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1. Introduction

Consider the following Trudinger—Moser inequality
[ (explals@I#) -~ ndr <0, 1<p <o, ()

for f € Lﬁ/p(R") = (1 — A)~™/?*[P(R™) with HfHLZ/p < 1 and for some positive
constants C' and «. This inequality has been generalized in many directions. In
bounded domains of R” with p = n > 2, we refer to [34, 3, 13, 21, 32, 48] for
the finding of the best exponents in (1.1), and to [4] for the singular version of this
inequality. In unbounded domains, we refer to [3, 2, 36, 37, 45, 35, 1, 37| for Sobolev
spaces of fractional order and higher order.

In [28], the authors developed a rearrangement-free argument without using
symmetrization to establish the Trudinger—-Moser inequalities in the unbounded
space R™ including Adams type inequalities on the higher order derivatives (and
fractional order derivatives). Rearrangement fails on the Heisenberg group or higher
order Sobolev spaces. In [28] the authors avoid such a rearrangement which is only
available in the first order in the Euclidean spaces. We also refer to [51] for a
rearrangement free argument on the Heisenberg group, where the author obtained
the Trudinger—Moser inequalities when p = @ by gluing local estimates with the
cut-off functions. On the Heisenberg group, we also refer to [16, 29] for an analogue
of inequality (1.1) on domains of finite measure, and to [27, 30, 17, 50] on the entire
Heisenberg group as well as to [28, 43, 44] on stratified (Lie) groups. We also refer
to [31] for the results of concentration-compactness type on the Heisenberg group
and beyond using the level set argument.

In this paper, we are interested in obtaining such inequalities on graded Lie
groups. We use the strategy developed in [37, 38] on R".

A connected simply connected Lie group G is called a graded (Lie) group if its Lie
algebra admits a gradation. The graded groups form the subclass of homogeneous
nilpotent Lie groups admitting homogeneous hypoelliptic left-invariant differential
operators ([33, 47], see also a discussion in [20, Sec. 4.1]). These operators are called
Rockland operators from the Rockland conjecture, solved by Helffer and Nourri-
gat [25]. So, we understand by a Rockland operator any left-invariant homogeneous
hypoelliptic differential operator on G.

In this paper, we are interested in obtaining the inequality (1.1) associated with
positive Rockland operators on graded groups. We are also interested to obtain crit-
ical Gagliardo—Nirenberg and Brezis—Gallouet—Wainger inequalities. Consequently,
we give applications of these inequalities to the nonlinear subelliptic equations. As
such, this is essentially the most general framework for such inequalities in the set-
ting of nilpotent Lie groups. Indeed, if a nilpotent Lie group has a left-invariant
hypoelliptic differential operator, then the group is graded, see Sec. 2 for definitions
and some details.

From now on we let R be a positive Rockland operator, that is, a posi-
tive left-invariant homogeneous hypoelliptic invariant differential operator on G
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of homogeneous degree v. Its powers R* for any a > 0 are understood through the
functional calculus on the whole of G, extensively analyzed in [20, 19]. We denote
the Sobolev space by LE(G) = L%, »(G), for a > 0, defined by the norm

1/p
lallzs o —(/G <|Ra/”u<x>p+|u<x>|f’>dx) . (1.2)

We refer to [20, Theorem 4.4.20] for the independence of the spaces LE(G) of a
particular choice of the Rockland operator R.

Thus, in this paper we will show that for a graded group G of homogeneous
dimension @) and for a positive Rockland operator R of homogeneous degree v we
have the following results:

e (Critical Gagliardo—Nirenberg inequality) Let 1 < p < oo. Then there
exists a constant C7 depending only on p and @ such that

1£lza) < Cra* YIRS FI L RLA IS (1.3)

holds for any ¢ with p < ¢ < oo and for any function f from the Sobolev space
Ly, /p(G) on graded group G.

e (Trudinger inequality with remainders) Let 1 < p < co. Then there exist
positive a and Cy such that

/G epalf@)~ Y Slf@I) | de < Callfle  (14)

0<k<p—1, keN

holds for any function f € Lg/p(G) with HRV%fHLp(G) <1, where 1/p+1/p' =1.
Furthermore, we show that (1.3) and (1.4) are actually equivalent and give
the relation between their best constants. In [42] using this result we obtained
weighted versions of (1.4) on graded groups. In the case p = @, for the best con-
stant « in the weighted Trudinger—Moser inequalities we refer to [27, Theorem
1.6] on the Heisenberg group and to [28, Theorem G] on general stratified groups
when [ [, [V gu(€)|Qdé+7 [ [u(€)|9d€]V/? < 1 for any fixed positive real number
7, and to [30, Theorem 1.1] on the Heisenberg group when [|VyullLem,) < 1.

e (Brezis—Gallouet—Wainger inequality) Let a,p,q € R with 1 < p,q¢ < oo
and a > @Q/q. Then there exists a constant C; depending only on p and @ such
that

’

1£llze < Ca(1+log(1+ IR f| pae))"/? (1.5)
holds for any function f € LQ/p(G) NLIYG).
e (Existence of ground state solutions) Let 1 < p < ¢ < oo. Then the
Schrodinger type equation (5.1) has a least energy solution ¢ € Lg /p(G).
Furthermore, we have d = £(¢), for the variational problem (5.4)-(5.7).

The nonlinear equation (5.1) mentioned above appears naturally in the anal-
ysis of the best constants for the above inequalities:
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e (Best constants in critical Gagliardo—Nirenberg inequality) Let 1 < p <
g < oco. Let ¢ be a least energy solution of (5.1) and let Con = be the smallest
positive constant of C; in (1.3). Then we have

p—q

— qQ(q—p\ "
CGN,R =4q q+q/p]_7 <—) H¢||LP(G)

p
p—q pP—ga

p—a ) p=1
_ qqurq/pg (q_—p) : ( p d) . (1.6)
p p q—p

Since (1.3) and (1.4) are equivalent with a relation between constants, this also
gives the best constant in Trudinger inequalities.

We note that the above results are already new if G is a stratified group and R
is the (positive) sub-Laplacian on G (so that also v = 2).

The paper is organized as follows. In Sec. 2, we briefly recall main concepts
of graded groups and fix the notation. The critical Gagliardo-Nirenberg inequal-
ity and Trudinger-type inequality (1.1) are obtained on graded groups in Sec. 3,
where the constant C is given more explicitly. In Sec. 4, we prove the Brezis—
Gallouet—Wainger inequalities on graded groups. Finally, applications are given to
the nonlinear Schrodinger type equations in Sec. 5.

2. Preliminaries

Following Folland and Stein [23, Chap. 1] and the recent exposition in [20, Chap.
3] we recall that G is a graded (Lie) group if its Lie algebra g admits a gradation

1=
=1
where the gg, £ = 1,2,..., are vector subspaces of g, all but finitely many equal to
{0}, and satisfying
e, 80/] C gever VL EN.

It is called stratified if g; generates the whole of g through these commutators.
We fix a basis { X1, ..., X, } of a Lie algebra g adapted to the gradation. By the
exponential mapping expg : g — G we get points in G:

x=expg(x1 X1+ + 2, X,).
A family of linear mappings of the form

1
D, = Exp(Alnr) :ZE
k=0

is a family of dilations of g. Here A is a diagonalizable linear operator on g with
positive eigenvalues. Every D, is a morphism of the Lie algebra g, i.e. D, is a linear
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mapping from g to itself with the property
VX, Yeg, r>0, [D.X,D,Y]=D.[X,Y],

as usual [X,Y] := XY — Y X is the Lie bracket. One can extend these dilations
through the exponential mapping to the group G by

Dy(x) =rz:= ("ax,...,r""x,), = (r1,...,25) €G, >0, (2.1)
where 11, ..., v, are weights of the dilations. The sum of these weights
Q=TrA=v1+ -+,

is called the homogeneous dimension of G. We also recall that the standard Lebesgue
measure dz on R™ is the Haar measure for G (see, e.g. [20, Proposition 1.6.6]). A
homogeneous quasi-norm on G is a continuous non-negative function

Gz |z €]0,00)

with the properties:

o |27 = |z| for any x € G,
e |A\x| = Mz| for any 2 € G and A > 0,

e |x| =0 if and only if z = 0.

We will use the following polar decomposition for our analysis: there is a (unique)
positive Borel measure o on the unit sphere

S:={zreG:lz| =1}, (2.2)

such that for any function f € L'(G) we have
/ flz)dx = / / f(ry)rtdo(y)dr. (2.3)
G 0 Je

Let G be a unitary dual of G and let HS° be the space of smooth vectors for a
representation ™ € G. A Rockland operator R on G is a left-invariant differential
operator which is homogeneous of positive degree and satisfies the condition:

(Rockland condition) For each representation = € @, except for the trivial
representation, the operator m(R) is injective on H°, i.e.

VoeHy, m(R)jv=0=0v=0.

Here m(R) := dn(R) is the infinitesimal representation of the Rockland operator R
as of an element of the universal enveloping algebra of G.

Different characterizations of such operators have been obtained by Rock-
land [39] and Beals [6]. For an extensive presentation about Rockland operators and
for the theory of Sobolev spaces on graded groups we refer to [19] and [20, Chap.
4], and for the Besov spaces on graded groups we refer to [12].

Since we will not be using the representation theoretic interpretation of these
operators in this paper, we define Rockland operators as left-invariant homogeneous
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hypoelliptic differential operators on G. This is equivalent to the Rockland condition
as it was shown by Helffer and Nourrigat in [25].

The homogeneous and inhomogeneous Sobolev spaces L?(G) and L?(G) based
on the positive left-invariant hypoelliptic differential operator R have been exten-
sively analyzed in [19] and [20, Sec. 4.4] to which we refer for the details of their prop-
erties. They generalize the Sobolev spaces based on the sub-Laplacian on stratified
groups analyzed by Folland in [22]. We refer to the above papers for (non-critical)
Sobolev inequalities in the setting of graded groups, and to [41] to the determination
of the best constants in non-critical Sobolev and Gagliardo—Nirenberg inequalities
on graded groups.

3. Critical Gagliardo—Nirenberg and Trudinger inequalities

We recall the following Gagliardo—Nirenberg inequality (see [41, Theorem 3.2]): Let
a>0,1<p< % and p < ¢ < Qp_%p. Then we have for all functions u from the

homogeneous Sobolev space L?(G) on the graded group G:
apq—Q(g—p)

/G|u(x)|qu<C(/G|R3u(x)|pdx> (/ u(z |pdm> R R

In this section, we show this inequality for a = @/p, which can be viewed as a
critical Gagliardo—Nirenberg inequality. Then, we prove Trudinger-type inequality
on graded groups, and we show the equivalence of these two inequalities. We note
that another version of the Gagliardo—Nirenberg inequalities was also given in [5].

In order to prove the critical Gagliardo—Nirenberg inequality, we need to recall
the following results.

Theorem 3.1 ([20, Theorem 4.4.28, Part 6]). Let G be a graded Lie group of
homogeneous dimension Q. Let 1 < p < oo and a,b,c € R with a < ¢ < b. Then we
have

11226y < ClF ey 1113 ) (3.2)
for any function f € LY(G), where 6 := (¢ —a)/(b—a) and the constant C depends

only on a, b and c.

We will also need the following statement where we refer to Definition 4.1 for
the precise definition of the operators of type v.

Corollary 3.2 ([20, Corollary 3.2.32]). Let G be a homogeneous Lie group and
let v be a complex number such that 0 < Rev < Q. Then, all operators of type v on
G are (—v)-homogeneous and extend to a bounded operator from LP(G) to LY(G)
provided that 1/p—1/q =Rer/Q for 1 <p < ¢ < 0.

Now let us state the critical Gagliardo—Nirenberg inequality.

Theorem 3.3. Let G be a graded Lie group of homogeneous dimension @ and let
R be a positive Rockland operator of homogeneous degree v. Let 1 < p < oo. Then
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there exists a constant C1 depending only on p and @ such that

1f o) < Cad*~PIRS FI LRI (3.3)

holds for every q with p < g < oo and for every function [ € LQ/p(G)

Remark 3.4. We note that when G = (R",+) and R = —A is the Laplacian, the
inequality (3.3) was obtained in [36] for p = 2, in [26] for p = n and in [37] for
general p as in Theorem 3.3.

Proof of Theorem 3.3. We can assume that f #Z 0. Let us consider the Riesz
potential Iy with 0 < A\ < @ (see e.g. [20, Sec. 4.3.4] on graded groups and [40] on
general homogeneous groups), given by

(L) / ey R f(y)dy = (K * f) (), (3.4)

where Ky (x) = |2|*~9. Now we decompose, for some s > 0 to be chosen later,

(I f)(x) = (I “>< V) (@) + (LD () ) () == (KL * @) + (K x f)(),

where K and K . are defined by

() K/(\Ti, |x] < s;
AT ) =
K& |z >

78,

Let 1/¢=1/p— A/Q and 1 < p < ¢ < co. Using Young’s inequality (see e.g. [20,
Proposition 1.5.2]), and introducing polar coordinates (r,y) = (|z|, |:”7|) € (0,00)x6
on G, where & is the sphere as in (2.2), and by (2.3), we have

S|

|
17 (9 ere) < 1B @ 1o = S8 1 llzse)-

Similarly, we get

~\ /P
2 2 Slg -Q/p
16 e < 1Ko o = () s
where 1/p+1/p’ =1 and |&] is the  — 1 dimensional surface measure of the unit
sphere &.
Then, as in [37, Sec. 2, Formula (2.1)], one can observe that

supz[{a € G ¢ [(1nf)(a)| > )17
)(@-P)

~\ 1-1/p+1/q ~ it
<2<@) (P—1) (3.5)

Q S1—1/p—(2p—1)/ (q @5/q~||f||Lf’(G)v
where 1/g=1/p—A/Q, 1 <p<g<oo, 0<A<Q.
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If (1/p1,1/q1) = (1,1 = A/Q) with 0 < XA < @, then (3.5) implies that

6|q1 /a1
supz|[{x € G:|(I z)| > % 1/‘“<2<7) . 3.6
sup { (I f)(@)| > 2} < Ol — 1) 1fllzr (@) (3.6)
_ (@—xp)® 5 .
If (55, 2) = (3 — s009700) G5 ls) with 0 < A < Q and 1 < p < Q/A,

then (3.5) gives that
sup z|{z € G:|(Inf)(x)| > 2}|'/e
z2>0

_ (pa=1)(a2 =p2)
<2(.|6_|q2>1 Y (a1 1l (37)
- Q péfl/sz(szfl)/(& (g2 _p2)p2/q2 Lr2(G)- ’

We fix p € (1,00) and define A\ = Q(1/p — 1/q) for all ¢ with p < ¢ < oco. Then
0<A<Q@ 1<p<Q/\ (/p1,1/q1) = (1,1 —=1/p+1/q) and (1/p2,1/q2) =
(1/p—1/q+1/(q+1),1/(q+1)), so that (3.6) and (3.7) show that I /1, is of
weak types (p1,q1) and (p2, g2), respectively. Setting 6 = 6(q) = (1—-1/p)/(1—1/p+
1/q—1/(q+1)),weget 0 <0 <1,1/p= (1-0)/p1+0/psand 1/q = (1—6)/q1+60/qo.

As in [37, Sec. 2], we can now use the Marcinkiewicz interpolation theorem to
obtain

1/q
pq B
1oy < 4 (q n H) ML @) L@ |l (33)
where A = Q(1/p—1/q), and

|6|(11 )Uql

Mi(q) = [ =219 ,
(@) (Q(Ch —1)
— (p2—1)(92—p2)

Ma(q) = <|G|‘l2)1 e (p2—1)

Q pé—l/pz—@pz—l)/% (g2 — p2)Pe/az ’

Considering the growth property of the right-hand side of (3.8) with respect to g,
one gets

1-1/p
lim 0(q) =1, lim M;(q) = <G_|p>
q—o00 q—00 Q
and
. Slp -1\
lim ¢'/P~' M. = <| .
qﬂooq 2(q) Op

So, there is a constant C' depending on p and @ for any g with p < ¢ < oo such
that

pg \"*
4 (q + m) (Mi(q))' =% (Ma(q))? < Cq* /P
holds. Using this and (3.8), we deduce

13 fll @) < Cq PN fllo o) (3.9)
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for any ¢ with p < ¢ < oo. Since R™*/* is the Riesz potential (see e.g. [20, Sec.

4.3.4]), then the inequality (3.9) with Corollary 3.2 implies that
1fllae) < qufl/p||R(Q/V)(1/p71/q)f||LP(G), (3.10)

for 0 < v < @ and for any g with p < ¢ < oo, where C' depends only on p and Q.
By Theorem 3.1 witha =0,b=Q/p and ¢ = Q(1/p—1/q), hence § =1 —p/q,

we have

[R@MO/PD £ iy < CIRS F it FI2 . (3.11)

which implies (3.3) in view of (3.10). |
Now we state the Trudinger-type inequality with the remainder estimate on

graded groups.

Theorem 3.5. Let G be a graded Lie group of homogeneous dimension @ and let
R be a positive Rockland operator of homogeneous degree v. Let 1 < p < oo. Then
there exist positive o and Co such that

/ eplal /@)~ Y Llf@F) | dr< Gl (312
G 0<k<p—1, keN

. . Q
holds for all functions f € Lg/p(G) with |R¥ f| L) < 1, where 1/p+1/p" = 1.

Remark 3.6. The constant C; can be expressed in terms of the constant C =
Ci(p, Q) in (3.3) as follows

CQ = CQ(O() = Z

k>p—1, keN

k_k
y(p Cp )
Then, we have (3.12) for all « € (0, (ep’Cf/)_l) and Cs(a).

Remark 3.7. In the case G = (R",+) and R = —A is the Laplacian, the inequal-
ity (3.12) was obtained in [37]. In this abelian case, we can also refer to [35] for
=2, [36] for p =n =2, and to [1] for p=n > 2.

Proof of Theorem 3.5. A direct calculation gives

P’ 1 P’
[ e - ¥ geli@r) )

0<k<p—1, keN
- 2 2 iwrta
k>p—1, keN

2150061-9
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Since k > p — 1, we have p’k > p, then using Theorem 3.3 for the above integrals
in the last line, we calculate

/G olf@I) - Y elf@r)

0<k<p—1, keN

ak / ’ _
D D el NI

k>p—1, keN

k’k
= Y LW I e

k>p—1, keN
which implies (3.12). O

Now we show that the obtained critical Gagliardo-Nirenberg inequality (3.3)
and Trudinger-type inequality (3.12) are actually equivalent on general graded
groups. Note that it is already known in R”, see [38].

Theorem 3.8. The inequalities (3.3) and (3.12) are equivalent. Furthermore, we

have
1

ap'e

= A" = BY (3.13)

where
a =sup{a > 0;3Cs = Cy(«) : (3.12) holds

. Q
Vf € L), (G) with R f|| o) < 1},
A =inf{Cy > 0;3r = r(Cy) with r > p: (3.3) holds (3.14)
Vfe LQ/p(G),Vq with r < q < oo},
B = limsu ”f”qu((i)/q p/q
a—oo gl UpHRV”f”Lp(G HfHLp(G)

Proof. We have already shown that (3.3) implies (3.12) in the proof of Theo-
rem 3.5. By Remark 3.6, (3.14) and taking into account that A > B, we note
that o < (ep’C'f/)*1 implies a < (ep’ BY)~', that is, (3.3) implies (3.12) with
a> (ep'BY)!

Now let us show (3.12) = (3.3) with & < (ep/ A?")~!. Since ||RVQ_Pf||Lp(G) <1,
replacing f by f/||R%f||Lp(G) in (3.12) we obtain

—_

P '
[ [own (i ) - 1 (e ),
G ”R f”Lp((G,) 0<k<p—1, keN ”R"”fHLp(G)

171206

— (3.15)
HR”’fHLp(G)

2150061-10
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Then, we see that for any € with 0 < € < & there is C. such that

k
(5?—8)|f( ) 1 (53—5)|f( )
exp | —————"—| — - | — dx
/G' ||RyprLp((G, 0§k<1;, keN k! HR f”Lp((G,
LI o)

€ Q
”R"prip(@
holds for all f € L, /p(G)- 1t follows that

k
/ Lf@-alf@r) o Ml
[ Q / =Y, Q9 )
G k>p_1, keN ki HR""f”Z[),p(G,) ”R"”inp(«;,)
that is,
k k
1l ey < (CRDYPE@G — )77 |R% FII B * A1 G (3.17)

forall k € Nwith k > p—1. Let ¢ > pand p'k < ¢ < p/(k+1). Then, by interpolating
this between LP'F(G) and LP' *+1)(G) and taking into account (k+1)! < T'(2+q/p’),
we get

1fllzae) < (CL2+ q/p) Y5 (@ — &)~ |R% FI A £y (3.18)

where I is the gamma function. Applying here the Stirling’s formula and p'k > ¢—p/,
we obtain that there is r such that

£l ooy < ((0'e(@ — €))7 +8)g VPR £ £I1500s  (3.19)

holds for all f € Lg/p(G) and ¢ with r < ¢ < oo. Thus, A < (pe(a —£))~1/7 44,
then by arbitrariness of & and § we obtain @ < (ep/ AP") ™!
This completes the proof of Theorem 3.8. O

4. Brezis—Gallouet—Wainger inequalities

In this section, we investigate Brezis—Gallouet—Wainger inequalities, which concern
the limiting case of the Sobolev estimates (see [7, 8, 10]). As part of the proof we
extend the analysis of Folland [22] related to Holder spaces from the setting of strat-
ified to general homogeneous groups. For the background analysis on homogeneous
groups we refer to Folland and Stein’s fundamental book [23] as well as to a more
recent treatment in [20].

We recall some definitions from [22], see also [20, Chap. 3].

Definition 4.1. Let G be a nilpotent Lie group and let A be a complex number.

e A measurable function f on G is called homogeneous of degree X if fo D, = r*f
for all positive r > 0, where D, is the family of dilations on G.
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e A distribution 7 € D’ is called homogeneous of degree X\ if (r,¢ o D,) =
r=@=2(1, ) for all ¢ € D and all positive r > 0.

e A distribution which is smooth away from the origin and homogeneous of degree
A — @ is called a kernel of type A on G.

We also need the following results:

Proposition 4.2 ([22, Proposition 1.4]). Let G be a nilpotent Lie group and let
| -] be a homogeneous quasi-norm on G. Then, there is a positive constant C' such
that

leyl < C(lz| + |y]), Vaz,y€G.

Proposition 4.3 ([22, Proposition 1.15]). Let G be a nilpotent Lie group and
let | - | be a homogeneous quasi-norm on G. For any f € C?(G\{0}) homogeneous
of degree \ € R, there are constants C,e > 0 such that

_ 1
|f(xy) = f(z)] < Clylla*™"  whenever |y| < 7z, (4.1)
|f(@y) + flzy™") = 2f(2)| < Clyl*[a]* > whenever |y| < elz]. (4.2)
Let us now state the first main result of this section.

Theorem 4.4. Let G be a graded Lie group of homogeneous dimension @ and let
R be a positive Rockland operator of homogeneous degree v. Let a,p,q € R with
1< p,g<ooanda> Q/q. Then there exists C3 > 0 such that we have

£l =6y < C3(1 +log(1 + |RYY fll pagey))/? (4.3)
for all functions f € Ly, (G) N LE(G) with HfHLg/p(G) <1.

Remark 4.5. In the case G = (R, +) and R = —A is the Laplacian, the inequal-
ity (4.3) was obtained in [10] by employing Fourier transform methods, and in [18]
for n/p, m € Z, and in [37] for the general case without using the Fourier transform.

We recall the Lipschitz spaces and obtain an estimate on nilpotent group G,
which will be used in the proof of Theorem 4.4. So, let Cy(G) be the space of
bounded continuous functions on G. Then we define

o= { € U@ f1a = sl ) — F@ o < o0}

for 0 < a < 1, and when o = 1, we define

yi= {7 € @Il = sup (o) + oy ) — 25 @l < o0 .

Note that the Lipschitz space I', with 0 < a < 1 is a Banach space with norm
1fllra@ = I fllLe@) + |fla-

Lemma 4.6. Let G be a homogeneous Lie group of homogeneous dimension Q). Let
0<A<@Q,0<a<landl<p<oowitha=\—Q/p. Let K be a kernel of type
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A. Then we have

1T flo < Cllflle(c) (4.4)
for the mapping T : f — f* K.

Proof. First, let us consider the case 0 < a < 1. We know that
Tfay) =TS = [ 1)K () - K (45)
As in the case of stratified groups (see [22, Theorem 5.14]), we write it as follows

Tf(ey) — Tf(x) = / Flaz ) (K (2y) — K(2))d

[z]>2]y|
+/<2l oK ) - () =+ o (4

Then, we estimate I; using (4.1) and Holder’s inequality

1/p
|| < C| fllLr(c) (/ y|p/|z|(AQ1)P’dz>
[2]>2]y]

< COllf (@ lyl2lyD > < C|l f |l ooy lyl™ (4.7)

Now for I, by Proposition 4.2 and |z| < 2|y| there exists a constant M; > 2 such
that |zy| < Mi|y|, so by Holder’s inequality we have

1/p'
o] < [|fllzr(c) (2/ | K (2)[P dZ)
|z| <Myy|

1/p
<Ol fller ) (/ |Z|(AQ)p,dZ> S Clfllr@lyl™ (4.8)
|z[<Malyl
Combining (4.7) and (4.8), we obtain (4.4) for 0 < a < 1.

Now, in the case a = 1, we prove it in the same way as above but using (4.2).
So, we write for some positive number M,:

Tf(wy)+ T f(xy™ ") — 2T f(x)

- /G flar ) (K (zy) + K (zy7Y) — 2K (2))dz
- / Flaz ) (K (s9) + K (2y~Y) — 2K (2))dz
|z[>Maly|

4 / Flaz ) (K (s9) + K(zyY) — 2K (2))dz
|z| <Maly|
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For I3, using (4.2) and Holder’s inequality one calculates

1/p
L] < Ol 1l ooo) / ]2 |2|O-Q=DP g
|z|>Maly|

< CllfllrlyP (M2ly)* ==+ 97 < C| fll e lyl, (4.10)

since o = 1. Now for I, by Proposition 4.2 and |z| < Ms|y| there exists a constant
M3 > My such that |zy| < M3ly| and |zy~1| < Msly|, so by Holder’s inequality we

have
1/p'
IMSMW@G/ mmwa
[z|<M3]y|
1/p'
< Clfllzr@) (/ 2| (A= @ dZ) S Clfller@lyl-  (4.11)
[z|<Msy|
From (4.10) and (4.11), we obtain (4.4) for a = 1. |

Now we are ready to prove Theorem 4.4.

Proof of Theorem 4.4. Let us first prove (4.3) when a — Q/q =: a € (0,1). Since
R~/" is the Riesz potential (see e.g. [20, Sec. 4.3.4]), by Lemma 4.6 we have

|f(zy) = f(@)] < CIRYY fl Lasyly|™- (4.12)
Let z € G with |z] <1 and 0 < § < e P. Then, (4.12) implies that
|f(2) = f(@82)] < CH* IR f ao)- (4.13)

Applying Holder’s inequality and Theorem 3.3, one gets

/éJNﬁ@M<<%QW<AKNWmW@yh

1/
<(%Q 59/ 5]

< CB Y £,

L™(G)
L@ SOBTTY (414)

for any r with p <r < co. We take r = log(1/3) to obtain

/|z|§1 f(282)|dz < C (log (%))W (4.15)

for any 8 with 0 < 8 < e P, where the constant C' depends only on p and Q.
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Then, by a direct calculation, one has

el @
sl =@l g [

<< / (I£(x) — F@B2)] + | f(xB2)])dz
[z]<1
1 1/Pl
< OB |RY* flluie) + C (1og (5)) ,

which implies (4.3), after setting 3 = 1/(eP + ||’R“/"fH};/;(Y ))-

Now it remains to consider the case a—@Q/q > 1. Let ap € R with Q/q+1 > ag >
Q/q. As in [12, Sec. 2] (see also [11, Sec. 3]), we consider the operator xr(R) for
every L > 0, defined by functional calculus, where xp, is the characteristic function
of [0, L]. Then, taking into account these and using (4.3) for a > Q/q+1 > ag > Q/q
as already proved, we have

11 =XL(R)fllz= ()
< C(1+log(1+ [R™/((1 = X£(R) )l o))"
< C(1+1log(1 + | R (1 = xL(R)S) L))" (4.16)
For x(R)f, we use the Nikolskii inequality on graded groups [12, Theorem 2.1]:
It (R fllze@ S IXeR)fllzr S Il < 1. (417)
Finally, we obtain
1fllzeoe) < (X = xL(R)) fll L) + [IXL(R) fll L= (5)
< C(1+log(1+ R fll agey )/,

completing the proof. O

We can also obtain the following estimate using Theorem 3.3:

Theorem 4.7. Let G be a graded Lie group of homogeneous dimension @ and let
1 < p < oo. Then there exists a constant Cy depending only on p and @ such that

[ 17@ldz < Culf 1z, 01910 + g 2 (4.18)

holds for any function f € Lg/p(G) and for any Lebesque measurable set Q0 with
|Q| < oo, where || denotes the Lebesgue measure of ).

Remark 4.8. When G = (R",+) and R = —A is the Laplacian, the inequal-
ity (4.18) was obtained in [10, Lemma 2] and in [37, Theorem 3]. In [10], using this
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estimate and Morrey’s technique the authors proved the Brezis—Wainger inequality:

for any function f € L? n/p +1(R”) and for each z,y € R", the inequality

[f (@) = FWI < Clifller

n/p+1

@nlr —y|(1+log|z —y[ )", 1<p< oo,

holds true, where the constant C' depends only on n and p.

Proof of Theorem 4.7. Using Holder’s inequality, we get
[ 1@z < 127 o) (119)
Then, by Theorem 3.3, we can deduce that
[ 1@t < 9 g . (1420)

for p < ¢ < oo with the constant C' depending only p and Q. Plugging ¢ = p
into (4.19) for |Q| > e~?, hence |Q|/4 = |Q|*~1/? < ¢|Q|, one gets

[ 1 @de < el (1.21)

Now plugging ¢ = log(1/|€2]) into (4.20) for 0 < || < e P, we have
[ 1 @de < crsiiog 2017 111z, o (4.22)
Combining (4.21) and (4.22) we obtain (4.18). O

5. Best Constants and Nonlinear Schréodinger Type Equations

In this section using the critical case of the Gagliardo—Nirenberg inequality (3.3)
we show the existence of least energy solutions for nonlinear Schréodinger type equa-
tions, and we obtain a sharp expression for the smallest positive constant Cy in (3.3).
For non-critical case on nilpotent Lie group, when a # @Q/p in the inequality (3.1),
similar results were obtained in [14] on the Heisenberg group and in [41] on graded
groups.

Let R be a positive Rockland operator of homogeneous degree v, on a graded
group G of homogeneous dimension @. Let 1 < p < ¢ < oo. We consider the
nonlinear equation with the power nonlinearity

R (Rl *Rému) + [ul?*u = [uu, we L,

Such an equation appears naturally in the analysis of best constants of the estab-
lished critical inequalities. We prove the existence of least energy solutions to (5.1)
and their relation to the best constants in the Gagliardo—Nirenberg inequalities
and hence, in view of Theorem 3.8, also to the best constants in the Trudinger
inequalities.

(G). (5.1)

2150061-16



Commun. Contemp. Math. 2022.24. Downloaded from www.worldscientific.com
by 213.177.137.92 on 06/13/23. Re-use and distribution is strictly not permitted, except for Open Access articles.

Critical cases of Sobolev inequalities

For example, for p = 2, if G is a stratified Lie group of homogeneous dimension
Q@ and R = L is the positive sub-Laplacian, Eq. (5.1) becomes

Q —
LPu+u=|ulT%u, wuc Lé/z(G), (5.2)

and if p # 2, Eq. (5.1) can be regarded as the p-sub-Laplacian version of (5.2). In
the Euclidean case, when ) = 2, ¢ = 4 and £ = —A, one can note that if u(x) is a
solution of (5.2) then the function w(x) = u(z)e*/? solves the following nonlinear
Schrodinger equation

2iw + Aw + |wPw =0, teRT, xR

Such equations arise in modeling the propagation of a thin electromagnetic beam
through a medium with an index of refraction dependent on the field intensity (see
for example [15] and [49, Sec. V]).

Now, let us give some notations and definitions for this section.

Definition 5.1. A function u € Lg/p(((}) is said to be a solution of (5.1) if and
only if for any function ¢ € Lg /p(G) the equality

/ (IR u(@) P~2R S u(x)R F(x)dz + / (@) P 2u(z)d(@)
G G

= |u(@)|" *u(z)i(«))de = 0 (5.3)
holds true.
We define the functionals £ : Lg/p(G) — R and J:Lg/p(G) — R acting on
Lg/p(G) N LY(G) as follows:
1 Q 1 1
e(u) = —/ |’Rwu(a¢)|pda:+—/ ()P da — —/ w(@)|’de  (5.4)
e pbJe q4Jc
and
~ Q
I(u) = /G(|R””u($)|p+|u($)|p— |u(z)|?)dz. (5.5)
We use the Nehari set
N ={ue Ly, (G) \{0}:3(u) = 0} (5.6)
and denote
d = inf{L(u):u € N'}. (5.7)

Definition 5.2. Let

P ={¢e Ll (C):£(¢)=0and ¢ # 0}
and

G={uel:L(u) <L) for any v e T'}

be the set of the solutions and the set of least energy solutions of (5.1), respectively.
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Theorem 5.3. Let G be a graded Lie group of homogeneous dimension @, let
1 < p < q < oo. Then the Schrédinger type equation (5.1) has a least energy
solution ¢ € L) ,,(G).

Furthermore, we have d = £().

In the sequel, we assume 1 < p < g < o0.
Let us state and prove the following lemmas, which will be used in the proof of
Theorem 5.3.

Lemma 5.4. For any function u € Lg/p(G)\{O}, there is a unique p, > 0 such
that p,u € N. Moreover, we have 0 < p,, < 1 when J(u) < 0.

Proof. For any u € L?

£»(G)\ {0} and

_p_ R
w = q9—p qq—p’ 58
e e e (5.8)

we note that u,u € N. It is easy to see that this j, is unique. Then, by (5.8) one
gets 0 < 1, < 1 provided that [ju]l}, @ < ||u||%q(G). O
Q/p

Lemma 5.5. For all functions u € N, we have infu||u||Lg/ @) > 0.
P

Proof. Using (3.3) we calculate
Hu“ig/p(g) = HquLq(@

_ Q _
< Cq P [R5 ul| 7 [ull?

—q/ q—p p
< Cgi1 pHuHLg/p(G)HuHLg/p(G)

< C||lul?
<Ol

for all w € . From this we obtain ||u|9,” o > C~', which implies |lul|,» () > &
Lo/(©) Q/p

for any function u € A after setting x = C T > 0. |

Let us show the following Rellich-Kondrachev type lemma. On the Heisenberg
group a similar result was obtained by Garofalo and Lanconelli [24].

Lemma 5.6. Let 1 < p < q < oo. Then, we have the compact embedding

Lg/p(D) — L9(D) for any smooth bounded domain D C G, where

Lg/p(D) ={fe Lg/p(G) :suppf C D}.

Proof. Because of the density argument, it is enough to prove ig/p(D) — LI(D),
wher(;/lo/g/p(D) denotes the closure of C5°(D) with respect to the norm (1.2) with
a=Q/p.
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Let ¢ € C3°(G), with 0 < ¢ < 1, supp ¢ C B(0,1) and [, ¢(z)dz = 1. We
define
K.f := ¢ x f(a), (5.9)
where f € L (G) and ¢.(z) := e~ 9¢(c~ x) for every e > 0.

loc
We will also use the following lemma, which is an analogue of [24, Lemma 3.1]

for graded groups.

Lemma 5.7. Let D C G be a bounded open set and 1 < ¢ < oco. Then, Z C L(D)
is relatively compact in LI(D), if and only if

(1) Z is bounded,
(2) |1Kof = fllg = 0 as e — 0, uniformly in f € Z.

Proof. Let us briefly sketch the proof of the lemma. To show the necessity, we
extend functions in L?(D) with zero outside D. We can take f1, ..., f, from Z and
r > 0, so that the balls in LI(D) centered at fj with radius r cover Z. For a given
f, let us take fi such that || fr — f|lq < r. Then we have

1f = Kefllg < I = Fellg + 1fx = Kefrllg + 1 Kefe — Ko fllg-

Taking into account ||K.f|l; < | fllq and K.f — f in LY(D) as ¢ — 0 also letting
r — 0, we get (2).

We now show sufficiency. Let f,, be a bounded sequence in Z. By the Banach—
Alouglu theorem and the reflexivity of L7, 1 < ¢ < oo, we know that there exists

a subsequence, still denoted by f, weakly convergent in L9, that is, there exists
f € L9 such that

/(fn ~ f)h—0, VhelL?. (5.10)
Let us now show that it actually converges strongly. For this, we write

[ = fllg < W[fn = Kefullg + 1 Kefn = Kefllg + 1K< f = fllq- (5.11)

By the assumption (2), we note that the first and third summands vanish when
e — 0. For the second summand, (5.10) implies that for all  and for all € we have
K:(fn — f)(z) — 0 as n — oo. Since we also have

NE(fn = Oy = 1K(fa = Pl < lSlfallfn = fllTe < oo,

by the Lebesgue dominated convergence theorem we observe that

/ K. (fn — )(@)|7dz — 0

as n — 00.
Thus, from (5.11) we can conclude that Z is relatively compact in L4(D). O

We now come back to the proof of Lemma 5.6. Setting f = 0 in G\D for
fe Lg/p(D), we get a function in Lg/p(G)‘ Let us now use Lemma 5.7. Let Z be a
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bounded set in ig/p(D). Then, using |B(x,r)| = r@|B(0,1)| for the Haar measure
of any open quasi-ball (see e.g. [20, p. 140]) and the critical Gagliardo-Nirenberg
inequality (3.3), we note that Z is bounded in L(D).

To complete the proof, it remains to verify the second part of Lemma 5.7. For
f € Z by denoting

Ve :=Kcf — f
and using (3.3), we obtain
1—q/p a/p
HwEHLq(D) < C”’(/}E”Lg/p(D) HQZ)EHL;?(D) (512)
Therefore, it is enough to show that
IEef = fllze,, oy =0,
that is,
Q Q
Rve Ko f —R¥» fllLe(py — 0.
Indeed, it holds since by [20, Part (i) of Lemma 3.1.58] we have
RGK.f—Rsf = e x RV f —R¥w f — 0

as e — 0.
Therefore, by Lemma 5.7 we can conclude that Z is relatively compact in L4(D).
We also note the following property of least energy solutions.

Lemma 5.8. If v € N and £(v) = d then v must be a least energy solution of the
Schrédinger type equation (5.1).

Proof. By the Lagrange multiplier rule there is # € R such that for any ¢ €
Lg /p(G) we have
(£ (v),9)e = 0(3' (v),¥)s, (5.13)

due to the assumption on v, where (-,-)g is a dual product between Lg/p(G) and
its dual space.
Taking into account ¢ > p, one gets

@) ve = plvl?, o - q/ oltdz = (p — q)/ lide < 0. (5.14)
Q/p G G
On the other hand, we have
(& (v),v)g = T(v) = 0. (5.15)

Combining (5.14) and (5.15), we obtain § = 0 from (5.13). It implies that £'(v) = 0.
By Definition 5.2, we obtain that v is a least energy solution of the nonlinear
equation (5.1). m|

Now we are ready to prove Theorem 5.3.
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Proof of Theorem 5.3. We choose (v;)r C N as a minimizing sequence. By
Ekeland variational principle we obtain a sequence (ug)r C N satisfying £(uy) — d
and £'(ug) — 0. Applying the Sobolev inequality and Lemma 5.5 we see that there
exist two positive constants A; and A, with the properties

A < lullzy, (@) < Aa-

From this and the equality

Pp — 94
Il o) = [ et

we obtain the existence of a positive constant Az so that
limsup/ lug(z)|?dx > Az > 0. (5.16)
k—oo G

Applying Lemma 5.6 and the concentration compactness argument of [46, Lemma
3.1], we have that u; — 0 in LY(G) with 1 < p < ¢ < oo if the following

lim sup/ lug (x)]|%dx =0 (5.17)
k—oo peg B(n,r)

holds true for some r > 0, where B(n,r) is a quasi-ball on G centered at n with

radius r. By (5.16) there is a constant A4 > 0 and r > 1 such that

lim inf sup/ |up ()]|%dx > Ag > 0. (5.18)
k=00 neG JBm,r)

We hence may assume that there are 7 € G with
- Ay
lim inf |ug(2)|%de > — > 0. (5.19)
k—oo B(&k,r) 2
Taking into account the bi-invariance of the Haar measure and the left invariance
of the operator R one has for all #*¥ € G
Luk(Zz)) = L(ug(x)) and  T(ug(zz)) = T(uk(x)).

Let us denote wy(x) := up(Zx). Then we have £(wi) = L£(ux) and I(wg) = T(ug).
Moreover, it gives the bounded sequence (wy)y from Lg /p(G) with

k—o00

A
liminf/ |wi(2)|%dz > =2 > 0. (5.20)
B(0,r) 2

There exists a subsequence, denoted by wy that weakly converges to ¢ in Lg /p(G).
Then from Lemma 5.6 we see that wy, strongly converges to ¢ in L (G). By this
and (5.20), we have ¢ # 0.

Now let us show that wy converges strongly to ¢ in Lg /p(G). First we show
that J(¢) = 0. We proceed by contradiction. Suppose that J(¢) < 0. Lemma 5.4
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gives that there is a positive number pg < 1 with pgd € N for J(¢) < 0. Since
J(wg) = 0, applying the Fatou lemma we calculate

a4 o1) = Swr) = (}0 -2) [ lntoiras

> (}D— 2 [ ot + ot

that is,
ao(1) 2 (3= 1) i [ sote)ltds +o)
3 L) + o(1), (521)

which implies d > £(ug¢). Since pyp € N, we arrive at a contradiction.
Suppose now that J(¢) > 0. We need the following lemma:

Lemma 5.9 ([9, Lemma 3]). Let {:C — R be conver. Then
[€(a+b) — £(a)| < elt(ma) — mé(a)] + [€(C:D)| + [€(=C:D)|
foranya,beC,0<e< L <1 andc%zs(m—l).
As in [14, Proof of Theorem 1.2], using this lemma for 1y, = w, — ¢ we have
0 =3(wk) =3(8) + I(thx) + o(1),
where J(¢) > 0. Then, one has

lim sup J(¢p5,) < 0. (5.22)

k—o00

Applying Lemma 5.4, there exists a sequence pj := iy, with uptyy € N and
lim sup,_, o . € (0,1). Indeed, assume that limsup,_, . pur = 1. Then we have a
subsequence (ux;)jen With the property lim; oo pr, = 1. Since p, ¢y, € N we get
that J(¢r,) = I(pr,;Yr,;) + o(1) = o(1), which is a contradiction because of (5.22).
So, we have that limsup;,_, . pr € (0,1). A direct calculation gives that

-+ o(1) = ) = (3 - 1) [ oo

> (}3 - 3) [ s

1 1
p q

that is,

a o) 2 (3= )i [ (@it + o)

= i "L(urtr) + o(1). (5.23)

Therefore, the fact limsup;,_, o pr € (0,1) gives that d > £(urptr). It contradicts
prdr € N.
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Thus, we must have J(¢) = 0. Now we prove that ¥, = wi — ¢ — 0 in the space
Lg/p(G). Indeed, suppose that ||¢k||Lg/ () does not vanish as k — oo. Then we

consider the following cases. The first one is when [, [¢x(2)|9dz does not converge
to 0 as k — oo. Then the following identity

0=T(wr) =3(¢) + I(Yx) + o(1) = T(¢x) + o(1)
with the Brezis-Lieb lemma implies the contradiction
d+o(1) = L(wk) = £(¢) + L) +0(1) > d+d + o(1).

In the case, when [ |¢x(2)|%dx converges to 0 as k — oo, again we obtain a
contradiction:

1
d-+0(1) = L) = £(0) + Uil ) +o(1)

1 p
>d+ EHwkHLg/p(G) +o(1) > d,

when ||| Ly, (©) 7 0 as k — oo. Thus, we conclude that wy converges strongly

to ¢ in LQ/ (G) and d = £(¢), where ¢ is a least energy solution of (5.1) by
Lemma 5.8. o

Theorem 5.10. Let 1 < p < g < co. Let ¢ be a least energy solution of (5.1) and
let Canr be the smallest positive constant Cy in (3.3). Then we have

pP—qg

_ q(q—p o
CGN,’R =4dq q+q/p}_j (T) H¢||Lp(<g

pP—g P—4q

_ 2 P
— grramd (q p) ’ ( p d) , (5.24)
p\ p q—p

where d is defined in (5.7).

We will use the following lemmas to prove Theorem 5.10:

Lemma 5.11. Let ¢ be a least energy solution of (5.1). Then we have

[ REotapis = 2 [ joaypas (5.25)

tdy =1 x)|Pde. .
/(}I(é(ﬂ?)l d p/G|¢( )IPd (5.26)
Py — P’
/G|¢(x)| do ==

2150061-23
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Proof. Since ¢ is a least energy solution of (5.1), we have
/ R 6(x) P de +/ 6(x)Pde = / ()| de. (5.28)
On the other hand, a direct calculation gives for A > 0 and ¢y (z) 1= )\%gb()\x) that

VENE: / IR (p(\z))[Pdar

@ A
+ /G [6(0ha) P — > /G |6(\z) |t

@ Q 1
- /G REo(a)de+ /G 16() 2)|tdz,
which implies that
0= %S(%)b\ﬂ
Q Q Qg —p)
_—_— Rvr Py — = 7 9. .29
; /G) o@)Pde - AL /G\¢<x>| . (5.20)

Thus, from (5.28) and (5.29) we obtain (5.25) and (5.26), respectively.
In order to show (5.27), using (5.4) and (5.26), we calculate

1 1
a=2(6) = S10l%, )~ ol

1 _
= (5 7)Mol = 2 [ @pas
_ 7
[ e = L

which is (5.27). O

Then, it follows that

Lemma 5.12. Let T, , , be defined as

Ty = inf{||u||’£g/p(® e L), (G) and /G|u(x)|qd$ _ p}, (5.30)

for p > 0. If ¢ is a minimizer obtained in Theorem 5.3, then ¢ is a minimizer of
Tyo,p.q such that po = [ |p(x)|?dzx.

Proof. From the definition of 7}, , 4, one has H¢||’zg/ > Ty ,p.q- We claim that

(@)
P
Toopa = l9I5» Indeed, using Lemma 5.4 for any u € LQ/p(G) satisfying

Jo lu(z)|?dz = fG |¢) )|?dz there is a unique

1
Yo = ulFy (/«; u|qu)

2150061-24
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with J(Aou) = 0. Since we know that Agu # 0 and ¢ achieves the minimum d, then
a direct calculation gives

(1 - _> 1615, () = £(6) < £(hou) = (}3 - 5) Yollulzz, o)

p

P

11 o N T
G L G s

Then, from [ |u(x)|?dz = [ [¢(x)|?dz and fG |p(x)|%dx = ||o]", ()> We obtain
Q/p

lollY » @) = HuHL,,Q/p(G). From the arbitrariness of the function u one gets Ty, 4 >
H‘b”ig/p(«s)' Thus, by Ty, pq = ”¢Hi€2/p(6)7 we conclude that ¢ is a minimizer of

P0,P>q " ]

Now let us prove Theorem 5.10.

Proof of Theorem 5.10. For u # 0 we define

J(u) = qq/p(/mupu |pdx> (/ lu(z de) (/ lu(z qu)

We estimate the sharp expression Cony r by studying the following minimization

(5.31)

problem

Conr = f{J(u):u € L, 1»(6) \{0}}.
Taking into account ¢(x) # 0 and ¢ € Lg/p(G), and using Lemma 5.11 we get

P

J(8) = g (%) - ( / ¢<x>|pdm) o

which gives that

—-Pp

Oakhn < a7 1p (%) ’ ( / ¢><x>|pdm) " (5.32)

Now we obtain a lower estimate for CE}V’R. We denote w(x) := Mu(uz) for A\, u > 0
and for all u € Lg/p(G) \{0}. Then, we calculate

/ RS w(z)[Pdz = AP / R u(z)|Pda,
G G

[t =2, [ i
[ wirar =279 [ juteiras,
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Choosing A\ and g such that

Q u(z)Pdz = z)|Pdx .
/\ (x)|Pd /\qﬁ( )|Pd (5.34)
-Q w(z)|?dx = z)|?dx .

and using (5.26), we obtain

@ [ eprr = [ oz =2 [ o)

= L2 [ fulz)Pdz,
p G
which implies that

AP = (%) (/G|u(x)pdx)qpp (/G |u(:v)|qu>qpp. (5.36)

From (5.34) and (5.35) one has

/|w |pdx—/|¢ )|Pdz  and /\w |qd:r—/\q5 )|9d.

Since ¢ is a minimizer of T), ¢ such that po = [ |¢(x)|?dz, then using Lemma 5.12,
we have

and

/|Rv%w(x)\pdx2/|R%¢(x)\pda:.
G G

Then by (5.33) and (5.25), one calculates

Ap/g|R%u(x)|pdx:/G\Rv%w(x)\pdx
o Py = 1P P,
Z/G\R o(z)[dx ) /G|¢(33)\ dx

Plugging here (5.36)7 we obtain that

( ) </ fu(@ pd””) (/ Ju(z |"dff> ~ /G R u(x)Pdo
= qp%p/Glm)wx.

Now, by the definition of J(u) in (5.31), we arrive at

p

) = oty () - (1) v

2150061-26
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Using again the arbitrariness of the function u, we get

N = TP (—q ;p ) ( /@ ¢(x)|pdaz) . (5.37)

Combining (5.32) and (5.37), one obtains the first equality in (5.29). Then, this
first equality with (5.27) implies the second equality in (5.29). |
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