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Abstract

We determine the chromatic number of the Kneser

graph qΓ7,{3,4} of flags of vectorial type {3, 4} of a rank

7 vector space over the finite field qGF( ) for large q and

describe the colorings that attain the bound. This result

relies heavily, not only on the independence number,

but also on the structure of all large independent

sets. Furthermore, our proof is more general in the

following sense: it provides the chromatic number of

the Kneser graphs qΓ d d d2 +1,{ , +1} of flags of vectorial type

d d{ , + 1} of a rank d2 + 1 vector space over qGF( ) for

large q as long as the large independent sets of the

graphs are only the ones that are known.
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1 | INTRODUCTION

The introduction is split into two parts. In the first part we introduce most of the required
notation and in the second part we state our main results and give an outline of the strategy of
our proof.

1.1 | Notation

Let V be a vector space of some dimension n ∈ . A flag of V is a set f of nontrivial proper
subspaces of V such that U W≤ or W U≤ for all U W f, ∈ . The vectorial type of a flag
f is the set U U f{rank( ) }∈ , which is a subset of n{1, 2, …, − 1}. Furthermore, two flags f1
and f2 are said to be in general position, if U U = {0}1 2∩ or U U V+ =1 2 for all U f1 1∈ and
U f2 2∈ .
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Given n 3≥ , a subset J n{1, …, − 1}⊆ and a finite field qGF( ), the q‐Kneser graph qKn J, is
the graph whose vertex set is the set of all flags of vectorial type J of the vector space qGF( )n

and in which two vertices are adjacent if they are in general position. Note that we only
consider finite graphs in this work.

Now, let Γ be a graph with vertex set X . An independent set of Γ is a set of pairwise
nonadjacent vertices of the graph. The independence number α (Γ) of Γ is the cardinality of its
largest independent sets. A coloring of Γ is a map g X C: → such that g c( )−1 is an independent
set for all c C∈ . The smallest cardinality of a set C such that there exists a coloring g X C: →

is called the chromatic number of Γ and is denoted by χ (Γ). Clearly χ (Γ) is the smallest integer
χ such that X is the union of χ maximal independent sets.

Finally, let V be a vector space of rank d2 + 1 3≥ over qGF( ). For every rank 1 subspace P
we denote by F P( ) the set of all flags of V of vectorial type d d{ , + 1} whose rank d subspace
contains P and call this set a point‐pencil. Dually for every rank d2 subspace H of V we denote
by F H( ) the set of all flags of vectorial type d d{ , + 1} whose rank d + 1 subspace is contained
in H and call this set a dual point‐pencil.

Notice that point‐pencils and dual point‐pencils are independent sets of cardinality qd d+ −12
≈

but they are not maximal independent sets. In fact, for d = 2 every maximal independent set
containing a point‐pencil or a dual point‐pencil has cardinality α q( Γ )d d d2 +1,{ , +1} , see [5]. However,
for d 3≥ this is no longer true. There are different maximal independent sets containing a point‐
pencil or a dual point‐pencil and they do not all have the same size. Nevertheless, the structure of
these examples can still be described quite precisely (as we explain in Section 2).

1.2 | Results and strategy of proof

We determine the chromatic number of the Kneser graph qK7,{3,4} for large values of q. To give
an outline of the strategy of our approach we consider a graph Γ with vertex set X .

Clearly, for any coloring g X C: → the set C satisfies the bound C
X

α (Γ)
≥    . Now, the key

tool in our proof is, that there is some value α α′ < (Γ) such that structural information on any
independent set of Γ of size larger than α′ is known. In that situation, if g X C: → is a coloring
of Γ such that α C X′ ⋅ ≪   , then at least X α C

α α

− ′

(Γ) − ′

⋅    color classes of g have cardinality larger

than α′ and satisfy the given structural conditions. We use this structural information to
provide a lower bound on C  that coincides with the cardinality of a known coloring of Γ and
thus in fact determine χ (Γ).

Note that a similar approach was successfully applied for many Kneser graphs qΓn J, with
J = 1  in [2, 3] as well as in one special case for J = 2  in [5]. However, for many Kneser graphs
qΓn J, , with J 2≥  the independence number is not known and only in very few cases both the
independence number as well as structural information on independent sets of maximal size is
given. One reason for the lack of this structural information is, that in some cases the
independence number was determined by algebraic arguments and these do not automatically
give the structure of the largest independent sets, see for example the recent work [4].

Now, for the case covered in this work, that is in the Kneser graph qΓ7,{3,4}, the required
structural information as well as the bound α′ is provided in [8]. Furthermore, we remark that
the proof provided here does not only cover that case, but also every graph qΓ d d d2 +1,{ , +1}, for
which an analogous result to that given for d = 3 in [8] holds. We state this requirement more
precisely in the following conjecture.
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Conjecture 1.1. For every integer d 2≥ there is an integer ρ d( ) such that every maximal
independent set of the Kneser graph qΓ d d d2 +1,{ , +1} contains a point‐pencil, a dual point‐
pencil, or has at most ρ d q( ) d d+ −22

⋅ elements.

Note that it has been shown that this conjecture holds for d = 2, which was implicitly
proven in [1], as well as for d = 3, as is shown in [8].

Using this conjecture we may now state our main result as follows.

Theorem 1.2. If Conjecture 1.1 holds for some integer d 3≥ , then

χ q
q

q
q( Γ ) =

− 1

− 1
−d d d

d

2 +1,{ , +1}

+2

provided q > 3 112 2 d2 −1 − −1d+1
⋅ ⋅ and q α α+ + 17

3

2
2 21

2
≥ where α ρ d= max{5, ( )}.

Moreover, if  is a family of this many maximal independent sets that cover the vertex set,
then—up to duality—there exists a rank d + 2 subspaceU of the underlying vector space and
an injective map μ from  to the set of rank 1 subspaces ofU such that F μ C C( ( )) ⊆ for all
C ∈ .

Since Conjecture 1.1 holds for d = 3, we find the following corollary.

Theorem 1.3. For q > 3 7 215 56⋅ ⋅ we have χ q q q q( Γ ) = + + + 17,{3,4}
4 3 2 .

Finally, we note that, regardless of whether or not Conjecture 1.1 holds for some integer d,

in Section 2 we will see that qΓ d d d2 +1,{ , +1} can be covered with q−
q

q

− 1

− 1

d+2

maximal independent

sets in different ways. In fact, we thus have χ q q( Γ ) −d d d
q

q2 +1,{ , +1}
− 1

− 1

d+2

≤ for all integers d and,

if this holds with equality, then there are different optimal colorings of this graph. We provide
examples of these colorings as well as some structural information on maximal independent
sets in Section 2.

2 | INDEPENDENT SETS AND COLORINGS

To gain geometric intuition we switch to projective language, that is we pass from
vector spaces of rank d2 + 1 over the finite field qGF( ) to the projective space d qPG(2 , )

of (projective) dimension d2 . Note that throughout this work we use dimension
whenever we refer to projective dimension and rank whenever we refer to the rank of a
vector space.

In this setting the Kneser graph qΓ d d d2 +1,{ , +1} is isomorphic to the graph qΓ ( )d , which we
define as follows. The vertices of qΓ ( )d are the pairs π τ( , ) of subspaces π and τ of d qPG(2 , ) of
respective dimensions d − 1 and d with π τ⊆ . Two vertices π τ( , ) and π τ( ′, ′) of qΓ ( )d are
adjacent if and only if π τ π τ′ = ′ =∩ ∩ ∅, where ∅ is the empty subspace of d qPG(2 , ). The
vertex set of qΓ ( )d will be denoted by X q(Γ ( ))d . The vertices π τ( , ) of this graph are called flags,
too, and their (projective) type is d d{ − 1, }. Note that in the following we will always refer to
this (projective) type, when we say type.
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Example 2.1 (Independent sets of qΓ ( )d ).

1. For a point P and a set  of d‐dimensional subspaces through P, such that for all
τ τ, ′ ∈ we have τ τdim( ′) 1∩ ≥ , we define

F P π τ X q P π τ( , ) {( , ) (Γ ( )) or }.d ≔ ∈ ∈ ∈

We call π τ F P P π{( , ) ( , ) }∈ ∈ the generic part and π τ F P P π{( , ) ( , ) }∈ ∉ the
special part of F P( , ) . We also say that F P( , ) is based on the point P and call P the
base point of F P( , ) .

If there exists a line ℓ on P such that  consists of all d‐dimensional subspaces τ
with τℓ ⊆ , then we denote F P( , ) also by F P( , ℓ) and say that the special part of this
set is based on the line ℓ.

If there exists a hyperplane H on P such that  consists of all d‐dimensional
subspaces τ with P τ H∈ ⊆ , then we denote F P( , ) also by F P H( , ) and say that the
special part of this set is based on the hyperplane H .

2. Dually, for a hyperplane H and a set  of subspaces of dimension d − 1 of H with
pairwise nonempty intersection, we define

F H π τ X q τ H π( , ) {( , ) (Γ ( )) or }.d ≔ ∈ ⊆ ∈

We call π τ F H τ H{( , ) ( , ) }∈ ⊆ the generic part and π τ F H τ H{( , ) ( , ) }∈ ⊈ the
special part of F H( , ) . We also say that F H( , ) is based on the hyperplane H .

Notation 2.2. To formulate the cardinality of the sets in the previous examples in a
compact form, we use the Gaussian binomial coefficient

a
b

q

q

− 1

− 1q i

b a b i

i
=1

− +

≔ 







for integers q 2≥ and a b 0≥ ≥ . Whenever q is clear from the context we omit the index

q and set θ d + 1
1

d ≔






.

Lemma 2.3. With the notation of Example 2.1 we have:

(a) F P( , ) is an independent set of qΓ ( )d . Its generic part has cardinality d
d

θ
2
+ 1

d







 and its

special part has cardinality qd  .

(b) If the special part of F P( , ) is based on a line or a hyperplane, then d
d

=
2 − 1
− 1

 






.

Furthermore, if F P( , ) is maximal but its special part is based neither on a line or a
hyperplane, then

q θ θ< (1 + ) .d d
d−1

−2 −1
−1  (1)
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Proof.

(a) It is immediate that F P( , ) is an independent set of qΓ ( )d . To verify the cardinality of
its generic part we notice that the number of d( − 1)‐dimensional subspaces on P is

d
d

2
+ 1







 and that each of these subspaces lies in θd subspaces of dimension d. For the

cardinality of the special part we notice that each subspace τ ∈ contains exactly qd

subspaces π of dimension d − 1 with P π∉ .

(b) If the special part is based on a line, then its cardinality is the number of d‐subspaces

on a line, which is d
d

2 − 1
− 1







. Furthermore, if it is based on a hyperplane H on P, then

its cardinality is the number of d‐subspaces on P in H , which is the same number.
Now suppose that F P( , ) is maximal but its special part is based neither on a line
nor a hyperplane. Consider a d‐subspace τ on P that does not lie in  and let π be a
d( − 1)‐subspace of τ with P π∉ . Then π τ F P( , ) ( , )∉ . The maximality of F P( , )
implies that π τ( , ) is in general position to some π τ F P( ′, ′) ( , )∈ . Then π τ′ =∩ ∅

and hence P π′∉ . Thus π τ( ′, ′) lies in the special part of F P( , ) and thus τ′ ∈ . As
π τ( , ) and π τ( ′, ′) are in general position, this implies that τ τ P′ =∩ . Hence  is a
maximal set of d‐subspaces on P such that any two subspaces of  intersect in at
least a line. Finally, a result of Blokhuis, Brouwer, and Szőnyi [3, Section 3] applied
to  in the quotient space d q PPG(2 , )∕ implies (1). □

By definition, the chromatic number of a graph is the smallest cardinality of a partition of its
vertex set into independent sets, but of course it is also the smallest cardinality of a cover of its
vertex set by independent sets. We now provide examples of such coverings.

Example 2.4 (Coverings of X q(Γ ( ))d by independent sets). Let U d qPG(2 , )≤ be a
subspace of dimension d + 1, consider a set W of q points of U and let L be the set of
lines of U that meet W . Furthermore, suppose that there exists an injective map
ν L U W: → ⧹ such that ν l l( ) ∈ for all l L∈ . Then

F ν l l l L F P P U ν L W{ ( ( ), ) } { ( , ) ( ( ) )}∈ ∪ ∅ ∈ ⧹ ∪ 

is a set of independent sets of qΓ ( )d whose union contains all vertices of qΓ ( )d .

Remark 2.5.

(a) There are different possibilities for W ν( , ) satisfying the required condition in
Example 2.4 and we provide an example.

Let P P, …, q0 be the points of a line Uℓ ≤ and setW P P= { , …, }q1 . In each plane π
of U on ℓ there are q lines through P0 distinct from ℓ and thus there is a bijective
map hπ from W to the set of these lines. Now we may define ν by ν P(ℓ) = 0 and
ν l l h l( ) ( ℓ)lℓ,≔ ∩ ∩  for l L {ℓ}∈ ⧹ . The pair W ν( , ) has the properties required in
Example 2.4 and moreover satisfies U ν L W= ( ) ∪ .

It is also possible to construct pairs W ν( , ) satisfying U ν L W( )≠ ∪ , for example
for odd q 5≥ whenW consists of q points of a conic in a plane ofU , but we omit the
details.
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 15206610, 2023, 4, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1002/jcd.21875 by U

niversiteitsbibliotheek G
ent, W

iley O
nline L

ibrary on [05/06/2023]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense



(b) We can find different coverings with independent sets by dualizing the coverings
described in Example 2.4 and part (a) of this remark.

(c) Since there are d q+ 2
1

−
q







 independent sets in the given coverings, we find

χ q d q(Γ ( )) + 2
1

− .d
q

≤








This was already noticed for d = 2 in [5].

3 | PRELIMINARIES

This section contains a result on point sets in Proposition 3.2 as well as some technical bounds
in Lemmas 3.3 and 3.4, that we will need later on.

Lemma 3.1. Consider a projective space  of order q, a set M of points of  and points
P P, …, s1 +1 of  , s 0≥ , such that P P, …, s1 +1  is a subspace of dimension s with no point in M .
Let μ be an upper bound on the number of lines on Ps+1 that meet M . Let c0 < ∈ and let 
be a set of s‐dimensional subspaces such that P P V, …, s1 ∈ and V M cqs∩ ≥  for all V ∈ .

Then for every real number γ with γ0 < < 1, there exist at least γ

q

1−
  subspacesW of

dimension s + 1 satisfying P P W, …, s1 +1 ∈ and W M c q>
γ

μ
s2 2 ∩   .

Proof. We may assume that  ≠ ∅. ForV ∈ we haveV M∩ ≠ ∅ and hence P Vs+1 ∉ .

Put x γ
cq

μ

s
≔

  ,

V P V

W V V W x

{ , : },

{ : { : } > },
s+1 

 

≔ ∈

≔ ∈ ∈ ⊆

 
 

W

W

and ≔ ⧹W . Note that the elements ofW are subspaces of dimension s + 1. Now,
forW ∈ W we haveW V P= , s+1  for some V ∈ and Ps+1 lies on at least V M cqs∩ ≥ 
lines ofW which meetM . Furthermore, ifW andW ′ are distinct elements ofW and l is a
line on Ps+1 with l W W, ′⊆ , then l W W P P′ = , …, s1 +1⊆ ∩   and thus l M =∩ ∅. Since
μ is an upper bound on the number of lines on Ps+1 which meet M , this proves that

q
μ

c
s−≤ W . Since every element of  contains at most x elements of  , it follows that

V V P
μ

c
q x γ{ : , } =s

s
+1

−  ∈ ∈ ≤ ⋅     

and hence V P, s+1 ∈  for least γ(1 − )   elements of  . Since every subspaceW ∈
contains at most q subspaces V ∈ , we find γ q(1 − ) ≥ ∕    . Finally, since distinct
elements V and V ′ of  satisfy V V M P P M( ′) = , …, =s1∩ ∩ ∩ ∅  , we see that every
W ∈ satisfies

W M x cq
γ

μ
c q> = .s s2 2 ∩ ⋅   

□

184 | D'HAESELEER ET AL.
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Proposition 3.2. Suppose that M is a set of points in d qPG(2 , ) and there are d + 1

points P P P, , … d1 2 +1 that span a d‐dimensional subspace τ with τ M =∩ ∅. Furthermore,
let n0 and d0 be positive real numbers such that the following hold:

1. Each of the points P P P, , … d1 2 +1 lies on at most n qd0 lines that meet M .
2. M d qd0

+1≥  .

Then there exists a d( + 1)‐dimensional subspace U on τ with

U M q
d

n
> (2 )

4
.d+1 0

0

2 −1d+1

∩  





 (2)

Proof. We prove the following more general result. For each s d{0, …, + 1}∈ , there
exists a set s of s‐dimensional subspaces satisfying d q( )s

s d s1

2 0
+1− ≥  such that each

V s∈ satisfies

P i s V V M q
d

n
{ 1 } and (2 )

4
.i

s 0

0

2 −1s

≤ ≤ ⊆ ∩ ≥   





 (3)

We use induction on s. For s = 0 we take M=0 . For the induction step s s + 1→ , we
assume the existence of s with the desired properties. For V s∈ we know from the
induction hypothesis that (3) holds and, since τ M =∩ ∅ by hypothesis of the present
lemma, this also implies V τ≰ , so that P Vs+1 ∉ . Now the previous lemma, applied with

( )c = 2s
d

n4

2 −1s

0

0
, = s  and μ n q= d

0 and γ =
1

2
, proves the existence of a set =s+1 

with the desired properties.
For s d= + 1 we find > 0d+1  , so each element U of d+1 satisfies the claim of the

lemma. □

As mentioned earlier, we end this section with two technical lemmas that will be needed
several times in Section 4.

Lemma 3.3. Let n k c, , 1≥ and q 2≥ be integers.

(a) If n k> > 0 and q 4≥ then

q q
n
k

q q( + 1) ( + 2) .k n k

q

k n k( − )−1 ( − )−1≤ ≤








(b) If q c c> +2 then

q q q c q( + + 2) ( + + 1) .c c2 2 −1≤

(c) If q c c> +2 we have c
q c q

+ 1
1

( + + 1)
c

c −12
≤







 .
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Proof.

(a) The lower bound follows from k n0 < < and for the upper bound we refer to
[7, Lemma 34].

(b) This can be checked easily for c = 1 and 2, so we assume that c 3≥ . By expansion we
see that q q a q( + + 2) =c

i
c

i
i2

=0
2 , where

a
c

j

c j

i j
=

−

− 2
2 ,c i

j

i
j

2 −

=0

2∕ 














 

since a term q c i2 − occurs in the expansion, if for some j with j i2 ≤ we first choose the
number 2 from j factors q q( + + 2)2 , second we choose the number q from i j− 2 of
the remaining c j− factors q q( + + 2)2 and finally we choose the number q2 from
the remaining factors q q( + + 2)2 .

Now, we claim a cc i
i

2 − ≤ for all i. Using c 3≥ , this can be verified for i 5≤ by
straightforward calculation. Thus, suppose that i 6≥ . Then

a
c

c j i i j j
c

c i j j
=

! 2

( + − ) ! ( − 2 ) ! !

2

( − 2 ) ! !
.c i

j

i j
i

j

i j

j

b

2 −

=0

2

=0

2

=: ij

  

⋅
≤

∕ ∕    
(4)

We next show bij i

2

+ 2
≤ for admissible i j, , that is, for i j, with j i c2 2≤ ≤ and i 6≥ .

Using i 6≥ , this follows from the direct calculation if j 3≤ . Otherwise j 4≥ and

i 8≥ , so j! 2 j≥ and hence b cij
j

i
− 2

+ 2
≤ ≤ , since i c2≤ . Thus we have established the

bound for bij and using it in (4) we find a cc i
i

2 − ≤ for i 6≥ . Hence a cc i
i

2 − ≤ for all
i c{0, …, 2 }∈ .

It follows that

a q c q q c
c

q

q c

c q
q=

1 −
< ,

i

c

i
i

i

c
i c i c

i

c i

i

c
c

=0

2 −2

=2

2
2 − 2 −2 2

=0

2 −2 2 −2 2
2 −1≤ ≤

∕
  

where we have used q c c> +2 in the last step. Since a = 1c2 and a c=c2 −1 , this
proves the claim in (b).

(c) Since c
q q q

+ 1
1

( + + 2)
q

c2 −2≤






 this is a corollary to the previous claim.

□

Lemma 3.4. Let U be a subspace of dimension d + 1 of d qPG(2 , ), let Y be a point of U
and let T denote the set of all d( − 1)‐subspaces π with π U Y=∩ . Then the following holds:

(a) T q= d −12  .
(b) If ℓ is a line with U Yℓ =∩ , then ℓ lies on qd d− −22

subspaces of T .
(c) If ℓ is a line such that Uℓ ∩ is a point different from Y , then qd d− −12

subspaces of T
meet ℓ in a point.
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(d) If H is a hyperplane of PG(2d, q) with Y H∈ , then H contains no subspace of T if H
contains U and it contains qd d−2

subspaces of T if H does not contain U .

Proof. See Theorem 3.3 in Hirschfeld [6]. □

4 | THE CHROMATIC NUMBER OF THE GRAPH qΓ ( )d

In this section we prove the main result of this paper. In particular, we show that, given a large
value of q and an integer d 3≥ for which Conjecture 1.1 holds, the chromatic number of qΓ ( )d

is d q+ 2
1

−
q







 . From Remark 2.5 we have χ q d q(Γ ( )) + 2

1
−d

q

≤






 .

In fact we will prove the following more general result, which does not depend on
Conjecture 1.1.

Theorem 4.1. Let d 3≥ and α 5≥ be integers and let F i d q= = 1, …, + 2
1

−i
q



















be a multiset (so we allow F F=i j for i j≠ ) of d q+ 2
1

−
q







 independent sets of flags of type

d d{ − 1, } in d qPG(2 , ), whose union consists of all flags of this type in d qPG(2 , ). We put

S i d q F e1 + 2
1

− : >
q

i 1≔ ≤ ≤










  




with

e αq ,d d
1

+ −22
≔

and suppose the following:

(I) q > 3 112 2 d2 −1 − −1d+1
⋅ ⋅ and q α α+ + 17

3

2
2 21

2
≥ .

(II) For i S∈ the set Fi is one of the independent sets defined in Example 2.1, which
implies g F ei0 0≤ ≤  , where

g
d

d
d e g

d
d

q
2
+ 1

+ 1
1

and +
2 − 1
− 1

.
q q q

d
0 0 0≔ ⋅ ≔

























(III) For distinct i j S, ∈ the independent sets Fi and Fj have distinct generic parts.

(IV) For at least S
1

2
  indices i S∈ the generic part of Fi is based on a point.

Then, each F ∈ is a set described in Example 2.1.1 (i.e., it is based on a point PF) and the

points PF , F ∈ , are d q+ 2
1

−
q







 mutually distinct points of a subspace of dimension d + 1.

The proof of this theorem is carried out in Lemma 4.3 through Theorem 4.13. In all these
lemmas and results, we suppose that  is as in the theorem, we assume that d 3≥ , α 5≥ and
that (I)–(IV) are satisfied. Using (II) we define

I i S i S F P{ , the generic part of is based on a point }.i i≔ ∈ ∈
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Remark 4.2. As q α> , then e g e< <1 0 0. Hence, every F ∈ satisfies F e0≤  . More
precisely, Hypothesis (II) shows that g F ei0 0≤ ≤  for i S∈ , and F e1≤  for the
remaining sets F of  .

4.1 | Construction of the subspace U

In this section we will construct a subspaceU of dimension d + 1 that contains the base point
Pi of Fi for many indices i I∈ , similar to Example 2.4.

Lemma 4.3. For every subset  of  we have

F e q q q− +
9

2
+ 10 .

F

d d
0

2 +2 −32



≥

∈

   

 




Proof. Since F e0≤  for every F ∈ , it is sufficient to prove the statement in the case

when =  . Then θ q= −d+1  and FF ∈  is equal to the number d
d

θ
2 + 1

+ 1
d







 of all

flags of type d d{ − 1, } in d qPG( , ). Using this, a direct calculation proves the statement
when d = 3 or 4. For d 5≥ we use qθd ≤  and find

e F qθ e θ
d
d

θ
d
d

qθ
d
d

q
d
d

θ
d
d

q

q
qθ q

q q

q

θ
d
d

q q q d q

θ q q q q

− −
2 + 1

+ 1

2
+ 1

+
2 − 1

−
2 + 1

+ 1

=
2 − 1 − 1

− 1
+ −

( − 1)( + 1)

− 1

2 − 1
( + + 2) (use 5 and and

Theorem 4.1(I))

( + 2)( + + 2) .

F
d d

d d
d

d

d

d d
d

d d

d

d
d

d
d d

0 0

+1

2

+1
+1

2 +1

+1

2 2 −3

2 ( +1)−4



∪ ≤

≤

≤ ≥

≤

∈

 





























































FromHypothesis (I) of Theorem 4.1 we deduce θ q q( + )d
d3

2
−1≤ . Using Hypothesis (I) again

we see that q q q q q q q( + )( + 2)( + + 2) ( + + 10)
3

2
2 2 2 9

2
≤ and the statement follows. □

Lemma 4.4. Let U be a d( + 1)‐dimensional subspace. Denote by c1 the number of
indices i I∈ with P Ui ∉ and by c3 the number of independent sets F ∈ with F e1≤  .
Then there is some x c I c{ , − }1 1∈   with x c q α q+ 2 2( + 4 + ) d

3
−1≤ .

Proof. From Hypothesis (IV) in Theorem 4.1 we know that I c( − )
1

2 3≥    and we

define J i I P U{ : }i≔ ∈ ∉ . Then, for all j J∈ and all i I J∈ ⧹ the generic parts of the sets
Fi and Fj share the flags π τ( , ) with P π U=i ∩ and P πj ∈ and Lemma 3.4(b) implies that
there are θ qd

d d− −22
such flags. For given j J∈ it is obvious that distinct i in I J⧹ yield
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distinct θ qd
d d− −22

such flags. Hence, for all j J∈ the set Fj contains at least I J θ qd
d d− −22

⧹ 
flags that are contained in Fi for some i I J∈ ⧹ . Using Remark 4.2 it follows that

F I e J I J θ q−
i I

i

c I c

d
d d

0

= ( − )

− −2

1 1

2

  
≤ ⧹

∈

     
 

and Lemma 4.3 applied to the set F i I F F e{ } { : }i 1 ≔ ∈ ∪ ∈ ≤   shows

c e e c I c θ q A q q q( − ) + ( − ) +
9

2
+ 10 .d

d d d d
3 0 1 1 1

− −2 2 +2 −32 2
≤ ≔  


 


 (5)

In particular, we already have c e e A( − )3 0 1 ≤ and we set B q α q( + 4 + ) d−1≔ . From the
definition of e0 and e1 we see that e e q αq q− (( + 1) − ) d d

0 1
2 + −32

≥ . Hypothesis (I)
of Theorem 4.1 implies that B e e A( − ) >0 1 and hence we have c B<3 . We now show that
one of the numbers in c I c{ , − }1 1  is at most B c2( − )3 . Suppose that this is wrong. Then

c B c I c B c

c I c B c I B c

( − 2( − ))( − − 2( − )) 0

( − ) 2( − )( − 2 + 2 ).
1 3 1 3

1 1 3 3

≥

⇔ ≥

 
    (6)

Since I c( − )
1

2 3≥    , it follows from (5) and (6) that f c A( )3 ≤ where f is the

polynomial in x given by

f x e e B x x B x θ q( − ) + 2( − )
1

2
( − ) − 2 + 2 .d

d d
0 1

− −22
≔



   




Since f has degree two with a negative coefficient in x2 and since c B0 <3≤ , we have
f f B f cmin{ (0), ( )} ( )3≤ so f A(0) ≤ or f B A( ) ≤ . But f B B e e( ) = ( − )0 1 and we have

already seen that this is larger than A. Hence f A(0) ≤ , that is,

B B θ q A2
1

2
− 2 .d

d d− −22
 ≤



   




Using θ q q q= − ( + 1)d
d

+1 ≥  and θ q q( + 1)d
d−1≥ , it follows that

q B q q B q q q( + 1) (( + 1) − 4 ) +
9

2
+ 10 .d d2 2≤



 




Using the definition of B, this gives

q q α q q α q q q( + 1)( + 4 + )( − 3 − 16 − 4 ) +
9

2
+ 10 .2 2 2≤



 


 (7)

From the hypothesis of Theorem 4.1 we have α q5 ≤ ≤ . This implies that (7) must also
be satisfied when α is replaced by 5 or by q, but this contradicts the lower bound in
Hypothesis (I) of Theorem 4.1 for q. □
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Lemma 4.5. There exists a (d + 1)‐dimensional subspace U such that

i I P U F F g q α q{ } + 2 { : < } 2( + 4 + ) .i
d

0
−1∈ ∉ ⋅ ∈ ≤      

Proof. Let c3 be the number of F ∈ with F g< 0  and thus F e1≤  , see Remark 4.2.
Let β be the number of F ∈ with F g0≥  whose generic parts are based on points. Let
G G, …, β1 denote these independent sets and let R R, …, β1 be the respective base points
of their generic parts. As θ q= −d+1  , Hypothesis (IV) of Theorem 4.1 shows that
β θ q c( − − )d

1

2 +1 3≥ . For all i β{1, …, }∈ define

g G G .i i j
i

j=1
−1≔ ∩ 

From Remark 4.2, we have G ie g−j
i

j j
i

i=1 0 =1≤  for all i β≤ . We may assume that the

sequence g g, …, β1 is monotone increasing. We define j q θ θ d+ + −d
d d

1

4
+1

−1≔   and

claim that g q θ< 5j
d

d
−22

.

Assume this is not true. Then g β j q θ( − + 1)5i j
β

i
d

d=
−22

≥ and Lemma 4.3 applied to

the set F F e G j i β{ : } { }i1∈ ≤ ∪ ≤ ≤   implies

β j q θ c e e q q q( − + 1)5 + ( − ) +
9

2
+ 10 .d

d
d d−2

3 0 1
2 +2 −32 2

≤


 




On the left‐hand side we use the definition of j and use β θ q c( − − )d
1

2 +1 3≥ . In the

resulting expression the coefficient of c3 is e e q θ− − d
d0 1

5

2
−22

and in view of Lemma 3.3

and Hypothesis (I) of Theorem 4.1 this is positive. Hence, we may omit the term with c3

and find

q θ q θ q θ d q q q5
1

4
−

1

2
( + ) − + +

9

2
+ 10 .d

d
d

d d
d d−2 +1

−1
2 +2 −32 2

≤













 


 




However, this contradicts Hypothesis (I) of Theorem 4.1.
Hence g q θ< 5j

d
d

−22
. Now, let { }Q Q R R, …, , …,d j θ j1 +1 − d−1

∈ be such that τ≔

Q Q, …, d1 +1  is a d‐dimensional subspace and set

R i j θ R τ{ : {1, …, − − 1} and }.i d i−1 ≔ ∈ ∉

Then j θ τ d q− − 1 − ( − − 1) =d
d

−1
1

4
+1 ≥    






.

In the next step we show for all i d{1, …, + 1}∈ that the point Qi lies on fewer than
q7 d lines that meet . Assume that this is false and let i d{1, …, + 1}∈ be such that Qi

lies on at least q7 d lines that meet . Each of these lines lies in d
d
2 − 1
− 2







 subspaces of

dimension d − 1 and two of these lines occur together in d
d

2 − 2
− 3







 such subspaces. Hence

there exist at least
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q
d
d

q
d
d

q
q

q
q

d
d

q q z

7
2 − 1
− 2

− 7
2 − 2
− 3

= 7
− 1

− 1
− 7

2 − 2
− 3

7 ( − 7) = : ,

d d d
d

d
d

d

2 −1

−2

−32
≥






































d( − 1)‐dimensional subspaces that contain one of the q7 d lines. This shows that there exist
zθd flags E S( , ) of type d d{ − 1, } with Q Ei ∈ and such that E contains a point of. Since
Q R=i k for some k with j θ k j− d−1 ≤ ≤ , this implies that zθ g g q θ< 5d k j

d
d

−22
≤ ≤ , which

contradicts Hypothesis (I) of Theorem 4.1. Consequently, for all i d{1, …, + 1}∈ the pointQi
lies in fact on fewer than q7 d lines that meet .

Finally, we apply Proposition 3.2 with d q= d
0

+1 1

4
 ∕ ≥  , n = 70 , and M ≔ to find

a d( + 1)‐dimensional subspace U satisfying (2). Using the lower bounds for q of
Hypothesis (I) of Theorem 4.1 we conclude that U R q q α q3 > 2( + 4 + )d d−1∩ ≥  . The
statement of the lemma follows now from Lemma 4.4. □

4.2 | Notation and strategy

Notation 4.6. From now on we letU be the d( + 1)‐dimensional subspace provided by
Lemma 4.5 and define the following sets:

• C F i I P U{ , }i i0 ≔ ∈ ∈ ∈ , c C0 0≔  ,
• C F i I P U{ , }i i1 ≔ ∈ ∈ ∉ , c C1 1≔  ,
• C F i I F g{ , }i i2 0≔ ∈ ∉ ≥   , c C2 2≔  ,
• C F i I F g{ , < }i i3 0≔ ∈ ∉   , c C3 3≔  ,
• W P U P P i I{ }i≔ ∈ ≠ ∀ ∈ ,
• M π τ F π U π U W{( , ) is a point and }F ≔ ∈ ∩ ∩ ∈∈  .

To establish Theorem 4.1, we want to show that C= 0 , that is C C C= = =1 2 3 ∅. Our
strategy is the following. From Notation 4.6 we see that W and M are large when C0 is
small and we quantify this in Lemma 4.7(d) and (f). As every flag lies in a member of  ,
then all flags of M must lie in a member of  . In Section 4.3 we will control the
contribution of the flags of C1, C2, or C3 to M . This information will then be used later to
show that W and M are quite small, so C0 is quite large, which in the end forces  to be
equal to C0.

4.3 | The contribution of C C C1 2 3  to M

In this subsection we will control the contribution of the members ofC C C1 2 3∪ ∪ to M . The
members of C2 are sets F of flags that are based on a hyperplane and our upper bound for
F M∩  will depend on the intersection of this hyperplane with W . This is why we
investigate in Lemmas 4.10 and 4.11 a bound forW depending on the intersection sizes of
W with hyperplanes.

We start with a lemma that gives several basic observations and boundaries.
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Lemma 4.7. Using Notation 4.6, the following hold:

(a) For all F C3∈ we have F e g<1 0≤  .
(b) C C C C0 1 2 3∪ ∪ ∪ is a partition of  .
(c) c c q α q+ 2 2( + 4 + ) d

1 3
−1≤ .

(d) W θ c q= −d+1 0 ≥  .
(e) For all P W∈ there are exactly q θd

d
−12

flags π τ( , ) with π U P=∩ .
(f) M W q θ= d

d
−12    .

(g) I c c θ q c= + ( − − )d0 1
1

2 +1 3≥  .

Proof. The first claim is implied by the choice of  with the properties given in
Theorem 4.1, especially Hypothesis (II). Claim (b) is obvious from the choice ofC0,C1,C2,
and C3. The choice of U implies (c). From Hypothesis (III) in Theorem 4.1, we know
that the base points Pi of the sets Fi with i I∈ are pairwise distinct. Therefore we
have W U C U C θ c= = − = −d0 0 +1 0⧹        . Since c θ q−d0 +1≤ ≤  , this gives (d).
Furthermore, from Lemma 3.4(a) we know that each point P W∈ lies on qd −12

subspaces
of dimension d( − 1) that meetU only in P and each such subspace lies in θd subspaces
of dimension d. Hence, for every point P in W exactly q θd

d
−12

flags π τ( , ) of M satisfy
π U P=∩ , which proves (e) and (f). To see (g) we first note that our definitions imply
I c c= +0 1  and that exactly c θ q c− = − −d3 +1 3  elements of  have at least g0

elements. Then we recall from Hypotheses (II) and (IV) in Theorem 4.1, that every
element of  with at least g0 elements is based on a point or a hyperplane and that at
least half of these are based on a point. □

Notation 4.8. Recall from Lemma 2.3 that the special parts of all independent sets
given by Example 2.1—in particular of all independent sets F ∈ with F g0≥  —have
cardinality at most Δ, where

d
d

q q qΔ
2 − 1

( + 2) .d d −12
≔ ≤







 (8)

Lemma 4.9.

(a) If F C0∈ , then the generic part of F does not contain a flag of M . In particular
F M Δ∩ ≤  .

(b) If F C1∈ , then F M W q θ + Δd d
d

− −22
∩ ≤    .

(c) If F C2∈ , then F is based on a hyperplane H and we have

F M
U H

H W q θ

Δ if ,

Δ + otherwise .d d
d

−
−1

2∩ ≤
≤

∩
 



  

Proof.

(a) For all flags π τ( , ) of the generic part of F we have π Udim( ) 1∩ ≥ or π U∩ is the
base point of F . SinceM only contains flags π τ( , ) such that π meetsU in a point that
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is not a base point of the generic part of some F C0∈ , this implies that these flags do
not belong to M . Therefore F M Δ∩ ≤  follows from Notation 4.8.

(b) As F C1∈ it is based on a point P with P U∉ . If Y W∈ , then according
to Lemma 3.4(b) the point P lies on exactly qd d− −22

subspaces π of dimension d − 1

satisfying π U Y=∩ . Each of these lies on θd subspaces of dimension d. Hence, the
generic part of F contains exactly W q θd d

d
− −22  flags of M . Furthermore, the special part

of F contains at most Δ flags and thus at most this many flags of M .
(c) Since F is not based on a point and has cardinality at least g0, Hypothesis (II) of

Theorem 4.1 shows that F is based on a hyperplane H . The generic part of F consists of
all flags π τ( , ) of type d d{ − 1, } with τ H≤ and thus also π H≤ . If Y H W∈ ∩ , then
according to Lemma 3.4(d) the number of d( − 1)‐subspaces π of H with π U Y=∩ is
zero for U H≤ and it is qd d−2

for U H≰ . Since for every d( − 1)‐subspace of H the
number of d‐subspaces of H containing it is θd−1, it follows that the generic part of F
contains no flag of F for U H≤ and exactly H W q θd d

d
−

−1
2

∩  flags of M for U H≰ .
Finally, since the special part of F contains at most Δ flags, this implies the claim.

□

Lemma 4.10. Suppose that z is an integer such that there is at most one hyperplane ofU
which contains more than z points ofW . Then M has size at most

c c c c W q θ c zq θ c e q θ θ( + + )Δ + + + + .d d
d

d d
d

d
d d0 1 2 1

− −2
2

−
−1 3 1

−1
−1

2 2 2 

Proof. Since every flag of M is covered by some F ∈ , we have, using Lemma 4.7(f)

W q θ F M .d
d

i

F C
−1

=0

3

i

2
≤ ∩∈  

Now, if there exists a hyperplane ofU with more than z points inW , then let z′ denote the
number of its points inW and otherwise put z z′ ≔ . Since every hyperplane ofU lies in qd−1

hyperplanes of d qPG(2 , ) which do not containU , Lemma 4.9(c) shows

( ) ( )

( )

F M c q zq θ q z q θ

c zq θ z z q θ

( − ) Δ + + Δ + ′

= Δ + + ( ′ − ) .

F C

d d d
d

d d d
d

d d
d

θ

d
d

2
−1 −

−1
−1 −

−1

2
−

−1
−1

−1

d

2

2 2

2 2

  

∪ ∩ ≤
∈

≤

Finally, since F e1≤  for F C3∈ via Lemma 4.7(a), the assertion follows from
Lemma 4.9(a) and (b). □

Lemma 4.11. Let τ1 and τ2 be distinct hyperplanes ofU and setW τ τ W′ ( )1 2≔ ∪ ∩ . Then

W θ c c q q q α q α α′ ( + ) (2 + 7) + (( + 3) + + 4 ).d
d d

−1 1 2
−3 2 −3 2≤ 

Proof. We have W τ τ U q θ′ ( ) = +d
d1 2≤ ∪ ∩    . We set

M π τ M π U W′ {( , ) : ′},≔ ∈ ∩ ∈
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that is, M′ consists of all flags π τ( , ) of type d d{ − 1, } such that π U∩ is a point that lies
inW ′. Lemma 4.7(e) shows that M W q θ′ = ′ d

d
−12    . Each flag of M′ lies in at least one of

the independent sets of C C C C= 0 1 2 3 ∪ ∪ ∪ . Hence

W q θ W q θ M d d d d′ ′ = ′ + + + ,d
d

d
d−1

−1
0 1 2 3

2 2
≤ ≤      (9)

where for all i {1, …, 4}∈ we let di denote the number of elements of M′ that lie in some
member of Ci. Now, we determine upper bounds on these numbers d0, d1, d2, and d3 in
four steps.

First, we consider an independent set F C0∈ . Then F g0≥  and F is based on a point
P U∈ . We know from Lemma 4.9 that only the special partT of F may contribute to M′.
Therefore, we study T and the three possible structures that T may have. Note that we
frequently make use of Lemma 3.4 without explicit mention.

• First, assume that there is a line l with P l∈ such that T consists of all flags π τ( , ) of
type d d{ − 1, } with l τ≤ and P π∉ . Recall from Example 2.1 that every flag
π τ T( , ) ∈ is determined by π , since τ P π= , . Then we have

T M
l W q l U

W q l U P
′ =

′ if ,

′ if = ,

d

d d

−1

− −1

2

2
∩

∩ ≤

∩
 




 
 

and, using W q θ′ +d
d≤  as well as the fact that l W ′∩  is at most q for P τ τ1 2∈ ∪

and at most 2 otherwise, we have

T M
q P τ τ

q θ q
′

if ,

( + ) otherwise.

d

d
d

d d

1 2

− −1

2

2
∩ ≤

∈ ∪ 




• Second, assume that there is a hyperplane H with P H∈ such that T consists of all
flags π τ( , ) of type d d{ − 1, } with P τ H∈ ≤ and P π∉ . As before, every flag
π τ T( , ) ∈ is determined by π , since τ P π= , . IfU H≤ , then Lemma 3.4(d) implies
T M′ =∩ ∅ and otherwise it implies

T M H W q

W τ q H U τ i

q θ q

′ = ′

′ if = for some {1, 2},

( + ) otherwise.

d d

i
d d

i

d
d

d d

−

−

−1
−1

−

2

2

2

∩ ∩

≤
∩ ∩ ∈

   



 

Notice that H U τ= i∩ for some i {1, 2}∈ implies P τi∈ and thus
W τ θ qθ′ − 1 =i d d−1∩ ≤  . Therefore, we have

T M
θ q P τ τ

q θ q
′

if ,

( + ) otherwise.

d
d d

d
d

d d

−1
− +1

1 2

−1
−1

−

2

2
∩ ≤

∈ ∪ 



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• Finally, suppose that the special part T is not based on a line or a hyperplane. Then
Lemma 2.3 shows

T M T q q θ θ θ q d θ q′ (1 + ) ( + ) .d
d d

d
d

d d−1
−2 −1

−1
1 −2

− −12
∩ ≤ ≤ ≤   

Using Hypothesis (I) of Theorem 4.1 we may summarize these three upper
bounds into

T M
θ q P τ τ

q θ q
′

for ,

( + ) otherwise.

d
d d

d
d

d d

−1
− +1

1 2

− −1

2

2
∩ ≤

∈ ∪ 




Note that the bound given for P τ τ1 2∈ ∪ is a weaker bound than the bound for
P τ τ1 2∉ ∪ . Now, since different sets F C0∈ are based on different points P (see
Hypothesis [III] in Theorem 4.1) and since τ τ1 2∪ contains q θ+d

d points, we find

d c q θ q q θ θ q q( + ) + ( + ) 12 ,d
d

d d d
d d

d d d d
0 0

− −1
−1

− +1 +2 2 2
≤ ≤

where the last step uses the trivial bounds c θ q2d
d

0 +1
+1≤ ≤ , θ q2d

d≤ , and θ q2d
d

−1
−1≤ .

Second, for F C1∈ we see that F contains at most W q θ′ + Δd d
d

− −22  flags of M′
analogously to Lemma 4.9(b), which already proves d c ( )W q θ1 1 ′ +Δd d

d
2− −2≤   . Now, we use

q qΔ ( + 2) d −12
≤ given in Inequality (8) as well as W q θ′ +d

d≤  and have

d c q q θ θ q q(( + ) + + 2 ).d d d
d d

d d
1 1

− −2 +2 +12
≤

For d = 3 simple calculations show that this is smaller than c q q(2 + 7)d d
1

+ −32
and for

d 4≥ we receive the same upper bound via

d c q q q q q c q q(2 + 6 + 4 + + 2) (2 + 7).d d d d d d
1 1

−1 −1 −2 −3
1

+ −32 2
≤ ≤

Third, we consider F C2∈ . Then F g0≥  and F is based on a hyperplane H . IfU H⊆

and π τ( , ) is a flag of F , then π Udim( ) 1∩ ≥ and thus F M′ =∩ ∅. Therefore, we only
need to study the caseU H≰ , which implies U H ddim( ) =∩ . Then, analogously to the
proof of Lemma 4.9(c), we see that the number of flags of M′ in the generic part of F is
H W q θ′ d d

d
−

−1
2

∩  and we have

H W q θ
W τ q θ H U τ i

q θ q θ
′

′ if = for {1, 2},

( + ) otherwise.
d d

d
i

d d
d i

d
d

d d
d

−
−1

−
−1

−1
−1

−
−1

2

2

2
∩ ≤

∩ ∩ ∈ 



 

Since there are exactly qd−1 hyperplanes that meetU in τ1 and as many that meetU in τ2,
it follows that the number of flags of M′ that lie in the generic part of at least one
independent set of C2 is at most

c q θ q θ q W τ W τ θ( + ) + ( ′ + ′ ) .d
d

d d
d

d
d2

−1
−1

−
−1

−1
1 2 −1

2 2
∩ ∩   
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The special part of each independent set of C2 has Δ flags and thus at most this many
flags of M′. Using

W τ W τ τ τ θ θ q′ + ′ + = 2 2( + 1)d
d

1 2 1 2 1
−1∩ ∩ ≤ ≤       

it follows that

d c c q θ q θ q θ θΔ + ( + ) + 2 ( + 1) .d
d

d d
d

d d
d2 2 2

−1
−1

−
−1

+ −2
1 −1

2 2
≤

We now show that this bound implies

d c q q q q q(2 + 7) + 2 ( + 4 + 4).d d d d
2 2

+ −3 +2 −4 22 2
≤ (10)

For d = 3, this can easily be verified for all q 3≥ . For d 4≥ , we use q qΔ ( + 2) d −12
≤

given in Inequality (8) as well as the upper bound given in Lemma 3.3(a) to find

d c q q q q q q θ(2 + 6 + 4 + + 2) + 2 ( + 1)d d d d d d
2 2

−1 −1 −2 −3 +2 −4
1

22 2
≤

and Theorem 4.1(I) implies Equation (10).
Finally, we note that for F C3∈ we trivially have F M F e′ 1∩ ≤ ≤    and, using

c q α q( + 4 + ) d
3

−1≤ from Lemma 4.7(c) as well as e αq= d d
1

+ −22
, this shows

d c e αq α α q( + + 4 ) .d d
3 3 1

2 +2 −32
≤ ≤

We have now proved upper bounds of d0, d1, d2, and d3. Substituting these upper
bounds in Equation (9) and dividing by qd d− −12

yields

W q θ c c q q αq α α q

q q q q q

′ ( + ) (2 + 7) + ( + + 4 )

+ (2 + 8 + 8 + 12 ).

d
d

d d

d d d d

+1
−1 1 2

2 −2 2 3 −2

2 −1 −2 −3

≤ 

and, using the lower bound on q given in Hypothesis (I) of Theorem 4.1, this implies the
claim. □

4.4 | The proof of Theorem 4.1

In this part we use the information of the last subsection to first bound the size ofW . Then we
use this bound to show that C0 must be equal to  .

Lemma 4.12. We have W α q( + 3) d−1≤  .

Proof. Let τ1 and τ2 be hyperplanes ofU such that τ W τ W τ W1 2∩ ≥ ∩ ≥ ∩      for every
hyperplane τ ofU other than τ1 and set z τ W2≔ ∩ . Then, Lemmas 4.10 and 4.7(f) show

W q c q θ c c c c zq θ c e

q θ θ

( − ) ( + + )Δ + +

+ ,

d d d
d

d d
d

d
d d

+1
1

− −2
0 1 2 2

−
−1 3 1

−1
−1

2 2

2

≤ 
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and, if we set δ c c c+ +1 2 3≔ and use c c c c θ q+ + + = = −d0 1 2 3 +1  as well as
W θ c δ q= − = +d+1 0  from Lemma 4.7(d), then this is equivalent to

θ q q θ θ c e

c q zθ δ q c q q θ

0 ( − )Δ + + ( − Δ)

+ + ( + )( − ) .

d
d

d d

d d
d

d d d
d

+1
−1

−1 3 1

2
−

−1 1
+1 − −2

2

2 2

≤

Before we proceed, we simplify this inequality:

• in the first term, since Δ is positive, we may replace θ q( − )d+1 by its upper bound
q q( + 2) d given in Lemma 3.3(a);

• in the second term we use q θ θ q q( + 5)d
d d

d d−1
−1

+2 −32 2
≤ , which follows from

Lemma 3.3(a) and the lower bound on q from Hypothesis (I) of Theorem 4.1;
• in the third term, since the coefficient e − Δ1 of c3 is positive (this is implied by our
assumption α 5≥ ), we may replace c3 by its upper bound q α q( + 4 + ) d−1 given in
Lemma 4.7(c);

• and in the final term, since c q− d
1

+1 is negative (consider the upper bound
c q α q2( + 4 + ) d

1
−1≤ given in Lemma 4.7(c)), we may replace δ q q θ( + ) d d

d
− −22

by its
lower bound δ q q( + 1) d −32

implied by Lemma 3.3(a).

This yields

q q q q q α q e

c q zθ δ q q c q

0 ( + 2) Δ + ( + 5) + ( + 4 + ) ( − Δ)

+ + ( + 1) ( − ).

d d d d

d d
d

d d

+2 −3 −1
1

2
−

−1
−3

1
+1

2

2 2

≤
(11)

Next we want to take care of the variable z in the fourth term of this inequality. For that
purpose we note that the preceding lemma is applicable to the set W τ τ W′ ( )1 2≔ ∪ ∩

and thatW ′ satisfies

W τ W τ W θ z θ′ + − 2 − ,d d1 2 −1 −1≥ ∩ ∩ ≥     

that is, we have

zθ W θ θ W θ q q

W θ q

2 ′ + ′ + ( + 2)

′ + 2 .

d d d d
d

d
d

−1 −1 −1
2

−1
2 2 −4

−1
2 −2

≤ ≤

≤

   
 

We use the bound given by Lemma 4.11 (where, for convenience, we replace the 7 by an
8) as well as c c δ+1 2 ≤ to first replace the first term on the right‐hand side and then
simplify the result and have

zθ δq q
q

α q α α( + 4) +
2

(( + 5) + + 4 ).d
d

d

−1
−3

2 −3
2≤ (12)

Now, we reconsider Inequality (11):

• using Hypothesis (I) of Theorem 4.1 we see that the coefficient q q α q( + − 4 − ) d2 −1

of Δ therein is positive and thus we may replace Δ by its upper bound q q( + 2) d −12

given in Inequality (8);
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• the coefficients of c1 and c2 therein are nonnegative and so we may substitute c1 and c2

by their respective upper bounds q α q2( + 4 + ) d−1 and δ, the first of which is given in
Lemma 4.7(c) and the second is trivial;

• we use the upper bound found in Inequality (12);
• we substitute e αq= d d

1
+ −22

and, finally, we divide by qd −32
.

This yields

δ q δq q
α

q
α

α q α

q α q α α q q q α q α

0 ( + 4) + − +
+ 7

2
+

2
+ 4 + 10 + (2 + 8)

+ (( + 1) + + 4 + 5) + ( + 3 − ( + 2) − (2 + 8)),

d

d d

2 −1 3 2
2

2 2 +1 3 2

≤
















and, using Hypothesis (I) of Theorem 4.1 and α 5≥ , this implies

δ q δq
α

q q α q α α q q0 ( + 4) +
2

+ 4 − + (( + 1) + + 5 ) + ( + 3).d d d2 +1 2 2 +3≤


 




Let f δ( ) denote the right‐hand side of this equation and set δ α q q( + 3) −d
1

−1≔ as well

as ( )δ q q− + 8d α d
2

+1
2

≔ . We want to show that δ does not lie in the interval δ δ[ , ]1 2 . To

see this it suffices to show that f δ( ) < 01 and f δ( ) < 02 hold; the reason for that is, that
f is a quadratic polynomial in δ with a positive leading coefficient. Simple
calculations show

f δ q α α q α α q

α α q q q
α

q

α q α q q q

( ) =−2 +
3

2
+

21

2
+ 12 + ( + 6 + 9)

+ (4 + 24 + 36) + + 4 −
2

+ 4

−(2 + 6) − (8 + 24) + + 4

d d d

d d d d

d d

1
2 +1 2 2 2 2 −1

2 2 −2 +4 +3 +2

+1 3 2



 






 




as well as

f δ α q α α q q q( ) = −( + 31) + (2 + 37 + 256) + + 3 ,d d d d
2

2 +1 2 2 +4 +3

and in view of q α α+ + 17
3

2
2 21

2
≥ from Hypothesis (I) of Theorem 4.1 both of these are

negative. Hence, δ δ δ[ , ]1 2∉ . Finally, we have

δ θ q c θ q c c

q q q q c c

q q q q q α q

q
α

q δ

= − −
1

2
( − ) + +

1

2
1

2
( + ( + 2) − ) + +

1

2
1

2
( + ( + 2) − ) + 2( + 4 + )

< −
2

+ 8 = .

d d

d d

d d d

d d

+1 0 +1 1 3

+1 −1
1 3

+1 −1 −1

+1
2

≤

≤

≤



 



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In the last step we also used α 5≥ . From δ δ< 2 and δ δ δ[ , ]1 2∉ we find δ δ< 1, as
claimed. □

Theorem 4.13. We have C= 0 .

Proof. Put δ c c c+ +1 2 3≔ and note that c c c c θ q+ + + = −d0 1 2 3 +1 implies
δ θ q c= − −d+1 0. The strategy of the proof is to show that δ = 0 by using
Lemma 4.7(f) and by finding a good upper bound for M . From Lemma 4.7(d) we
have W q δ= +  and from Lemma 4.12 we have W α q( + 3) d−1≤  . Therefore, for all
F C C1 2∈ ∪ we have

F M α q θ α q q

α q q q q α q

( + 3) + Δ ( + 3)( + 2) + Δ

( + 3)( + 2) + ( + 2) ( + 4) .

d
d

d d

d d d d d

−1
−1

+ −3

+ −3 −1 + −2

2 2

2 2 2

∩ ≤ ≤

≤ ≤

 

Since e αq= d d
1

+ −22
, we know from Lemma 4.7(a) that F M α q( + 4) d d+ −22

∩ ≤  for all
F C C C1 2 3∈ ∪ ∪ . Therefore, the total contribution from the independent sets in
C C C1 2 3∪ ∪ to M is at most δ α q( + 4) d d+ −22

.
By Lemma 4.9(a), the generic parts of the independent sets in C0 are disjoint from M .

To determine the contribution of the sets of C0 to M , it remains to consider the special
parts T of independent sets F C0∈ and we denote by

• ω1 the number of those with T based on a line that is contained in U ,
• ω2 the number of those with T based on a line that is not contained in U ,
• ω3 the number of those with T based on a hyperplane of d qPG(2 , ),
• ω4 the number of the remaining ones, which, according to Lemma 2.3, are those with
T q θ θ θd

d d
d−1

1 −2 −1
−1≤  .

Furthermore, we letΩ1 be the set of lines ℓ ofU such that F P C( , ℓ) 0∈ for some point
P of ℓ, we let Ω3 be the set of all point–hyperplane pairs P H( , ) with F P H C( , ) 0∈ such
that U is not contained in H , and we let Ω4 be the set of indices i I∈ such that Fi is an
element of C0 and its special partT has size at most q θ θ θd

d d
d−1

1 −2 −1
−1. Finally, we letΩ4

 be
the set of all flags f M∈ such that f is an element of the special part of some
independent set Fx with x Ω4∈ .

Then we have ω ω ω ω c+ + + =1 2 3 4 0, ωΩ1 1≤  , ωΩ =3 3  , and ωΩ =4 4  . In view of
the definition ofΩ3 we notice that hyperplane‐based special partsT only contribute to M
when the underlying hyperplane of d qPG(2 , ) does not contain U .

Altogether, using Lemmas 3.4 and 4.7(f), it follows that

W q θ M δ α q l W q

ω W q W q

= ( + 4) +

+ + + Ω̂ .

d
d

d d

l

d

d d

P H

d d

−1 + −2

Ω

−1

2
− −1

( , ) Ω

−
4

2 2

1

2

2

3

2

≤ ∩
∈

∈




     

     
(13)

We proceed by replacing the first sum in the right‐hand side of the previous inequality by
an upper bound. We have
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l W l W

l W l W l W

W W l W

0 ( − 1)( − 2)

= ( − 1) − 2 + 2Ω

( − 1) − 2 + 2Ω ,

l

l l

l

Ω

Ω Ω

1

Ω

1

1

1 1

1

≤ ∩ ∩

∩ ∩ ∩

≤ ∩

∈

∈ ∈

∈


 



   

       

       

where the last inequality holds, since any pair of distinct points ofW is contained in at
most one line of Ω1. Since ωΩ1 1≤  and ω ω ω ω c θ W+ + + = = −d1 2 3 4 0 +1   (by part
(d) of Lemma 4.7), it follows that

l W W W θ ω ω ω
1

2
( − 3) + − − − .

l

d

Ω

+1 2 3 4

1

∩ ≤
∈

      

Using this as well as ωΩ =3 3  in (13) and dividing by qd d−2
we find

W q θ
W

δ α q θ q ω
W q

q

W q
ω q

q

−
− 3

2
( + 4) + +

−

+ ( − ) +
Ω̂ −

.

d
d

d
d

d
d

P H

d
d

d d

−1 2 −2
+1

−1
2

( , ) Ω

−1 4 4
−1

−
3

2

2

≤

∈



  

   


  

   

Since W α q( + 3) d−1≤  by Lemma 4.12, the coefficient of ω2 in the above inequality is
not positive and therefore the term with ω2 can be omitted. Doing so and substituting
then W δ q= +  we find

δ q q θ
δ q

δ α q θ q

W q
ω q

q

( + ) −
+ − 3

2
( + 4) +

+ ( − ) +
Ω̂ −

.

d
d

θ q δ

d
d

d

P H

d
d

d d

−1

−

2 −2
+1

−1

( , ) Ω

−1 4 4
−1

−

d
1

−1

3

2

2

  
≤

≥

∈





 




   

(14)

We next show that

L W q δq( − ) .
P H

d d

( , ) Ω

−1 +1

3

≔ ≤
∈

   (15)

This is trivial, if W qd−1≤  . IfW q> d−1, then we use C θ WΩ = −d3 0 +1≤      to see that
(where y θ q( + )d

d1

2
−1≔ )

L θ W W q( − )( − )d
d

+1
−1≤     (16)

W q q W y y θ q q= ( − ) − ( − ) + − + .d
d

d d+1 2 2
+1

−1 +2    (17)

200 | D'HAESELEER ET AL.

 15206610, 2023, 4, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1002/jcd.21875 by U

niversiteitsbibliotheek G
ent, W

iley O
nline L

ibrary on [05/06/2023]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense



From Lemma 3.3(a) we find y q q( + 3)d1

2
−1≤ and, using Hypothesis (I) of Theorem 4.1,

this implies that y θ q q− + < 0d
d d2

+1
−1 +2 . Therefore (16) shows that L W q q( − ) d+1≤   .

Since W q δ= +  , this establishes L δqd+1≤  in any case. Using this and θd+1≤

q q q( + + 2) d2 −1 (see Lemma 3.3(a)) in Inequality (14) we find

δ q q θ q δ δ α q q q q

δq
ω q

q

( + ) ( − ) ( + 4) + ( + + 2)

+ +
Ω̂ −

,

d d d d

d
d

d d

−1
1

−1 2 −2 2 2 −2

+1 4 4
−1

−

2

2

≤

 

which is equivalent to

δ q δq q α q q

q
ω q

q

0 − ( − ( + 3) − − 1)

+ 2 +
Ω̂ −

,

d d d d

d
d

d d

2 −1 −1 −2

2 −2 4 4
−1

−

2

2

≤

  (18)

Finally, we study the cardinality of Ω4
 . For all x Ω4∈ we know from Lemma 2.3 that

F F P= ( , )x x x for a set x of subspaces of dimension d with

q θ θ(1 + ) .x d d
d−1

−2 −1
−1 ≤ 

Furthermore, for all x Ω4∈ every flag π τ( , ) of the special part of Fx that lies
in Ω4
 satisfies τ Udim( ) = 1∩ and π U∩ is a point of τ W∩ . Motivated by this, we

define

x ζ τ W τ τ UΩ : max{ : , dim( ) = 1}.x x4 ∀ ∈ ≔ ∩ ∈ ∩ 

We put ζ ζ xmax{ : Ω }x 4≔ ∈ if Ω4 ≠ ∅, and otherwise we put ζ q≔ . There are two
remarks to be made.

• For all x Ω4∈ and all τ x∈ with τ Udim( ) = 1∩ we have W P τ Ux∌ ∈ ∩ , which
implies ζ qx ≤ . Thus we also have ζ q≤ .

• The definition of ζ implies that there is a line l U≤ with l W ζ=∩  . For all x Ω4∈

with P lx ∈ and all τ x∈ with τ Udim( ) = 1∩ we have τ W ζ∩ ≤  . For all x Ω4∈

with P lx ∉ and all τ x∈ with τ Udim( ) = 1∩ we have τ l 1∩ ≤  , which
implies τ W ζ W ζmin{ , − ( − 1)}∩ ≤    .

This implies

qζ ω q ζ W ζ q q θ θ

q ω ζ W ζ q q q d q

q ω ζ W ζ q q q d q

Ω̂ ( + max{0, − } min{ , + 1 − }) (1 + )

( + min{ , + 1 − })( + 1)( + 2)( + )

+ min{ , + 1 − }( + 1)( + 2)( + ) .

d
d d

d

d

d d

4 4
−1 −1

−2 −1
−1

2
4

−5

+1
4

−5

2

2 2

≤ ⋅

≤ ⋅

≤ ⋅

   
 

 
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The second step uses parts (a) and (c) of Lemma 3.3. Substituting this in Equation (18)
and dividing by qd−5 yields

δ q δq q α q q q q

ω ζ W ζ q q q d q

0 − ( − ( + 3) − − 1) + 2 +

+ (min{ , + 1 − }( + 1)( + 2)( + ) − ).

d d d2 4 5 −1 −2 +3 6

4
4

≤

  (19)

Since ζ W ζ ζ qmin{ , + 1 − } ≤ ≤  and ω C θ q q q= − ( + 2)d
d

4 0 +1≤ ≤ ≤    we find

δ q δq q α q q q q

q q q q q d q q

0 − ( − ( + 3) − − 1) + 2 +

+ ( + 2)( ( + 1)( + 2)( + ) − ) .

d d d

d

2 4 5 −1 −2 +3 6

4

≤

If we denote the right‐hand side of this inequality by g δ( ), then g is polynomial in δ of
degree 2 with a positive leading coefficient. For δ d + 41 ≔ and δ α q( + 3) d

2
−1≔

we have

g δ q q αd d α q d q d

d q d q d d q

g δ q α q α α

α q d α q

d q d q dq q

( ) =− ( − ( + 8 + 4 + 22) − (8 + 4) − 4 )

+ ( + 5) + ( + 4) + ( + 8 + 16) ,

( ) =− (( + 3) − 2 − 12 − 18)

+ ( + 3) + ( + + 6)

+ (5 + 10) + (8 + 4) + 4 + .

d

d

d d

d d d

1
+1 3 2

6 5 2 4

2
2 +2 2

+5 +4

+3 +2 +1 6

Using Hypothesis (I) of Theorem 4.1, it follows that g δ( ) < 01 and g δ( ) < 02 and
hence g x( ) < 0 for all real numbers x with δ x δ1 2≤ ≤ . Since g δ( ) 0≥ and
δ W q α q= − ( + 3) d−1≤  , it follows that δ δ< 1, that is δ d + 3≤ .

Put β ζ W ζmin{ , + 1 − }≔   . Then W β+ 1 2≥  . Since W q δ= +  and δ d + 3≤ ,
it follows that β q d2 + + 4≤ . Using Hypothesis (I) of Theorem 4.1 it follows that
β q d− − 3≤ . This implies that the coefficient of ω4 in (19) is negative. Hence

δq q δ α q q q q q0 − ( − − ( + 3) − − ) + 2 +d d d4 −1 2 +3 6≤

and since δ W q α q= − ( + 3) d−1≤  (Lemma 4.13) we find δ < 1 from Hypothesis (I) of
Theorem 4.1. Hence δ = 0, that is, C θ q δ θ q= − − = − =d d0 +1 +1     and thus
C =0  . □

Note that Theorem 4.13 concludes the proof of Theorem 4.1.

4.5 | Proof of Theorem 1.2

In this subsection we use
Theorem 4.1 to prove Theorem 1.2

Proof of Theorem 1.2. Suppose that d is such that Conjecture 1.1 holds with
α ρ d= max{5, ( )} and suppose that q > 3 112 2 d2 −1 − −1d+1

⋅ ⋅ as well as
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q α α+ + 17
3

2
2 21

2
≥ . Consider a coloring of the Kneser graph Γd, with t θ q−d+1≤ color

classes C C, …, t1 . Define Ci ≔ ∅ for t i θ q< −d+1≤ . Each set Ci is an independent set of
flags of type d d{ − 1, } in d qPG(2 , ). If C e αq> =i

d d
1

+ −22  , then let C̄i be a maximal
independent set containing Ci; it follows from Conjecture 1.1 that C̄i is one of the sets
defined in Example 2.1 and thus we have g C e¯

i0 0≤ ≤  . For each i we now define a set Fi
and for all i with C ei 1≤  we simply set F Ci i≔ . Now, consider an index i with C e>i 1  . If
there exists an index j i< with C e>j 1  and such that C̄i and C̄j have the same generic

part, then let Fi be the special part of C̄i (this implies F q
d
d

e
2 − 1
− 1

<i
d

1≤ 






 ) and

otherwise set F C̄i i≔ . Let S be the set of indices i with F e>i 1  . Consider the multiset
F i θ q= { 1 − }i d+1 ≤ ≤ . Then each Fi is an independent set and the union of the Fi is

the set of all flags of type d d{ − 1, } in d qPG(2 , ). We consider two cases.

Case 1: For at least S
1

2
  indices i S∈ the generic part of Fi is based on a point. Then 

satisfies all hypotheses of Theorem 4.1. The conclusion of this theorem implies
S θ q= {1, 2, …, − }d+1 , we know that the generic part of every set Fi is based on a point
and the base points are θ q−d+1 distinct points of a subspace of dimension d + 1. This
implies t θ q= −d+1 as well as C e>i 1  and F C= ¯

i i for all i. Notice that F C= ¯
i i might not

be uniquely determined by Ci, however its base point is. This follows from the fact that
two maximal independent sets based on distinct points (are easily seen to) have less than
e1 elements in common and hence Ci cannot be contained in both. This proves
Theorem 1.2 in this case.

Case 2: For less than S
1

2
  indices i S∈ the generic part of Fi is based on a point. Then

for more than S
1

2
  indices i the generic part is based on a hyperplane and we can apply

the first case in the dual space. This proves Theorem 1.2. □
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