.004 -0.002 -0.012

C6H14· · ·CO2 0.056 0.028 0.054 0.032 0.024 0.006 0.004 0.002 -0.014

CO2· · · SO2 0.072 0.027 0.068 0.032 0.026 0.019 0.004 0.008 -0.023

COS· · ·C2H2 0.072 0.030 0.068 0.031 0.034 0.013 0.008 0.008 -0.026

C4H10· · ·N2O 0.070 0.029 0.067 0.031 0.026 0.013 0.008 0.006 -0.016

N2O· · ·C2H4 0.083 0.029 0.079 0.031 0.036 0.017 0.012 0.008 -0.022

CH3COCH3· · ·N2O 0.072 0.027 0.069 0.030 0.026 0.016 0.008 0.006 -0.017

Cl2· · ·N2O 0.093 0.028 0.081 0.030 0.028 0.028 0.008 0.014 -0.027

N2O· · ·C3H7OH 0.070 0.027 0.067 0.030 0.026 0.014 0.008 0.006 -0.016

CH3CHO· · ·N2O 0.077 0.027 0.073 0.030 0.028 0.018 0.008 0.008 -0.019

CS2· · ·C2H4 0.077 0.030 0.071 0.030 0.030 0.017 0.008 0.004 -0.020

COS· · · SO2 0.067 0.027 0.062 0.030 0.020 0.020 0.004 0.006 -0.020

CS2· · ·C4H10 0.063 0.029 0.058 0.029 0.022 0.013 0.004 0.002 -0.014

· · · · · · · · · · · · · · · · · · · · · · · · · · · · · ·

Min. 0.000 0.000 0.000 0.000 0.000 -0.006 0.000 -0.004 -0.031

Max. 0.153 0.070 0.138 0.071 0.068 0.050 0.016 0.024 0.001

Mean 0.024 0.009 0.023 0.009 0.009 0.008 0.002 0.003 -0.009
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V. DISCUSSION

While our őndings demonstrate the relative importance of ŕuctuating charges in molec-

ular polarizability and dispersion interactions, we acknowledge that there are alternative

methods to accurately describe these phenomena without explicitly relying on charge-ŕow.88

For example, many interaction models, such as polarizable force őelds38,58,89–91 and disper-

sion corrections for DFT calculations,2,7,8,13,14,19,22,24,25,33,35,36 are motivated from a picture of

dipole-polarizable atoms without charge-ŕow. Quantitative predictions made by such mod-

els imply that effects attributed to charge-ŕow in this work can also be reproduced with a

different dipole-only model. This can be understood as follows. The distributed multipole

analysis used here is only one way to decompose the molecular response kernel into separate

contributions, and different atom-in-molecule partitioning schemes can be employed within

this framework.69,74 Furthermore, response localization schemes can translate charge-ŕow

effects into a dipole-only picture, explaining how dipole-only models can make quantitative

predictions.68 In addition, other approaches exist that can result in a quantitative dipole-

only response model, e.g. by constructing complete response basis sets without monopolar

terms92 or by transforming response functions to polarization densities.93

One could even go a step further and consider decomposing the molecular electron density

into different units than atoms in molecules. While it is uncommon to partition the density in

contributions attributed to bonds, one can anticipate the result of such a hypothetical bond

partitioning by treating a diatomic molecule as a single bond unit instead of partitioning it

into two atoms. The results in Figure 1 illustrate this for carbon monoxide. When using

atomic partitions, there is a signiőcant charge-ŕow contribution to the polarizability. When

treating this molecule as a single unit, there is no charge transfer to be observed and the

response properties are all be attributed to the polarization of CśśśO bond unit.

All the ambiguities and choices discussed above will lead to a different perspective of

what constitutes charge-ŕow, if any. In the literature, the importance of charge-ŕow is

well established for long-range polarization in near-metallic extended systems.7,39–43,45–48 In

addition, our numerical assessment conőrms that the charge-ŕow contribution, as deőned

in this work, is related to non-local features, such as molecular geometry and chemical

bonding, also in smaller molecules, such as those in the TS42 set.44 Polarizable force őelds

and dispersion models may build on these relationships to parametrize charge-ŕow explicitly,
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thereby improving their description of anisotropic response properties. In other words, we

show that the charge ŕow is not only useful for modeling non-standard power laws in Type-

C dispersion,15 but that it is also helpful for understanding anistropic dispersion of isolated

molecules.

VI. CONCLUSIONS

The impact of ŕuctuating charges on dynamic linear-response properties is investigated

and numerically assessed with the TS42 dataset, comprising both organic and inorganic

molecules. The dipole polarizability tensor is recoupled to easily separate istropic and

anisotropic components, which also allows for the deőnition of anisotropic C6 dispersion

coefficients. The recoupled properties are then used to deőne two descriptors (isotropic and

anisotropic) for the charge-ŕow contribution to polarizability and dispersion. The molecular

frequency-dependent polarizabilities are computed with the ACKS2ω model, either with ŕuc-

tuating charges only (ℓmax = 0) or ŕuctuating charges and dipoles (ℓmax = 1). In the latter

case, charge-ŕow, charge-dipole, and dipole-only effects are easily separated. All ACKS2ω

parameters are derived from LDA/Aug-cc-pVDZ wavefunctions, and the response properties

at this level of theory are used as a reference. Our tests reveal that the two ways to deőne

the charge-ŕow contribution (ℓmax = 0 or the charge-ŕow part of ℓmax = 1) yield very similar

results. In general, the ℓmax = 1 model quantitatively reproduces all tested quantities: both

istropic and anistropic polarizability and dispersion.

The results for the TS42 set show that charge-ŕow contributions alone signiőcantly under-

estimate the molecular isotropic dipole polarizability, and that the dipole-only contribution

is larger. Nevertheless, the charge-ŕow contribution is in general not negligible and its signif-

icance depends strongly on molecular geometry, the presence of polarizable bonds, and the

number of non-hydrogen atoms. In long-chain or π-conjugated molecules, the charge-ŕow

contribution can even exceed the dipole-only counterpart. Our results also reveal a weak

dependence of the charge-ŕow contribution on frequency, whereas charge-dipole and dipole-

only contributions respectively decrease and increase slightly with increasing magnitude of

the imaginary frequency.

We also investigate the static anisotropic polarizability and its contributions across differ-

ent frequencies. The results demonstrate that the charge-ŕow contribution alone reasonably
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predicts the anisotropy of the polarizability. The overall anisotropy decreases with increas-

ing magnitude of the imaginary frequency, and becomes negligible at the highest frequencies

(|ω| ≥ 2.308). In this limit, polarizability becomes almost perfectly isotropic. Charge-ŕow

and other contributions to the anisotropic polarizability follow the same decreasing trend in

magnitude, except that they do not approach zero as closely at higher frequencies. In this

limit, their residual contributions cancel each other out.

The analysis also reveals that the isotropic C6 coefficients are considerably underesti-

mated by charge-ŕow contributions alone. This discrepancy is the logical consequence of

the noticeable underestimation of the isotropic dipole polarizability by charge-ŕow at all the

frequencies employed in the C6 computations. Charge-ŕow and charge-dipole effects still

contribute signiőcantly, but the dipole-only effect is larger.

Unlike the anisotropic polarizability, anisotropic dispersion is not fully reproduced by

charge-ŕow contributions alone. The impact of charge-ŕow is not negligible, but other charge-

dipole terms are also important. Remarkably, the dipole-only contribution generally reduces

the dispersion anisotropy.

In conclusion, this research offers valuable insights into the leading contributors to molec-

ular polarizability and C6 coefficients, highlighting the signiőcance of ŕuctuating charges in

determining the dynamic linear-response properties of őnite systems. Nevertheless, we ac-

knowledge, existing interaction models without charge-ŕow, i.e. which rely exclusively atomic

dipoles, have proven their effectiveness. This contrast remains fascinating as charge-ŕow con-

tributions correlate with non-local features at a higher length scale than that of local atomic

polarizabilities. Future (frequency-dependent) polarizable force őelds could improve by in-

cluding charge-ŕow effects and this work shows in which cases such improvements should be

expected to be beneőcial.
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The data that support the őndings of this study are openly available in “TS42 TD-DFT

Dipole Polarizabilities as a function of imaginary frequencyž, at

https://doi.org/10.5281/zenodo.8047106, reference number 8047106.

SUPPLEMENTARY MATERIAL

The Supplementary Material is a PDF document containing:

• Violin plots of the distribution of sc[α(ω)] over the TS42 dataset, for all relevant

contributions c, and for all imaginary frequencies used in this work.

• Scatter plots showing the dependence of the descriptors s1(0)[α(ω)] and s1(2)[α(ω)] on

the number of non-hydrogen atoms in molecules, for all imaginary frequencies consid-

ered in this work.

• Violin plots of the distribution of the descriptor u
∥
c [α(ω)] over the TS42 database, for

all relevant contributions c and all imaginary frequencies considered in this work.

• Tables with numerical values of sc[α(ω)], ∥α⃗c∥, u∥
c [α(ω)], for all molecules in TS42, for

all relevant contributions c, and for all imaginary frequencies used in this work.
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