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We investigate the effect of temperature on the thermal magnetic noise signal of magnetic nanoparticle (MNP) sys-
tems as models for non-interacting macrospins. An analytical expression for the amplitude of the fluctuations in a
magnetic field is derived for the Brownian and the Néel fluctuation mechanisms, and compared with numerical re-
sults at different temperatures. To experimentally validate our findings, magnetic noise spectra of two commercially
available polydisperse MNP systems (Ferucarbotran and Perimag) were measured at different, biomedically relevant
temperatures. A distinctive effect of temperature on the power spectral noise densities is measurable already for 5
K temperature differences and, within the bandwidth of the experiment, higher noise amplitudes are found for lower
temperatures. However, a crossing of the spectra at higher frequencies is revealed in simulations, so that the total fluc-
tuation amplitude is conserved. These findings contribute to a profound understanding of temperature influences on
MNP fluctuation and relaxation mechanisms.

Thermal noise in nanomagnetic structures manifests itself
when the thermal energy becomes comparable to the magnetic
anisotropy barrier1. In the context of data storage, magnetic
thermal fluctuations are often seen in a bad light, as they in-
duce information loss2. However, the thermal fluctuations in
magnetic micro- and nanostructures can also be used to our
advantage. e.g. by using the switching of the magnetic do-
mains as input for a random variable generator for probabilis-
tic computing3? ,4. The study of the thermal magnetic noise it-
self has the advantage that the experiments can be performed
at thermal equilibrium, without the need of an external per-
turbation. As a consequence, clean and unbiased information
about the magnetization dynamics of the involved components
are obtained5–7.

In this letter, fluctuations in magnetic nanoparticle (MNP)
systems are investigated8. We consider MNPs that are single
domain particles and can be represented by single macrospins.
The thermal reorientations of the moments in the anisotropy
energy landscape are called Néel fluctuations. MNPs are
often suspended in a fluid where they freely move and ro-
tate. This gives rise to an additional fluctuation mecha-
nism: the commonly known Brownian fluctuations9. Thanks
to their size, their functionalizable surface, and their mag-
netic properties, MNPs are used in many different biomedi-
cal applications10–12. To this end, they are being exposed to
and operating at a wide range of temperatures, which strongly
influences their magnetic properties and dynamic response.

As described by the Fluctuation Dissipation Theorem13,
thermal fluctuations drive the relaxation of the moments to-
wards an equilibrium state, and this can be related to the dis-
sipated heat under the application of an AC field by the imag-
inary component of the susceptibility14. Understanding the
fluctuation dynamics and its dependence on temperature thus
improves the applicability of MNPs for biomedical purposes.

MNP ensembles are often said to be in a superparamag-

netic state, meaning that the magnetic moments of their ferro-
magnetic single-domain cores are thermally switching at the
timescale of observation. At lower temperatures, the thermal

energy becomes insufficient so that the magnetic moments can
no longer overcome the energy barrier set by the anisotropy
at experimental timescales. As a consequence, the moments
are thermally blocked, and the particle ensemble is said to be
ferromagnetic. This is the principle behind zero-field cooled
(ZFC) and field cooled (FC) measurements, which serve to
determine the anisotropy energy distribution of a sample15.
A blocking temperature TB is often defined for a nanoparti-
cle system, which is the temperature where the anisotropy
energy equals the thermal energy. Note however that the
superparamagnetic-ferromagnetic transition is not a real phys-
ical phase transition. Since the system is still ergodic beneath
TB, there is still a finite chance for the magnetization to reach
each state of the phase space, and therefore to eventually flip
against the direction preferred by the anisotropy. At infinite
observation timescales, this flip will take place. In a statisti-
cal context, all particles are assumed to be superparamagnetic
below the Curie temperature TC of their core material.

Apart from the fluctuation mechanisms themselves, in-
trinsic material properties such as the anisotropy and the
amplitude of the magnetic moment might be temperature
dependent as well16. We take those parameters constant
and present a framework of the temperature dependence of
the thermal noise of a non-interacting macrospin ensemble.
Our findings are compared with numerical and experimental
results.

The origin of the fluctuations in the magnetic signal of a
MNP sample lies in the reorientation of the magnetic mo-
ments of the MNP. Thermally driven, the magnetic moment
~m of a MNP rotates on a sphere with radius ‖~m‖. The couple
of spherical angles (θ ∈ [0,2π[,ψ ∈ [0,π[) defines the phase
space Ω of the moment. We call the magnetic moment ~m the
primary stochastic variable.
Rotations of ~m can directly be measured in magneto-optical

experiments17,18. However, magnetometers are more common
to investigate MNP ensembles in a suspension. They measure
the magnetic field ~B generated by the MNPs at a certain lo-
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The Impact of Temperature on Thermal Fluctuations in Magnetic Nanoparticle Systems 2

FIG. 1. Scheme of the involved stochastic variables. The magnetic
moment ~m of a MNP is the primary stochastic variable which takes
random orientation from a phase space Ω described by a sphere with
radius ‖~m‖. The fluctuations in ~m are measured by a magnetome-
ter at distance ~ro form the MNP. The magnetic field ~B is called the
secondary stochastic variable.

cation ~r0. ~B is the secondary stochastic variable which can
be written as a function of the primary stochastic variable. A
dipolar field is used to describe the field generated by a mag-
netic moment ~m at distance r:

~B(~r) =
µ0

4π

(

3~r(~m ·~r)
‖~r‖5

− ~m

‖~r‖3

)

(1)

The expected values and central moments of the secondary
variable can now be calculated by integrating over the distri-
bution of the primary stochastic variable ~m. This distribution
depends on the mechanism which drives the fluctuations, and
a differentiation is necessary. In the following, we present
the theoretical calculation of the central moments of the sec-

ondary stochastic variable ~B for the two fluctuation mecha-
nisms. Note that, depending on the type of magnetic sensor,
only certain components of the magnetic field vector can be
measured experimentally, e.g. SQUID magnetometers only
measure the flux in the direction perpendicular to the pickup
coil. We therefore refer generally to the value of interest with
B = {~B,Bx,By,Bz}. Details on the calculations can be found
in the supplementary material. Spherical coordinates are used
to describe the phase space Ω of ~m, with azimuthal angle θ
and polar angle ψ . Without loss of generality, the sensing vec-
tor~r is chosen along the z direction of the coordinate system
at a distance d from the magnetic moment:~r = (0,0,d).

Firstly, we consider Brownian fluctuations that are induced
by the physical rotation of particles suspended in a fluid9. In
the absence of an external magnetic field, the moments have
no preferred direction in phase space. The probability density
function (PDF) of the magnetic moments is thus uniform for
Brownian rotations. The PDF - shown on Fig. 2 - is written
as:

PDFBr
~m (θ ,ψ) =

1

4π
sinψ. (2)

The first central moment of the secondary stochastic variable
~B is calculated by weighting the expression for the dipole field
Eq. (1) by the PDF of the primary stochastic variable ~m.

〈B(~r)〉=
∫ 2π

0

∫ π

0
PDFBr

~m (θ ,ψ)B(~r)dψdθ = 0 (3)

Not surprisingly, the first central moment, i.e. the average
of the fluctuations in the magnetic field, is zero. The second
central moment, i.e. the variance, is calculated in a similar
way:

〈B2(~r)〉























〈B2
i (~r)〉=

∫ 2π
0

∫ π
0 PDFBr

~m (θ ,ψ)B2
i (~r)dψdθ = 1

3

(

µ0m

4πd3

)2
with i = x,y

〈B2
z (~r)〉=

∫ 2π
0

∫ π
0 PDFBr

~m (θ ,ψ)B2
x(~r)dψdθ = 4

3

(

µ0m

4πd3

)2

〈~B2(~r)〉= ∫ 2π
0

∫ π
0 PDFBr

~m (θ ,ψ)~B2(~r)dψdθ = 2
(

µ0m

4πd3

)2

(4)

The variance of the fluctuations in the direction of sensing
is 4 times larger than the perpendicular components. Higher
central moments can be calculated in a similar way.

The lateral movement of a MNP due to Brownian transla-
tional motion also contributes to the fluctuations in the mag-
netic field, but can in many cases be neglected compared to
the MNP rotation. The displacement is described by a normal
distribution with a variance σ2 = 2Dt:

PDFBr
~r (~r, t) =

exp
(

− x2+y2+z2

4πDt

)

(4π2Dt)3/2
. (5)

Here, t is the time of the measurement and D the diffusion

coefficient given by

D =
kBT

3πηdh

(6)

We will discuss the contribution of Brownian translation after
introducing the timescales of the fluctuation mechanisms.

Secondly, Néel fluctuations are fluctuations of the magnetic
moment within the crystal structure of the MNP1. Assuming
uniaxial magnetocrystalline or shape anisotropy, it requires
the magnetic moments to overcome an anisotropy barrier with
associated energy E = KV sin2 (ψ) to switch direction. We
choose the anisotropy axis to be oriented along the z axis,
which makes ψ the angle between the magnetic moment and
the anisotropy axis. Thermal energy drives deviations from
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The Impact of Temperature on Thermal Fluctuations in Magnetic Nanoparticle Systems 3

FIG. 2. Probability distribution of primary stochastic variable ~m for
the two fluctuation mechanisms. (a) 10000 random orientations of
~m chosen following the PDF of Brownian rotation Eq. 2. The dis-
tribution is uniform over the full phase space and independent of
temperature. (b) 10000 random orientations of ~m chosen following
the PDF of Néel fluctuations Eq. 7 at T=300 K. The other particle
properties are described in the supplementary material. A preferred
direction is visible along anisotropy axis, shown in green. (c) The
PDF for Néel fluctuations at different temperatures as function of the
inclination ψ . Note that the PSD goes to 0 for ψ = {0,π} due to the
density of states in the spherical parametrisation.

the preferred anisotropic direction with a probability density
function described by Maxwell-Boltzmann statistics:

PDFNe
~m (θ ,ψ) = ξ sin(ψ)exp(−α sin2 ψ) (7)

with ξ =
√

α

2π
3
2 exp(−α)Erfi(

√
α)

the normalization factor, α = KV
kBT

and Erfi the imaginary error function. With increasing temper-
ature, the orientations of the magnetic moments deviate more
from the anisotropy axis, as shown on Fig. 2 c.
The central moments of the secondary stochastic variable can-
not be solved analytically as in the case of Brownian rotations.
The expressions can be calculated numerically, as shown in
Fig. 3:

〈B2(~r)〉=
∫ 2π

0

∫ π

0
PDFNe

~m (θ ,ψ)B2(~r)dψdθ (8)

Including now the notion of time, the stochastic variables
~m and B(~m) become time dependent stochastic processes
~m(t) and B(~m, t). These are considered to be static and
ergodic, so that time averages equal ensemble averages. The
magnetic moments evolve within the phase space Ω, leading
to fluctuations of the magnetic signal at certain timescales and
with certain amplitudes. We further describe the influence of
temperature on the fluctuation amplitude and the fluctuation
timescale, both for single particles and polydisperse particle
ensembles.

100 200 300 400 500 600
Temperature (K)

10 3

102

107

1012

Fl
uc

tu
at

io
n 

tim
e 

 (s
)

(a) Fluctuation time

380 400 420 440

25x10 6

50x10 6 B
N

101 102 103 104

Temperature (K)

0.0

0.1

0.2

0.3

Am
pl

itu
de

 (p
T2 )

(b) Fluctuation amplitude
B2  Brown
B2
x  Brown

B2
z  Brown

B2  Néel
B2
x  Néel

B2
z  Néel

B2  Néel random

FIG. 3. Dependence of fluctuation time and amplitude on tempera-
ture. (a) Brownian and Néel fluctuation times as given by Eq. (9)
and Eq. (10), with parameters η =1mPas, dc = 24 nm, dh = 30 nm,
K = 10 kJ/m3, τ0 = 4x10−9 s. (b) Brownian fluctuation amplitudes
as given by Eq. (4) and Néel fluctuation amplitudes as given Eq.
(8) for the case of parallel sensing and anisotropy axes. Note that
for the limiting case of limT → ∞, α = 0 so that Néel fluctuation
amplitudes coincide with Brownian fluctuation amplitudes. If the
anisotropy axes are distributed randomly, the fluctuation amplitude
is independent of temperature.

The two fluctuation mechanisms each have a characteristic
timescales. The magnetic moment of a particle under influ-
ence of Brownian motion rotates at timescales19

τB =
3ηVh

kBT
(9)

with Vh the hydrodynamic volume, kB the Boltzmann con-
stant, T the temperature, and η the viscosity of the fluid. The
average lateral displacement of the MNP on this timescale is
given by the standard deviation of the PDF of Brownian trans-
lational motion in Eq. (5): σ =

√
2DτB = dh√

3
. In experiments

where this displacement has a significant contribution to the
signal fluctuations compared to that of the rotation, Brown-
ian translational motion should be taken into account. How-
ever, for macroscopic experimental geometries, this contribu-
tion can be neglected.

The timescales of Néel fluctuations are described by

τN = τ0 exp

(

KVc

kBT

)

(10)

where K is the anisotropy constant, Vc the core volume of the
particle, and τ0 a attempt time, typically in the order of 10−8

- 10−12 s. A combined fluctuation time is then defined as

τeff =
τNτB

τN + τB
(11)

where often, only one mechanism - the faster one - is domi-
nant.

Eq. (9) and (10) are plotted as a function of temperature
in Fig. 3a. A strong dependence of the Néel fluctuation time
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The Impact of Temperature on Thermal Fluctuations in Magnetic Nanoparticle Systems 4

and a small dependence of the Brownian fluctuation time is
visible. A crossing occurs around 410 K for the parameters
considered here.

The amplitude of the fluctuations depends on what is the
observed variable, and thus on the measurement method and
the geometry of the experiment. It is defined by how much
the signal deviates from its mean value and is thus quantified
by the variance or the standard deviation. In this work, we use
the variance as measure for the amplitude of the fluctuations,
which is sometimes called noise power.

The amplitude of Brownian fluctuations is independent of
temperature, as described by Eq. (4) and shown on Fig. 3b.
Upon increase of the temperature, all points on Ω are reached
with equal probability, and the amplitude of the fluctuations
along the sensing direction is 4 times higher than that per-
pendicular to it. In the case of Néel fluctuation however, the
amplitude strongly depends on temperature. Fig. 3b shows
the situation where the anisotropy axis lies parallel to sens-
ing axis. The dependence of the component along this axis is
counter intuitive, as the fluctuation amplitude decreases with
increasing temperature. Taking a look at the PDF displayed
on Fig. 2 explains this behavior. The moments deviate further
from the anisotropy axis at higher temperatures, and the vari-
ance of the moment component projected on this axis there-
fore decreases. The fluctuations in the moments perpendic-
ular to this axis increase in amplitude with increasing tem-
perature. In the limit limT→∞ or limα→0, there is effectively
no anisotropy barrier anymore and the Néel amplitudes match
the Brownian amplitudes. Fig. 3b also shows the amplitude
of the fluctuations in the magnetic field for randomly oriented
anisotropy axes. In this case, the fluctuation amplitude is
smaller, and independent of temperature.

The autocorrelation function of the magnetic signal decays
exponentially

GB(t) = 〈B(0)B(t)〉= 〈B2〉exp(−|t|/τ). (12)

and the Power Spectral Density (PSD) is obtained from the
Wiener-Khintchine theorem as the Fourier transform of the
autocorrelation function20,21:

SB( f ) = 〈B2〉 (2τ)−1

(π f )2 +(2τ)−2
(13)

The integration of the PSD over bandwidth ∆ f gives the noise
power in this frequency range.

Fig. 4 shows the PSDs for a single MNP fluctuating under
the Brownian (a-b) or Néel (c-f) rotation mechanism at two
different temperatures22. The analytic expression Eq. (13) is
plotted with the PSD of the simulated signals. The amplitude
〈B2〉 of the analytical expression is calculated following Eq.
(4) and (8), and the fluctuation times τ from Eq. (9) and Eq.
(10) are employed, with τ0 = 6.5x10−11 s.

The signals from Brownian fluctuations are plotted for
T=275 K and T=340 K in panels 4 (a) and (b). A good agree-
ment between the simulation and the analytical expression is
found. A limited effect of temperature is visible, as the fluctu-
ation time depends only linearly on T (Eq. (9)). The PSD for
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FIG. 4. Analytical and numerical PSDs of Brownian and Néel fluc-
tuations of a single MNP in the magnetic field components perpen-
dicular (a,c,e) and parallel (b,d,f) to the sensing direction at different
temperatures. The analytical expressions from Eq. (4) and (13) are
denoted Ana, and the PSD form the numerical signals are denoted
Num. The direction of the anisotropy axis is visualized by the long
axis of the ellipse.

T=275 K has higher power at lower frequencies, but the PSDs
cross each other at about f = 5x103 Hz and the total amplitude
(i.e. the area under the curves) is independent of temperature
as described by Eq. (4). The amplitude of the fluctuations
along the sensing direction in panel 4 (a) is 4 times larger than
those perpendicular to the sensing direction in panel 4 (b).

As the dependence of Néel fluctuations on temperature
depends on the geometry of the measurement, two different
scenarios are given in Fig. 4 for T=200 K and T=275 K.
The PSD describing the switching of the moment over the
anisotropy barrier (the inter-potential-well fluctuations23) is
found in the magnetic field component along the anisotropy
axis (panels 4 (c) and (f)). The component perpendicular
to the anisotropy axis senses the fluctuations within the
potential well (the intra-potential-well fluctuations) which
PSD is shown on panels 4 (d) and (e). They typically
occur at much smaller timescales23,24 and only the white
part of this noise is captured in the considered frequency
range. Large differences in the PSDs are found for the
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The Impact of Temperature on Thermal Fluctuations in Magnetic Nanoparticle Systems 5

inter-potential-well fluctuations at different temperatures,
due to the exponential dependence of the fluctuation time on
temperature (Eq. (10)). Additionally, the amplitude of the
fluctuations (i.e. the area under the PSD) along the anisotropy
axis decreases for increasing temperature as described by
Eq. (8); a counter intuitive phenomenon which is recovered
in the numerical results. For randomly oriented anisotropy
axes, the dependence in the amplitude of Néel fluctuations on
temperature cancels, i.e. the dependence of the area under the
PSD. However, there will still be a strong dependence of the
fluctuation timescale on temperature. This affects the width of
the PSD, and consequently power density at a fixed frequency.

A more realistic scenario of a polydisperse MNP ensemble
is now considered, as MNP samples used in biomedical stud-
ies in reality always display a non-zero size distribution. Their
diameters are typically described by a lognormal distribution
and the volumes Vh and Vc are distributed along distribution
P(Vh) and P(Vc). The PSD of the full ensemble can then be
written as a superposition of the individual fluctuators:

SBpoly( f ) =
∫

∞

0
P(τ)SBτ ( f )dτeff (14)

=
∫ Vc

0

∫

∞

0
P(Vh)P(Vc)S

B

Vc,Vh
( f )dVcdVh (15)

The same properties of single particles apply to particle en-
sembles, though weighted over the size distributions.

Thermal fluctuations in the magnetic signal of two com-
mercially available MNP systems were measured at differ-
ent biomedically relevant temperatures. 200 µl of Perimag
(Micromod Partikeltechnologie, Rostock, Germany) and Fer-
ucarbotran (FCT, Meito Sanyo Co., Nagoya, Japan) solutions
with an iron concentration of 138 and 445 mmol/l resp. were
placed inside a superconducting shield25 and the magnetic
signal was recorded for 13 min. with a SQUID magnetome-
ter. Due to their large core sizes, both MNP systems fluctu-
ate by the Brownian rotational mechanism. The effect of the
Brownian translation in the macroscopic geometry of the ex-
periment was found to be 5 orders of magnitude smaller that
of the rotation. Temperature was varied by applying a sta-
ble airflow through the sample space, and a deviation smaller
than 0.5 K from the aimed temperature at the sample position
was assured by tracking temperature with a fiber optic probe
thermometer during measurement. The experimental PSDs of
both MNP systems are shown in Fig. 5 (a) and (d). A lognor-
mal size distribution is fitted to the PSDs at the lowest tem-
peratures (24C (297.15 K) and 25C (298.15 K) for FCT and
Perimag respectively) which is subsequently used as input for
the comparing simulations. More details on this can be found
in the supplementary material. Fig. 5 (b) and (e) show the
resulting PSDs from the simulations.

A clear influence of temperature on the thermal fluctuations
in the experiments is visible in Fig. 5 (a) and (d). FCT shows
a cuttof regime at 102 −103 Hz beneath which the PSD is flat
and above which the PSD falls of with 1/ f 2. On the contrary,
due to Perimags large particles and broad size distribution, no
clear cutoff range is visible and its PSD falls off gradually.
Altough the iron concentration of Perimag is about 1/3 of the

concentration used for FCT, the signal of Perimag is a factor
of 10 higher than that of FCT. This is explained by the fact
that the signal not only depends on the amount of iron in the
sample, but also how this is distributed among the indepen-
dent fluctuators26. In the considered frequency range of the
experiments, the amplitude of the fluctuations increases with
decreasing temperature. The simulations in Fig. 5 (b) and (e)
show however that the different PSDs cross at higher frequen-
cies, and that the total fluctuation amplitude will be conserved
- as expected for Brownian fluctuations by Eq. 7.

We would further like to stress the magnitude of the
influence of temperature on the fluctuations. Fig. 5 (c) and (f)
show the noise power at 8 Hz of FCT and Perimag. In this 25
K interval, the noise power at 8 Hz decreases monotonously,
and halves in amplitude.

In conclusion, the effect of temperature variations on fluc-
tuations in MNP systems can be estimated with the presented
model, which incorporates both the effect on the fluctuation
timescale and the fluctuation amplitude. A general upper limit
for the model is the Curie temperature of the magnetic core
of the MNPs, above which they lose their magnetic proper-
ties. A lower limit on the Brownian fluctuations is the freez-
ing point of the suspension. There is no real lower limit for
the Néel fluctuations, since there is always a finite chance for
the moment to switch against the anisotropy. However, real-
istically, below the blocking temperature, switching events of
the moments become rare. Therefore, measurements of such
fluctuations and their statistical analysis via the PSD become
unfeasible. Although seldomly observed in MNP systems27,
quantum fluctuations between the energy minima set by the
anisotropy of the particles form another switching mechanism
that could contribute at lower temperatures.

The Néel fluctuation amplitude depends on temperature,
and the trend depends on the considered field component and
the geometry of the experiment. Counter-intuitively, the am-
plitude for the switching of the moment along the anisotropy
axis decreases with increasing temperature. For randomly dis-
tributed anisotropy axes, the fluctuation amplitude is constant.

For Brownian fluctuations, the noise amplitude is indepen-
dent of temperature and the timescales vary only slightly.
However, even in a temperature range of 25 K, a distinc-
tive difference in the PSDs of two MNP systems is found for
biomedically relevant temperatures.

The presented findings are interesting from a fundamental
point of view, since temperature is inextricably related to
thermal noise. They help understanding all aspects of the
noise signal of MNPs: the fluctuation timescales, the total
noise amplitude, the power density at specific frequency
ranges, and how they are coupled in the PSD. These results
are thus important for noise related applications of MNP
systems, e.g. the MNP characterization technique Thermal
Noise Magnetometry8. Johnson Noise Thermometry28 of
electrical noise is also an inspiring example for noise based
applications in MNP systems. Through magnetic noise
measurements, MNPs could be used as nanothermometer for
noninvasive local temperature measurements of the particles’
microenvironment. The absence of an external probing field
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FIG. 5. Experimental PSDs of FCT and Perimag at different biomedically relevant temperatures (a,d). A lognormal size distribution is fitted to
the PSDs at the lowest temperatures (24C (297.15 K) and 25C (298.15 K) and subsequently used as input for the simulations (b,e). The noise
amplitude at 8 Hz for the experiments is plotted in panels (c,f).

- which potentially heats up the particles through hysteresis
losses and consequently induces a local temperature rise - is
a big advantage in this regard. Additionally, in-field immo-
bilized MNPs are extra sensitive to temperature variations,
since both the fluctuation amplitude and fluctuation timescale
of MNPs with aligned anisotropy axes are depending on
temperature. The power density of the thermal noise in a
fixed frequency range of such a MNP system could be used
as a sensitive and stable temperature measure.

SUPPLEMENTARY MATERIAL

Details about the simulations and the fitting to the experi-
mental data can be found in the supplementary material. Also
the analytical expressions and extra calculations on the mo-
ments of the secondary stochastic variable are provided.
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