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1 | INTRODUCTION

Klaus Metsch? I

Daniel Werner?

Abstract

We determine the chromatic number of the Kneser
graph qI7; (3 4 of flags of vectorial type {3, 4} of a rank
7 vector space over the finite field GF(q) for large g and
describe the colorings that attain the bound. This result
relies heavily, not only on the independence number,
but also on the structure of all large independent
sets. Furthermore, our proof is more general in the
following sense: it provides the chromatic number of
the Kneser graphs qI5q.1,(4,4+1; of flags of vectorial type
{d, d + 1} of a rank 2d + 1 vector space over GF(q) for
large q as long as the large independent sets of the
graphs are only the ones that are known.

KEYWORDS
chromatic number, g-analog of generalized Kneser graph

The introduction is split into two parts. In the first part we introduce most of the required
notation and in the second part we state our main results and give an outline of the strategy of
our proof.

1.1 | Notation

Let V be a vector space of some dimension n € N. A flag of V is a set f of nontrivial proper
subspaces of V' such that U< W or W < U for all U, W € f. The vectorial type of a flag
f is the set {rank(U)IU € f}, which is a subset of {1, 2, ..., n — 1}. Furthermore, two flags f;
and f, are said to be in general position, if Uy N U, = {0} or Uy + U, =V for all U; € f; and
U, € f,.
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Given n > 3, a subset J C {1, ..., n — 1} and a finite field GF(q), the q-Kneser graph qK, ; is
the graph whose vertex set is the set of all flags of vectorial type J of the vector space GF(q)"
and in which two vertices are adjacent if they are in general position. Note that we only
consider finite graphs in this work.

Now, let I" be a graph with vertex set X. An independent set of T is a set of pairwise
nonadjacent vertices of the graph. The independence number o (I') of T is the cardinality of its
largest independent sets. A coloring of T is a map g : X — C such that g7!(c) is an independent
set for all c € C. The smallest cardinality of a set C such that there exists a coloring g : X — C
is called the chromatic number of T and is denoted by y (T'). Clearly y (') is the smallest integer
x such that X is the union of y maximal independent sets.

Finally, let V' be a vector space of rank 2d + 1 > 3 over GF(q). For every rank 1 subspace P
we denote by F (P) the set of all flags of V' of vectorial type {d, d + 1} whose rank d subspace
contains P and call this set a point-pencil. Dually for every rank 2d subspace H of V we denote
by F (H) the set of all flags of vectorial type {d, d + 1} whose rank d + 1 subspace is contained
in H and call this set a dual point-pencil.

Notice that point-pencils and dual point-pencils are independent sets of cardinality ~ g% +4-1
but they are not maximal independent sets. In fact, for d = 2 every maximal independent set
containing a point-pencil or a dual point-pencil has cardinality a (qI%q+1,{4,d+13), see [5]. However,
for d > 3 this is no longer true. There are different maximal independent sets containing a point-
pencil or a dual point-pencil and they do not all have the same size. Nevertheless, the structure of
these examples can still be described quite precisely (as we explain in Section 2).

1.2 | Results and strategy of proof

We determine the chromatic number of the Kneser graph gK; (3 4 for large values of g. To give

an outline of the strategy of our approach we consider a graph I with vertex set X.

Clearly, for any coloring g : X — C the set C satisfies the bound ICI > % Now, the key
tool in our proof is, that there is some value o’ < (') such that structural information on any
independent set of I" of size larger than ' is known. In that situation, if g : X — C is a coloring

of T such that a’ - ICl < X1, then at least Di'(_r;‘—_;c'

than o' and satisfy the given structural conditions. We use this structural information to
provide a lower bound on ICI that coincides with the cardinality of a known coloring of I' and
thus in fact determine y (T).

color classes of g have cardinality larger

Note that a similar approach was successfully applied for many Kneser graphs qI;, ; with
IJl = 1in [2, 3] as well as in one special case for lJI = 2 in [5]. However, for many Kneser graphs
qlL,.s, with lJI > 2 the independence number is not known and only in very few cases both the
independence number as well as structural information on independent sets of maximal size is
given. One reason for the lack of this structural information is, that in some cases the
independence number was determined by algebraic arguments and these do not automatically
give the structure of the largest independent sets, see for example the recent work [4].

Now, for the case covered in this work, that is in the Kneser graph qI7 ;3 4}, the required
structural information as well as the bound «’ is provided in [8]. Furthermore, we remark that
the proof provided here does not only cover that case, but also every graph qIbg.1 ¢q,d+1}, for
which an analogous result to that given for d = 3 in [8] holds. We state this requirement more
precisely in the following conjecture.
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Conjecture 1.1. For every integer d > 2 there is an integer p(d) such that every maximal
independent set of the Kneser graph qIbg414,4+1} contains a point-pencil, a dual point-
pencil, or has at most p(d) - q%'*9=2 elements.

Note that it has been shown that this conjecture holds for d = 2, which was implicitly
proven in [1], as well as for d = 3, as is shown in [8].
Using this conjecture we may now state our main result as follows.

Theorem 1.2. If Conjecture 1.1 holds for some integer d > 3, then

d+2_1

X (qDgi1gd,d+1) = 4 --°_ q
q-—1

provided q > 3 -1122""-1.274-1 gpd ¢ > %ocz + %oc + 17 where a = max{5, p(d)}.
Moreover, if F is a family of this many maximal independent sets that cover the vertex set,
then—up to duality—there exists a rank d + 2 subspace U of the underlying vector space and
an injective map u from F to the set of rank 1 subspaces of U such that F (u(C)) C C for all

CeF.

Since Conjecture 1.1 holds for d = 3, we find the following corollary.
Theorem 1.3. Forq >3- 7% - 2% we have y (ql734) = ¢* + ¢* + ¢* + 1.

Finally, we note that, regardless of whether or not Conjecture 1.1 holds for some integer d,

d+2 _

in Section 2 we will see that qI441,¢4,4+1; can be covered with % — g maximal independent
d+2 _

sets in different ways. In fact, we thus have y (qTag+41,{d,d+13) < qq — L. q for all integers d and,

if this holds with equality, then there are different optimal colorings of this graph. We provide
examples of these colorings as well as some structural information on maximal independent
sets in Section 2.

2 | INDEPENDENT SETS AND COLORINGS

To gain geometric intuition we switch to projective language, that is we pass from
vector spaces of rank 2d + 1 over the finite field GF(q) to the projective space PG(2d, q)
of (projective) dimension 2d. Note that throughout this work we use dimension
whenever we refer to projective dimension and rank whenever we refer to the rank of a
vector space.

In this setting the Kneser graph ql>q11,(4,4+1; is isomorphic to the graph I;(q), which we
define as follows. The vertices of I;(q) are the pairs (7, 7) of subspaces 77 and 7 of PG(2d, q) of
respective dimensions d — 1 and d with 7 C 7. Two vertices (x, ) and (7', ') of [;(q) are
adjacent if and only if 7 N 7/ = 7’ N T = @, where @ is the empty subspace of PG(2d, q). The
vertex set of I;(q) will be denoted by X (I;(q)). The vertices (7, 7) of this graph are called flags,
too, and their (projective) type is {d — 1, d}. Note that in the following we will always refer to
this (projective) type, when we say type.
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Example 2.1 (Independent sets of I;(q)).

1. For a point P and a set U of d-dimensional subspaces through P, such that for all
7,7 € U we have dim(r N 7') > 1, we define

F(P,U) ={(m,7) € X(Ty(q))IP € m or T € U}.

We call {(7,7) € F(P,U)IP € 7} the generic part and {(7, 1) € F(P,U)IP ¢ 7} the
special part of F (P, U). We also say that F (P, U{) is based on the point P and call P the
base point of F (P, U).

If there exists a line € on P such that U consists of all d-dimensional subspaces t
with ¢ C 7, then we denote F (P, U) also by F (P, ¢£) and say that the special part of this
set is based on the line €.

If there exists a hyperplane H on P such that U consists of all d-dimensional
subspaces 7 with P € 7 C H, then we denote F (P, U{) also by F (P, H) and say that the
special part of this set is based on the hyperplane H.

2. Dually, for a hyperplane H and a set £ of subspaces of dimension d — 1 of H with
pairwise nonempty intersection, we define

FH,E :={(x,1)e XTy(@))ItC Hor € &}

We call {(7,7) € F(H, £)It C H} the generic part and {(7,7) € F(H, £)It ¢ H} the
special part of F(H, £). We also say that F (H, £) is based on the hyperplane H.

Notation 2.2. To formulate the cardinality of the sets in the previous examples in a
compact form, we use the Gaussian binomial coefficient

[a] ) b qa—b+i -1
q i=1 qi -1
for integersq > 2 and a > b > 0. Whenever q is clear from the context we omit the index

d+1]

q and set 6, = [ 1

Lemma 2.3. With the notation of Example 2.1 we have:

(a) F(P,U) is an independent set of T;(q). Its generic part has cardinality [ dzf 1] 6y and its
special part has cardinality g,

(b) If the special part of F (P, U) is based on a line or a hyperplane, then I = [2;__11].
Furthermore, if F (P, U) is maximal but its special part is based neither on a line or a

hyperplane, then

U <+ q1)68y_,651 1)
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Proof.

(a) Itisimmediate that F (P, U{) is an independent set of I;;(q). To verify the cardinality of
its generic part we notice that the number of (d — 1)-dimensional subspaces on P is

[ d2f 1] and that each of these subspaces lies in 6; subspaces of dimension d. For the

cardinality of the special part we notice that each subspace T € U contains exactly g¢

subspaces 7 of dimension d — 1 with P ¢ 7.
(b) If the special part is based on a line, then its cardinality is the number of d-subspaces
2d — 1
d-1
its cardinality is the number of d-subspaces on P in H, which is the same number.
Now suppose that F (P, U) is maximal but its special part is based neither on a line
nor a hyperplane. Consider a d-subspace 7 on P that does not lie in ¢/ and let 7 be a
(d — 1)-subspace of T with P ¢ 7. Then (7, 7) & F (P, U). The maximality of F (P, U)
implies that (77, 7) is in general position to some (7', 7") € F(P,U). Then7t’' Nt =Q
and hence P ¢ 7’. Thus (7’, ') lies in the special part of F (P, ) and thus 7’ € U. As
(7, ) and (7', ') are in general position, this implies that 7 N 7" = P. Hence U{ is a
maximal set of d-subspaces on P such that any two subspaces of U intersect in at
least a line. Finally, a result of Blokhuis, Brouwer, and Szényi [3, Section 3] applied
to U in the quotient space PG(2d, q) /P implies (1). |

. Furthermore, if it is based on a hyperplane H on P, then

on a line, which is [

By definition, the chromatic number of a graph is the smallest cardinality of a partition of its
vertex set into independent sets, but of course it is also the smallest cardinality of a cover of its
vertex set by independent sets. We now provide examples of such coverings.

Example 2.4 (Coverings of X (I;;(q)) by independent sets). Let U < PG(2d, q) be a
subspace of dimension d + 1, consider a set W of q points of U and let L be the set of
lines of U that meet W. Furthermore, suppose that there exists an injective map
v : L — U\W such that v(I) € [ for all | € L. Then

{Fw,Dlle L}U{F(P,@)IP € U\(v(L) U W)}
is a set of independent sets of I;(g) whose union contains all vertices of I(q).
Remark 2.5.

(a) There are different possibilities for (W, v) satisfying the required condition in
Example 2.4 and we provide an example.

Let P, ..., B, be the points of a line # < U and set W = {P,, ..., Rj}. In each plane 7
of U on ¢ there are q lines through Py distinct from ¢ and thus there is a bijective
map h, from W to the set of these lines. Now we may define v by v(¢) = B, and
v():==1nhepne) forl € L\{¢}. The pair (W, v) has the properties required in
Example 2.4 and moreover satisfies U = v(L) U W.

It is also possible to construct pairs (W, v) satisfying U # v(L) U W, for example
for odd g > 5 when W consists of g points of a conic in a plane of U, but we omit the
details.
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(b) We can find different coverings with independent sets by dualizing the coverings
described in Example 2.4 and part (a) of this remark.

(c) Since there are [d 41_ 2] — g independent sets in the given coverings, we find
q

xman |72 -a

This was already noticed for d = 2 in [5].

3 | PRELIMINARIES

This section contains a result on point sets in Proposition 3.2 as well as some technical bounds
in Lemmas 3.3 and 3.4, that we will need later on.

Lemma 3.1. Consider a projective space P of order q, a set M of points of P and points
Py, ..., P 0f P,s > 0, such that (Py, ..., Py1) is a subspace of dimension s with no point in M.
Let u be an upper bound on the number of lines on P, that meet M. Let0 < c € R and letV
be a set of s-dimensional subspaces such that P, ..., B, € V and |V N M| > cq’ forallV € V.

Then for every real number y with 0 < y < 1, there exist at least 1%VIVI subspaces W of
dimension s + 1 satisfying P, ..., .1 € W and IW N M| > %cquSIVI.

Proof. We may assume thatV # @. ForV € Vwehave VN M # @ and hence P, € V.

VI cq®
Put x :=y———,
Y %

W:={V,B): Ve
W={We:{VeV:VCW}H>ux}

and W := 20\ W. Note that the elements of 20 are subspaces of dimension s + 1. Now,
for W € 20 we have W = (V, P, ) for some V € V and P lies on at least |V N Ml > cq*
lines of W which meet M. Furthermore, if W and W' are distinct elements of 20 and lis a
line on By with I C W, W', thenl C W N W' = (P, ..., B;1) and thus | N M = &. Since
u is an upper bound on the number of lines on F; which meet M, this proves that
1201 < %q‘s. Since every element of W contains at most x elements of V, it follows that

U

HVeV:(V,B) e WH < Eg™-x=ylV
Cc

and hence (V, B,1) € W for least (1 — y)IV elements of V. Since every subspace W € W
contains at most q subspaces V € V, we find IW > (1 — y)IV/q. Finally, since distinct
elements V and V'’ of V satisfy (VN V)N M = (P, .., By N M = @, we see that every
W € W satisfies

WA M > x-cq® = LegeW.
u
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Proposition 3.2. Suppose that M is a set of points in PG(2d, q) and there are d + 1
points Py, P,, ...Py, that span a d-dimensional subspace T with t N M = @. Furthermore,
let ny and dy be positive real numbers such that the following hold:

1. Each of the points P, Ps, ...Py,, lies on at most nyq® lines that meet M.
2. IMI > dyg¢+L.

Then there exists a (d + 1)-dimensional subspace U on T with

d 2d+1_1
UN Ml > (2q)d+1(4—0) . (2)
No

Proof. We prove the following more general result. For each s € {0, ..., d + 1}, there
exists a set ), of s-dimensional subspaces satisfying 1Vl > (%)Sdoqd“_s such that each
V € Y, satisfies

25—1
(Pl<i<s}CV and VM > (2q)8(57°) ) (3)
0

We use induction on s. For s = 0 we take }, = M. For the induction step s — s + 1, we
assume the existence of ), with the desired properties. For V € V; we know from the
induction hypothesis that (3) holds and, since t " M = @ by hypothesis of the present
lemma, this also implies V£ 7, so that B, ¢ V. Now the previous lemma, applied with

25—1
c= 23(4‘170) ,YV=V,and u = ngq® and y = %, proves the existence of a set V,,.; = W
0

with the desired properties.
For s = d + 1 we find 1V;,4l > 0, so each element U of V), satisfies the claim of the
lemma. O

As mentioned earlier, we end this section with two technical lemmas that will be needed

several times in Section 4.

Lemma 3.3. Letn,k,c > 1 and q > 2 be integers.

(@) Ifn >k >0 and q > 4 then

(q + 1)gk—-1 < [Z] < (q + 2)gk—-1,
q

(b) If q > c* + ¢ then
(@P+q+2F<(@+c+1Dg*

c+1

(c) Ifq>cz+cwehave[ 1

Cc
] <(@+c+ gt
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Proof.

(a) The lower bound follows from 0 < k < n and for the upper bound we refer to

(b)

(©

[7, Lemma 34].
This can be checked easily for ¢ = 1 and 2, so we assume that ¢ > 3. By expansion we
see that (¢2 + ¢ + 2)° = Y, a;q', where

Li/2] ;
Qei = ), (c](c _J.)Zj,
j=o Wi = 2j
since a term g?*~ occurs in the expansion, if for some j with 2j < i we first choose the
number 2 from j factors (¢> + g + 2), second we choose the number g from i — 2j of
the remaining ¢ — j factors (q> + ¢ + 2) and finally we choose the number g? from
the remaining factors (¢ + q + 2).
Now, we claim ay._; < ¢ for all i. Using ¢ > 3, this can be verified for i < 5 by

straightforward calculation. Thus, suppose that i > 6. Then

L2l 1.2 1i/2] j
cl -2/ 2
Qye—j = Z . Nz Ny <c Z 7 e (4)
= (] = DE=2DH T S -2y
=:b;

We next show by < l% for admissible i, j, that is, for i, j with 2j < i < 2c and i > 6.
Using i > 6, this follows from the direct calculation if j < 3. Otherwise j > 4 and
i > 8,s0 j! > 2/ and hence b; < ¢ < 1%2 sincei < 2c¢. Thus we have established the
bound for b; and using it in (4) we find ay._; < ¢’ for i > 6. Hence a,._; < ¢' for all
i €{o0,...,2c}.

It follows that

2c—-2 2c ZCZCi q2c2c

2e-i — 2202 2e—1
Daigt < ) cigFTi= g2k )y — <7 < g*l
i=0 i=2 = q —-c/q

where we have used g > ¢ + ¢ in the last step. Since ay. = 1 and a._; = ¢, this
proves the claim in (b).

Since [C _{ 1] < (g?® + g + 2)g°? this is a corollary to the previous claim.
q

O

Lemma 3.4. Let U be a subspace of dimension d + 1 of PG(2d, q), let Y be a point of U
and let T denote the set of all (d — 1)-subspaces 7w with T N U = Y. Then the following holds:

(a) ITI = g¥-1,
(b) If ¢ is a line with € N U = Y, then € lies on q4°~9=2 subspaces of T.
(c) If ¢ is a line such that ¢ N U is a point different from Y, then q©°~4~1 subspaces of T

meet € in a point.
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(d) If H is a hyperplane of PG(2d, q) with Y € H, then H contains no subspace of T if H
contains U and it contains q%"~9 subspaces of T if H does not contain U.

Proof. See Theorem 3.3 in Hirschfeld [6]. O

4 | THE CHROMATIC NUMBER OF THE GRAPH Ijy;(q)

In this section we prove the main result of this paper. In particular, we show that, given a large
value of g and an integer d > 3 for which Conjecture 1.1 holds, the chromatic number of T;(q)

is [d ‘{ 2] — q. From Remark 2.5 we have x (I;(q)) < [d -{ 2] -
q q

In fact we will prove the following more general result, which does not depend on
Conjecture 1.1.

Theorem 4.1. Letd > 3 and a > 5 be integers and let F = {E-Ii =1,.., [d 'I 2] - q}
q

d+2
1

{d — 1, d} in PG(2d, q), whose union consists of all flags of this type in PG(2d, q). We put

S:={1§i§[d-{2] —q:IFiI>el}with
q

be a multiset (so we allow F; = F; fori # j) of[ ] — q independent sets of flags of type
q

24 d—
ey := och +d 2’

and suppose the following:

(M) g>3-1122""-1. 274"l gpd q > %rxz + %a + 17.
(I) Fori € S the set F, is one of the independent sets defined in Example 2.1, which
implies g, < IF| < ey, where

2d ] _[d+1
q

- . 2d — 1| g4
el B o e

d—-1

(III) For distinct i,j € S the independent sets F; and F; have distinct generic parts.
(IV) For at least %ISI indices i € S the generic part of F; is based on a point.

Then, each F € F is a set described in Example 2.1.1 (i.e, it is based on a point Pr) and the

d+ 2

points P, F € F, are[ 1

] — q mutually distinct points of a subspace of dimension d + 1.
q

The proof of this theorem is carried out in Lemma 4.3 through Theorem 4.13. In all these
lemmas and results, we suppose that F is as in the theorem, we assume thatd > 3, « > 5 and
that (I)-(IV) are satisfied. Using (II) we define

I:={i € Sli € S, the generic part of F; is based on a point Bj}.
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Remark 4.2. As q > «a, then e; < g, < ¢y. Hence, every F € F satisfies |Fl < e;. More
precisely, Hypothesis (II) shows that g, < |Fl < e, for i € S, and IFl <e; for the
remaining sets F of F.

4.1 | Construction of the subspace U

In this section we will construct a subspace U of dimension d + 1 that contains the base point
P, of F; for many indices i € I, similar to Example 2.4.

Lemma 4.3. For every subset G of F we have

UF

Feg

> IGley — (qz + %q + 10)qd2+2d‘3.

Proof. Since IFI < e, for every F € F, it is sufficient to prove the statement in the case

when G = F. Then IGl = ;.1 — q and IUregF! is equal to the number [2;:11 6, of all

flags of type {d — 1, d} in PG(d, q). Using this, a direct calculation proves the statement
when d = 3 or 4. For d > 5 we use |Gl < g6, and find

2d +1
IGleo — | U F| < g6ze _ed[ ]
° Feg ’ d+1
2d ] 2d — 1 2d + 1

<o 0 d+1 _
_d[d+1_Qd+[d ]q [d+1]]
o fed -1 g* -1 a1 _ (@ =D+ 1)
=64 |d (qud-i_q "o gttt —1
<o, Zd— 1 (¢* + q + 2)g**=3 (use d > 5 and gand

Theorem 4.1(1))
<6a(q +2)(g* + g + 2)g*@D4

From Hypothesis (I) of Theorem 4.1 we deduce 6; < (q + %) q%~1. Using Hypothesis (I) again
we see that (g + %)(q +2)(¢* + g+ 2) <¢*(q* + %q + 10) and the statement follows. []

Lemma 4.4. Let U be a (d + 1)-dimensional subspace. Denote by ¢, the number of
indices i € I with P, ¢ U and by c; the number of independent sets F € F with |IF| < e;.
Then there is some x € {cy, Il — c1} with x + 2¢3 < 2(q + 4 + a)q?~L.

Proof. From Hypothesis (IV) in Theorem 4.1 we know that IIl > %(Iﬂ —¢3) and we
define J:={i € I : P, ¢ U}. Then, for all j € J and alli € I'\\J the generic parts of the sets
F, and F; share the flags (77, 7) with P, = 7 n U and P; € 7 and Lemma 3.4(b) implies that
there are 8;9%°~4-2 such flags. For given j € J it is obvious that distinct i in I \J yield
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distinct 6;q% =42 such flags. Hence, for all j € J the set F; contains at least I\ JI6;q% ~¢~2
flags that are contained in F; for some i € I\J. Using Remark 4.2 it follows that

UF

< llleg — WNI\JI B4q%*~4-2
iel —

=c;(I11—c¢y)

and Lemma 4.3 applied to the set G := {Eli € I} U {F € F : IF| < e;} shows
cxteo — )+ alll = )8 < A= (¢ + 2g+ 10JgF )

In particular, we already have c3(ey — e;) < A and we set B == (q + 4 + a)q?~'. From the
definition of e, and e, we see that e, — e; > ((q + 1)* — agq)q?’+4-3. Hypothesis (I)
of Theorem 4.1 implies that B(e; — e;) > A and hence we have c; < B. We now show that
one of the numbers in {c, Il — ¢;} is at most 2(B — ¢3). Suppose that this is wrong. Then

(1 =2B =)l —c;—2(B—1¢3)) 20

(6)
& (Il = ¢)) = 2(B — ¢3)(IIl = 2B + 2c3).

Since Il > %(Ifl — ¢c3), it follows from (5) and (6) that f(c;) < A where f is the
polynomial in x given by

f=x(ep—e) + 2(B — x)(%(lﬂ —X)—2B+ Zx)edqdz‘d‘2.

Since f has degree two with a negative coefficient in x? and since 0 < ¢; < B, we have
min{f (0),f(B)} < f(cs) so f(0) <A or f(B) < A. But f(B) = B(ey — e1) and we have
already seen that this is larger than A. Hence f(0) < A, that is,

ZB(%I}T - 2B)6dqd2‘d‘2 <A.
Using A1 = 6541 — ¢ > (¢ + 1)q% and 9, > (q + 1)g¢~, it follows that
(@ + 1)B((q + 1)g¢ — 4B) < (q2 + %q + 10)q2d.
Using the definition of B, this gives
@+ 1D(Q@+4+a)g*—3¢—16 —4a) < (q2 + %q + 10)q2. (7)

From the hypothesis of Theorem 4.1 we have 5 < a < g. This implies that (7) must also
be satisfied when « is replaced by 5 or by g, but this contradicts the lower bound in
Hypothesis (I) of Theorem 4.1 for q. O
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Lemma 4.5. There exists a (d + 1)-dimensional subspace U such that
fie b g U +2-{Fe F:IFl<g}l <2(q+4+a)gi

Proof. Let c; be the number of F € F with IFl < g, and thus IFl < e, see Remark 4.2.
Let 8 be the number of F € F with IF| > g, whose generic parts are based on points. Let
Gy, ..., Gg denote these independent sets and let Ry, ..., Rg be the respective base points
of their generic parts. As |Fl = 6341 — q, Hypothesis (IV) of Theorem 4.1 shows that
B> %(Qdﬂ —q—c¢3). Foralli € {1, .., 5} define

8 = G n l]—=11G] .

From Remark 4.2, we have |Uij=1Gj| <iey — Zij:lgi for alli < . We may assume that the
sequence g, ..., 85 is monotone increasing. We define j := [iqd“} + 64+ 64_1—d and
claim that g < 5q4°-20,.

the set {F € F: IFI < e;} U {G{lj < i < B8} implies

Assume this is not true. Then Zf & =B-j+ 1)5q%"~26; and Lemma 4.3 applied to

(18 _] + l)Sqdz_zed + C3(€0 - el) < (qZ + %q + 1O)qd2+2d—3.

On the left-hand side we use the definition of j and use § > %(Gdﬂ — g — ¢3). In the
resulting expression the coefficient of c; is g — e; — quz—zed and in view of Lemma 3.3

and Hypothesis (I) of Theorem 4.1 this is positive. Hence, we may omit the term with c;
and find

Sqdz‘zedﬂiq‘“lj — %(ed +q)—64_1 + d) < (qz + %q + 10)qd2+2d—3.

However, this contradicts Hypothesis (I) of Theorem 4.1.
Hence g < 5q¥~20;. Now, let Qi ..., Qi1 € {Rj—g, ,, . R} be such that 7:=
(Q1, -, Q¢+1) is a d-dimensional subspace and set

R={R:iefl,...j—6;_1— 1} and R; & 1}.

ThenIRI>j— 641 —1—(tl—d—1) = qu“].
In the next step we show for alli € {1, ..., d + 1} that the point Q; lies on fewer than
7q¢ lines that meet R. Assume that this is false and leti € {1, ...,d + 1} be such that Q

lies on at least 7q¢ lines that meet R. Each of these lines lies in de _21 subspaces of

dimension d — 1 and two of these lines occur together in [2; - 32 such subspaces. Hence

there exist at least
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af[2d = 1] . 4l2d —2]\_, of@* -1 d[2d—2]
7q([d—2] 7q [d—SD_7q[qd_2—1 | P

>7q%3(q - 7) =z,

(d — 1)-dimensional subspaces that contain one of the 7q¢ lines. This shows that there exist
78, flags (E, S) of type {d — 1, d} with Q; € E and such that E contains a point of R. Since
Q; = Ry for some k with j — 6;_; < k < j, this implies that z6; < g, < g < Sqdz‘zed,which
contradicts Hypothesis (I) of Theorem 4.1. Consequently, for alli € {1, ..., d + 1} the point Q;
lies in fact on fewer than 7q¢ lines that meet R.

Finally, we apply Proposition 3.2 with d, = IRI/q%+! > i, ng=7,and M = R to find
a (d + 1)-dimensional subspace U satisfying (2). Using the lower bounds for q of
Hypothesis (I) of Theorem 4.1 we conclude that IU n Rl > 3¢¢ > 2(q + 4 + a)g®~!. The
statement of the lemma follows now from Lemma 4.4. O

4.2 | Notation and strategy

Notation 4.6. From now on we let U be the (d + 1)-dimensional subspace provided by
Lemma 4.5 and define the following sets:

« Co:={E€ Aiel,BeUl}c:=ICy,

« C:={FeAiel,h¢&U}c:=ICl,

« Cy:={F € Ai & I, IKI2gy}, ¢z := ICy,

. Cy:={F € Ai ¢ I,IFI<g,}, ¢3 := ICy,
«W:={PeUP#P Vie Il

e M:={(n,7) € UperFiIr N U isapointand 7 N U € W}.

To establish Theorem 4.1, we want to show that 7 = C, thatis C; = C, = C3; = @. Our
strategy is the following. From Notation 4.6 we see that W and M are large when Cj is
small and we quantify this in Lemma 4.7(d) and (f). As every flag lies in a member of F,
then all flags of M must lie in a member of F. In Section 4.3 we will control the
contribution of the flags of C;, C;, or C; to M. This information will then be used later to
show that W and M are quite small, so C is quite large, which in the end forces F to be
equal to Cy.

43 | The contribution of C;U C, U C; to M

In this subsection we will control the contribution of the members of C; U C, U C3to M. The
members of C, are sets F of flags that are based on a hyperplane and our upper bound for
IF N Ml will depend on the intersection of this hyperplane with W. This is why we
investigate in Lemmas 4.10 and 4.11 a bound for W depending on the intersection sizes of
W with hyperplanes.

We start with a lemma that gives several basic observations and boundaries.
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Lemma 4.7. Using Notation 4.6, the following hold:

(a) For all F € C; we have IFl < e; < g,.

(b) CoU CLU C, U GCs is a partition of F.

(©) ¢ +2c3<2(q + 4+ a)g? .

(d) Wl =86441—co2q.

(e) Forall P € W there are exactly g% 6y flags (m, ) with m n U = P.
) Ml = IWig?-16,.

@ M=c+ec12 %(9d+1 —q— )

Proof. The first claim is implied by the choice of F with the properties given in
Theorem 4.1, especially Hypothesis (II). Claim (b) is obvious from the choice of Cy, Ci, Cs,
and C;. The choice of U implies (c). From Hypothesis (III) in Theorem 4.1, we know
that the base points P, of the sets F; with i € I are pairwise distinct. Therefore we
have Wl = IU\Cyl = IUl — ICyl = 6441 — co. Since ¢y < IF1 < 0341 — g, this gives (d).
Furthermore, from Lemma 3.4(a) we know that each point P € W lies on g¢"~! subspaces
of dimension (d — 1) that meet U only in P and each such subspace lies in 6; subspaces
of dimension d. Hence, for every point P in W exactly g% 16, flags (7, T) of M satisfy
7 N U = P, which proves (e) and (f). To see (g) we first note that our definitions imply
Il = ¢y + ¢; and that exactly |71 — ¢ = 6511 — ¢ — c3 elements of F have at least g,
elements. Then we recall from Hypotheses (II) and (IV) in Theorem 4.1, that every
element of F with at least g, elements is based on a point or a hyperplane and that at
least half of these are based on a point. |

Notation 4.8. Recall from Lemma 2.3 that the special parts of all independent sets
given by Example 2.1—in particular of all independent sets F € F with IFl > g,—have
cardinality at most A, where

A= [fld - l]qd < (g +2)q¥ L (®)

Lemma 4.9.
(a) If F € Cy, then the generic part of F does not contain a flag of M. In particular
IFN Ml <A.

(b) If F € Cy, thenIF n Ml < IWIg¥~9-26; + A.
(c) If F € C,, then F is based on a hyperplane H and we have

A if U<H,
IFNn Ml < 2 .
A+ |HnN Wig¥—96;_; otherwise.

Proof.

(a) For all flags (7, 7) of the generic part of F we have dim(w N U) > 1 or x N U is the
base point of F. Since M only contains flags (7, ) such that 7 meets U in a point that
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is not a base point of the generic part of some F € Cy, this implies that these flags do
not belong to M. Therefore [F N M| < A follows from Notation 4.8.

(b) As Fe (; it is based on a point P with P¢ U. If Ye W, then according
to Lemma 3.4(b) the point P lies on exactly g¢°~9-2 subspaces 7 of dimension d — 1
satisfying 7 N U = Y. Each of these lies on 6; subspaces of dimension d. Hence, the
generic part of F contains exactly IW1q®*~4-26, flags of M. Furthermore, the special part
of F contains at most A flags and thus at most this many flags of M.

(c) Since F is not based on a point and has cardinality at least g,, Hypothesis (II) of
Theorem 4.1 shows that F is based on a hyperplane H. The generic part of F consists of
all flags (7, 7) of type {d — 1,d} with 7 < H and thus also 7 < H.IfY € Hn W, then
according to Lemma 3.4(d) the number of (d — 1)-subspaces 7 of H withw N U =Y is
zero for U < H and it is ¢4~ for U £ H. Since for every (d — 1)-subspace of H the
number of d-subspaces of H containing it is 6;_1, it follows that the generic part of F
contains no flag of F for U < H and exactly IH N Wiq®~6,_, flags of M for U £ H.
Finally, since the special part of F contains at most A flags, this implies the claim.

O

Lemma 4.10. Suppose that z is an integer such that there is at most one hyperplane of U
which contains more than z points of W. Then M has size at most

(co+ 1+ c)A + Cl|W|qd2_d_29d + szqdz_ded—l + czep + qdz_led—led-

Proof. Since every flag of M is covered by some F € F, we have, using Lemma 4.7(f)

3
IWig¥=16; < Y |UrecF N M.

i=0

Now, if there exists a hyperplane of U with more than z points in W, then let 7’ denote the
number of its points in W and otherwise put z’ := z. Since every hyperplane of U lies in g¢~!
hyperplanes of PG(2d, q) which do not contain U, Lemma 4.9(c) shows

UFnM

< (e — ¢ (A +2g" %) + ¢4 (A + 2'g¥0,1)
FeC,

=0 (A + quz_ded—l) + @' - Z)qdz_led—l-

<04

Finally, since IFl <e; for F € C; via Lemma 4.7(a), the assertion follows from
Lemma 4.9(a) and (b). O

Lemma 4.11. Let 5 and 7, be distinct hyperplanes of U and set W' := (g U ) N W. Then
IW'84_1 < (c1 + ¢2)q4 32 + 7) + ¢¥3((a + 3)q + a2 + 4a).
Proof. We have IW'I < I(f; U ) N Ul = g%+ 6. We set

M ={mt)eM:anUe W,

)//'Sy) SUONIPUOD PUE SW | 81 39S *[£202/90/50] U0 A1 8UIIUO AB1IM 1B SeaUiolaiasIeISRAIN AQ 6/8TZ POl/Z00T OT/10p/L00" A8 |1 AZeIq1pu 1 |uo//Sdny oA papeojumod ‘v ‘€202 ‘0T990Z5T

folim:

85U801 7 SUOWILLOD) 9A 11D 9ol |dde ay) Aq peusenob aJe sapie YO ‘esn Jo sajnl 10) Akl auljuo A3]1/ UO (SUonIpuco-pue:



D'HAESELEER ET AL.

® | WiLEY

that is, M’ consists of all flags (7, 7) of type {d — 1, d} such that 7 n U is a point that lies
in W’. Lemma 4.7(e) shows that IM’| = |W’Iq¥~'@,. Each flag of M’ lies in at least one of
the independent sets of 7 = Cy U C; U C, U C;. Hence

W'q¥04_1 < IW'1g¥~16; = IM'| < do + dy + dy + ds, (9)

where for alli € {1, ..., 4} we let d; denote the number of elements of M’ that lie in some
member of C;. Now, we determine upper bounds on these numbers dy, d;, d,, and d; in
four steps.

First, we consider an independent set F € Cy. ThenIF| > g, and F is based on a point
P € U. We know from Lemma 4.9 that only the special part T of F may contribute to M.
Therefore, we study T and the three possible structures that T may have. Note that we
frequently make use of Lemma 3.4 without explicit mention.

« First, assume that there is a line [ with P € [ such that T consists of all flags (z, 7) of
type {d —1,d} with [ <t and P ¢ 7. Recall from Example 2.1 that every flag
(m,7) € T is determined by 7, since 7 = (P, 7). Then we have

LN wigt-t ifl < U,
ITNM'l = ,
IW'lg¥-4=1  ifInU=P,

and, using W'l < q¢¢ + 6, as well as the fact thatll n W'l is at most g for PE 7 U
and at most 2 otherwise, we have

q¢’ ifPeEquUm,

ITA M < i
(@4 + 67)q¥~91 otherwise.

« Second, assume that there is a hyperplane H with P € H such that T consists of all
flags (w,7) of type {d — 1,d} with Pet< H and P ¢ n. As before, every flag
(m,t) € T is determined by 7, since T = (P, 7). If U < H, then Lemma 3.4(d) implies
T N M' = @ and otherwise it implies

IT N M'l = |Hn Wg%—4
< W' n glgd—d if HN U =1 forsome i € {1, 2},
(@% ! + 64_1)q% 9 otherwise.

Notice that HNnU=71 for some i€ {l,2} implies P€7 and thus
W' ngl <63 —1 = q6;_1. Therefore, we have

Gd_lqdz‘d“ if PequUmn,

ITNM1< .
(@91 + 64-1)q% ¢ otherwise.
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« Finally, suppose that the special part T is not based on a line or a hyperplane. Then
Lemma 2.3 shows

ITNM'I<ITI< 41 + g7 )04—20{=1 < 6:1(q + d)63_2q% 4.

Using Hypothesis (I) of Theorem 4.1 we may summarize these three upper
bounds into

T A M < Bq_1q9’—d+1 forPe U,
(g4 + 89)g?’"4"1  otherwise.

Note that the bound given for P € 5 U, is a weaker bound than the bound for
P ¢ 5 U7 Now, since different sets F € Cy are based on different points P (see
Hypothesis [ITI] in Theorem 4.1) and since 7 U 7 contains g% + 6; points, we find

do < co(q® + 6)q% 471 + (g% + 64)64-19% 4+ < 12g%+,

where the last step uses the trivial bounds ¢y < 6341 < 2q9+1, 63 < 2¢¢, and 6;_, < 2q¢~1.
Second, for F € C; we see that F contains at most IW’Ig¥~9-29; + A flags of M’
analogously to Lemma 4.9(b), which already proves di < ¢,y 1gi-i-2g,4.4)- NOW, We use

A < (q + 2)q¥"! given in Inequality (8) as well as IW’I < g + 6; and have
di < g2 (g + 62)6a + g™ + 29T,

For d = 3 simple calculations show that this is smaller than ¢,q4*+4-3(2q + 7) and for
d > 4 we receive the same upper bound via

di < c1g¥ 1 (2q4 " + 69972 + 49973 + g + 2) < g3 (2q + 7).

Third, we consider F € C,. Then IFl > g, and F is based on a hyperplane H. IfU C H
and (7, 7) is a flag of F, then dim(z n U) > 1 and thus F N M’ = @&. Therefore, we only
need to study the case U £ H, which implies dim(U n H) = d. Then, analogously to the
proof of Lemma 4.9(c), we see that the number of flags of M’ in the generic part of F is
IH N W'lg%°~49,_, and we have

W’ N tlg?—96,_ fHNU=1foriefl,2},
HN W,lqdz_ded_l < ilq d21 . i { }
(@4 ' + 64_1)g¥~96,_, otherwise.

Since there are exactly g%~! hyperplanes that meet U in 5 and as many that meet U in 5,
it follows that the number of flags of M’ that lie in the generic part of at least one
independent set of C, is at most

(g4 4 04_1)q 0, + @AW N gl + IW N B)6 1.

WILEY-—*
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The special part of each independent set of C; has A flags and thus at most this many
flags of M’. Using

W' ngl+ W Nl <lgl + Il =26; < 2(6; + 1)g¢!
it follows that
dy < A + (g%t + 641 q¥ 41 + 2q¥HI2(6, + 164
We now show that this bound implies
d, < c;q¥*473(2q + 7) + 2qTH2-4 (g2 + 4q + 4). (10)

For d = 3, this can easily be verified for all ¢ > 3. For d > 4, we use A < (g + 2)q*!
given in Inequality (8) as well as the upper bound given in Lemma 3.3(a) to find

dy < 02q%¥71 (2% + 6q972 + 4q43 + g + 2) + 2gTH4(6, + 1)
and Theorem 4.1(I) implies Equation (10).
Finally, we note that for F € C; we trivially have IF n M'l < IFl <e; and, using
c3 < (q+ 4+ a)g?! from Lemma 4.7(c) as well as e; = aq®+9-2, this shows

dy < cze; < (g + a® + 4a)q¥ -3,

We have now proved upper bounds of dy, d;, d;, and d;. Substituting these upper
bounds in Equation (9) and dividing by g%’~4-! yields

W' lg4+16;_1 < (e + €2)¢?2(2q + 7) + (ag + o + 4a)g>?—2
+ g% (2q%! + 8q92 + 8q%3 + 12q).

and, using the lower bound on g given in Hypothesis (I) of Theorem 4.1, this implies the

claim. O

44 | The proof of Theorem 4.1

In this part we use the information of the last subsection to first bound the size of W. Then we
use this bound to show that Cy must be equal to F.

Lemma 4.12. We have IWI < (a + 3)q¢~L

Proof. Let 7 and 1, be hyperplanes of U such thatlg N Wl > I, n Wl > It n W1 for every
hyperplane T of U other than 7 and set z := I, N W1. Then, Lemmas 4.10 and 4.7(f) show

IWI(q4*! — ¢)q¥ 9720, < (co + €1 + C)A + 22997641 + cse
+ qdz_led—led5
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and, if we set §:=c;+ c;+ c; and use co+ c;+ ¢ + ¢3 = IF = 63,1 — q as well as
IWIl = 6441 — co = 8§ + q from Lemma 4.7(d), then this is equivalent to

0< (6d+1 - q)A + qd2_19d_19d + 03(61 — A)
+ Czqu_dZQd_l + (5 + q)(cl _ qd+1)qd2_d_29d,

Before we proceed, we simplify this inequality:

« in the first term, since A is positive, we may replace (631 — q) by its upper bound
(q + 2)q? given in Lemma 3.3(a);

« in the second term we use q%~'6;_:64 < (q + 5)q¥*24=3, which follows from
Lemma 3.3(a) and the lower bound on q from Hypothesis (I) of Theorem 4.1;

« in the third term, since the coefficient e; — A of ¢ is positive (this is implied by our
assumption « > 5), we may replace c; by its upper bound (g + 4 + a)g¢~! given in
Lemma 4.7(c);

« and in the final term, since c¢; — ¢%*! is negative (consider the upper bound
¢ < 2(q + 4 + a)q?! given in Lemma 4.7(c)), we may replace (5 + q)q%" =426, by its
lower bound 8(q + 1)q¥"~? implied by Lemma 3.3(a).

This yields

0<(q+2)q% + (g + 5)q¥* 3 + (g + 4 + a)g?'(er — A)

(11)
+ g% %051 + 8(q + 1)g¥3(c; — gY).

Next we want to take care of the variable z in the fourth term of this inequality. For that
purpose we note that the preceding lemma is applicable to the set W' := (g U ) N W
and that W’ satisfies

WizlgnNn Wi+ Ipn Wl —63_1>2z7 — 641,

that is, we have

22001 <IW'03_1 + 63_; < IW'I0y_1 + (g + 2)*q*¢—*
<IW'IGy_1 + 2q%2.

We use the bound given by Lemma 4.11 (where, for convenience, we replace the 7 by an
8) as well as c; + ¢, < & to first replace the first term on the right-hand side and then
simplify the result and have

2d—-3

001 <003 (q+ ) + L —((@ + 5)q + a2 + 4a). (12)

Now, we reconsider Inequality (11):

« using Hypothesis (I) of Theorem 4.1 we see that the coefficient (g2 + ¢ — 4 — a)g¢™!
of A therein is positive and thus we may replace A by its upper bound (g + 2)q%!
given in Inequality (8);
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" | WiLEY

« the coefficients of c¢; and c, therein are nonnegative and so we may substitute c; and c;
by their respective upper bounds 2(q + 4 + a)q?~! and &, the first of which is given in
Lemma 4.7(c) and the second is trivial;

« we use the upper bound found in Inequality (12);

. we substitute e; = ag®’+?=2 and, finally, we divide by q¢'~3.

This yields

a+7
2

+ ¥ ((a + g + o® + 4a + 5) + (g + 3% — (a + 2)q — (2 + 8)),

O§52(q+4)+5qd‘1[—q3+ —q? +[2 +4oc+10]q+(2a+8)]

and, using Hypothesis (I) of Theorem 4.1 and a > 5, this implies
0<68%(q+4)+ 5qd+1(% +4 - q) + @®4((a + 1)g + a? + 5a) + q%+3(q + 3).

Let f (6) denote the right-hand side of this equation and set &, := (« + 3)q?~! — g as well
as §, == gqi+! (% + S)qd. We want to show that § does not lie in the interval [§;, §,]. To

see this it suffices to show that f(8;) < 0 and f(5,) < 0 hold; the reason for that is, that
f is a quadratic polynomial in & with a positive leading coefficient. Simple
calculations show

3 21
f@)=—2g"" + (Eaz + St 12)qu + (a? + 6 + 9)g>*!
+ (4a? + 24a + 36)q24—2 + qd+* 4 4q9+3 — (% + 4)qd+2

—(2a + 6)q¢*t! — (8 + 24)q% + @3 + 4¢>

as well as

f(&) = —(a + 3D)¢** + (2a? + 37a + 256)¢*! + q+* + 3¢**3,

and in view of ¢ > %oc2 + %oc + 17 from Hypothesis (I) of Theorem 4.1 both of these are
negative. Hence, § ¢ [&;, 8,]. Finally, we have

1
0=0441—q—¢c < —(9d+1 -+ + 503
1 1
< E(QdJrl +(@+2¢7' -+ + 503
1
< E(qd+1 +(q+2)q" —q) +2(q + 4+ a)gi™!

<qd+1—(2 +8) =6,
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In the last step we also used a > 5. From 6 < &, and & & [&;, 8,] we find 6 < &;, as
claimed. O

Theorem 4.13. We have F = C,.

Proof. Put 6:=c;+c;+c; and note that co+ c;+ c; + c3 =644 — q implies
8 =641 —q —co. The strategy of the proof is to show that § =0 by using
Lemma 4.7(f) and by finding a good upper bound for IMI. From Lemma 4.7(d) we
have IWl = ¢ + & and from Lemma 4.12 we have IW| < (a + 3)g%"!. Therefore, for all
F € C; U C, we have

IF MI<(a + 3)g¥ 641 + A < (a + 3)(g + 2)g¥™*+4% + A
<(a+3)(g +2g¥ 3 + (g + g% < (a + 4)gP i

Since e; = ag?¥+4-2, we know from Lemma 4.7(a) that IF 0 M| < (a 4+ 4)g%’*+4-2 for all
F e CiU G U Cs. Therefore, the total contribution from the independent sets in
CiU G, U Cs to M is at most 8 (a + 4)q9°+4-2,

By Lemma 4.9(a), the generic parts of the independent sets in Cy are disjoint from M.
To determine the contribution of the sets of Cy to M, it remains to consider the special
parts T of independent sets F € C, and we denote by

« w; the number of those with T based on a line that is contained in U,

e w, the number of those with T based on a line that is not contained in U,

« w3 the number of those with T based on a hyperplane of PG(2d, q),

« w4 the number of the remaining ones, which, according to Lemma 2.3, are those with
ITI < q9-10,6,_,0%7}.

Furthermore, we let Q; be the set of lines € of U such that F (P, £) € C, for some point
P of ¢, we let Q3 be the set of all point-hyperplane pairs (P, H) with F (P, H) € C, such
that U is not contained in H, and we let Q4 be the set of indices i € I such that F is an
element of C, and its special part T has size at most q%~16,6,_,6¢~1. Finally, we let Q4 be
the set of all flags f€ M such that f is an element of the special part of some
independent set F, with x € Q4.

Then we have w; + w, + w3 + Wy = ¢, 1] < wy, Q3] = w3, and Q4] = w,. In view of
the definition of Q3 we notice that hyperplane-based special parts T only contribute to M
when the underlying hyperplane of PG(2d, q) does not contain U.

Altogether, using Lemmas 3.4 and 4.7(f), it follows that

IWig¥ =16, = IMI < S(a + 4)g¥+42 + Y Il n Wigh~!
leQ;

A
ol Wigh=d=1 4 3 [Wig¥=? + 1Q,l.
(P,H)EQ;

(13)

We proceed by replacing the first sum in the right-hand side of the previous inequality by
an upper bound. We have
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0< D (In Wl —1D(lnWI-2)
leq
= YUAWIUINWI=1) =2 lln Wl + 21Q
le®, le,
<IWIIWE = 1) =2 Y 1ln Wi+ 21Q4],

leQ;

where the last inequality holds, since any pair of distinct points of W is contained in at
most one line of Q. Since IQ;| < w; and w;, + wy + w3 + wy = ¢o = G341 — IWI (by part
(d) of Lemma 4.7), it follows that

1
DN WIS ZIWIIW! = 3) + Ba41 — Wy — w3 — @y
leQ; 2

Using this as well as 1Q;l = w; in (13) and dividing by g¢"~¢ we find

— W1 — q¢
Iqud—l(ed — %) <8+ g2 + 6,141 + w27q
JAN
1Q4l — d*-1
+ ), (Wl—gH+ %
(P,H)EQ;3 q

Since IW!l < (a + 3)q%"! by Lemma 4.12, the coefficient of w, in the above inequality is
not positive and therefore the term with w, can be omitted. Doing so and substituting
then IWl = § + q we find

5+q-—-3
6+ qq* (ed - +) <&(a+ 4)q*2 + 6441947
26,¢41-8
A d>-1
+ > (Wl =g+ Tt
2_
(P,H)EQ; qd d
(14)
We next show that
L = Z (lWl — qd_l) < 5qd+1. (15)
(P,H)EQ;

This is trivial, if W1 < g4=1. If W > g%, then we use IQ;| < ICyl = 6,1 — IWI to see that
(where y = ~(61 + ¢%~1))

L < (B441 — IWHIWI — ¢g4-1) (16)

= (Wl — @)q%* — (Wl — )2 + y? — 64419%7 + ¢**2 (17)
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From Lemma 3.3(a) we find y < %qd‘l(q + 3) and, using Hypothesis (I) of Theorem 4.1,
this implies that y? — 6341¢%"! + q%*? < 0. Therefore (16) shows that L < (IWl — q)q?+.
Since |Wl =q + &, this establishes ILI < 8q¢*! in any case. Using this and 6;,,<
(@> + g + 2)q% ! (see Lemma 3.3(a)) in Inequality (14) we find

G+ q)g* (6197 = 8) <8(a + HP' T + (¢° + g + 2)g**?
JAY
1Q4l — wyq? !
4 2 w4q

d+1
+ dq e ,

which is equivalent to

0<8%%" = 8q4(q" " — (@ +3)g"? —q— 1)

AN
1Q4l — wyq® ! (18)
e

+ 2q2d—2 - ,
qd —d

Finally, we study the cardinality of Q. For all x € Q4 we know from Lemma 2.3 that
E. = F (P, U,) for a set U, of subspaces of dimension d with

) < (1 + g 10,071

Furthermore, for all x € Q4 every flag (&, v) of the special part of F, that lies
in Q, satisfies dim(zNnU)=1and 7z N U is a point of T N W. Motivated by this, we
define

Vxe Qu:¢ ==max{ltn Wl: 7€ U,dim(zn U) =1}.

We put ¢:=max{{, : x € Q,} if Q4 # @, and otherwise we put {:= g. There are two
remarks to be made.

« For all x € Q4 and all 7 € U, with dim(t n U) = 1 we have W3P, € T n U, which
implies ¢, < q. Thus we also have { < q.

« The definition of ¢ implies that there is a line I < U with Il n W1 = ¢. For all x € Q4
with P, € | and all T € U, with dim(z N U) = 1 we have It n WI < ¢. For all x € Qq4
with P, ¢l and all t€ U, with dim(tnU)=1 we have Itnll <1, which
implies It N W1 < min{¢, IWl — ({ — 1)}.

This implies

104] < (g¢ + max{0, s — g} - min{¢, Wl + 1 — &gt (1 + g~1)8y_»09}
<(@ + wy - minf¢, W+ 1 = ¢D(g + (g + 2)(q + d)g¥—3
< g% 4wy - min{e, W+ 1 — ¢3(g + 1)(q + 2)(q + d)g?*—s.
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The second step uses parts (a) and (c) of Lemma 3.3. Substituting this in Equation (18)
and dividing by q?~3 yields

0<8%* - og°(q*" — (@ + 3)g" 2 =g — 1) + 29 + ¢°

+ w,(min{¢, Wl + 1 - {3(g + 1)(g + 2)(g + d) — g%). (19)

Since min{¢, IWl +1 — ¢} < ¢ < gand wy < ICyl < 1A =644, — q < (q + 2)q? we find

0<8%* —8¢°(q*" — (@ + 3)g? — g — D) + 29" + ¢°
+(q +2)(q(g + (g + 2)(g + d) — gHg".

If we denote the right-hand side of this inequality by g (), then g is polynomial in & of
degree 2 with a positive leading coefficient. For &;:=d + 4 and &, := (a + 3)q%!
we have

g(8) =—q%*(q® — (ad + 8d + 4a + 22)q*> — (8d + 4)q — 4d)
+(d+5)q°+ (d+ g+ (d? + 8d + 16)¢*,

g(8,) = —q**2((a + 3)q — 2a® — 12a — 18)
+ (o + 3)q% + (d + a + 6)git+*
+ (5d + 10)q%*3 + (8d + 4)q**? + 4dq?*! + ¢°.

Using Hypothesis (I) of Theorem 4.1, it follows that g(6;) < 0 and g(5;) < 0 and
hence g(x) <0 for all real numbers x with & <x<4,. Since g(§) >0 and
§=IWl — q < (ax + 3)q%}, it follows that § < &y, thatis § < d + 3.

Put 8 := min{{, Wl + 1 — {}. Then IWl + 1 > 28. Since IWIl=q+ §and § < d + 3,
it follows that 28 < q + d + 4. Using Hypothesis (I) of Theorem 4.1 it follows that
B < q — d — 3. This implies that the coefficient of w, in (19) is negative. Hence

0<-0g*(q" =6 — (a+ 3)g"" — ¢° — q) + 20" + ¢°
and since § = IWl — q < (« + 3)q%"! (Lemma 4.13) we find § < 1 from Hypothesis (I) of
Theorem 4.1. Hence 6 =0, that is, ICol = 6441 —q— 6 = 6441 — q=1F and thus
CQ = F. I:l

Note that Theorem 4.13 concludes the proof of Theorem 4.1.

4.5 | Proof of Theorem 1.2

In this subsection we use
Theorem 4.1 to prove Theorem 1.2

Proof of Theorem 1.2. Suppose that d is such that Conjecture 1.1 holds with
a = max{5,p(d)} and suppose that ¢ >3-1122""-1.274-1 a5 well as
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q= %az + %a + 17. Consider a coloring of the Kneser graph Iy, with t < 03,1 — g color
classes Cy, ..., C;. Define C; := @ for t < i < 64,1 — q. Each set C; is an independent set of
flags of type {d — 1, d} in PG(2d, q). If IC{l > e; = aq®*9-2, then let ; be a maximal
independent set containing C;; it follows from Conjecture 1.1 that C; is one of the sets
defined in Example 2.1 and thus we have g, < ICil < ey. For each i we now define a set F;
and for all i with ICjl < e; we simply set F, := C;. Now, consider an index i with ICjl > e;. If
there exists an index j < i with ICjl > e; and such that C; and C; have the same generic

part, then let F; be the special part of C; (this implies IFl < g¢ 2; _11] < e;) and

otherwise set F, := C;. Let S be the set of indices i with IF| > e;. Consider the multiset
F ={Fl1 <i < 63:1 — q}. Then each F is an independent set and the union of the F is
the set of all flags of type {d — 1, d} in PG(2d, q). We consider two cases.

Case 1: For at least %ISI indicesi € S the generic part of F, is based on a point. Then F

satisfies all hypotheses of Theorem 4.1. The conclusion of this theorem implies
S =1{1,2,..,64:1 — q}, we know that the generic part of every set F is based on a point
and the base points are 6,1 — q distinct points of a subspace of dimension d + 1. This
implies t = 63,1 — q as well asICjl > e; and F, = C; for all i. Notice that F; = C; might not
be uniquely determined by C;, however its base point is. This follows from the fact that
two maximal independent sets based on distinct points (are easily seen to) have less than
e; elements in common and hence C; cannot be contained in both. This proves
Theorem 1.2 in this case.

Case 2: For less than %ISI indices i € S the generic part of F; is based on a point. Then

for more than %ISI indices i the generic part is based on a hyperplane and we can apply
the first case in the dual space. This proves Theorem 1.2. O
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