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Abstract

The purpose of this paper is twofold: first we study an eigenvalue problem for the frac-
tional p-sub-Laplacian over the fractional Folland—Stein—Sobolev spaces on stratified
Lie groups. We apply variational methods to investigate the eigenvalue problems. We
conclude the positivity of the first eigenfunction via the strong minimum principle
for the fractional p-sub-Laplacian. Moreover, we deduce that the first eigenvalue is
simple and isolated. Secondly, utilising established properties, we prove the existence
of at least two weak solutions via the Nehari manifold technique to a class of subel-
liptic singular problems associated with the fractional p-sub-Laplacian on stratified
Lie groups. We also investigate the boundedness of positive weak solutions to the
considered problem via the Moser iteration technique. The results obtained here are
also new even for the case p = 2 with G being the Heisenberg group.
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1 Introduction

The study of nonlocal elliptic partial differential equations (PDEs) and developments
of the corresponding tools have been well explored in the Euclidean setting during
the last few decades. Apart from the mathematical point of view, the theory of PDEs
associated with nonlocal (or fractional) operators witnessed vast applications in dif-
ferent fields of applied sciences. We list a few (in fact a tiny fraction of them) of such
applications involving fractional models like the Lévy processes in probability the-
ory, in finance, image processing, in anomalous equations, porous medium equations,
Cahn—Hilliard equations and Allen-Cahn equations, etc. Interested readers may refer
to [4, 7,73, 95] and the references therein. These models have been one of the primary
context to study nonlocal PDEs both theoretically and numerically.

One of the most important tools to study PDEs over bounded domains is the embed-
dings of Sobolev spaces into Lebesgue spaces. It says, “If @ ¢ R is open, then for
0<s <1< p < oowith N > ps, the fractional Sobolev space W*-? () is
continuously embedded into L4(2) for all ¢ € [1, Np/(N — ps)]. In addition, if
2 is bounded and is an extension domain, then the embedding is compact for all
q € [1, Np/(N — ps)).” The compact embedding plays a crucial role for obtaining
the existence of solutions of some PDEs. We refer the readers to see [79] for a well
presented study of the fractional Sobolev spaces and the properties of the fractional
p-Laplacian and its applications to PDEs. One can also consult [19, 39] for the theory
and tools developed for the classical Sobolev spaces.

The Sobolev spaces (also known as Folland-Stein spaces) on stratified Lie groups
were first considered by Folland [46] and then several further properties have been
obtained in the book by Folland and Stein [48]. The reader may refer to several mono-
graphs devoted to the study of such spaces and the corresponding subelliptic operators
[14, 45, 88]. For Sobolev embeddings of Folland-Stein spaces over bounded domains
of stratified Lie groups, we refer to [23]. Recently, the fractional Sobolev type inequal-
ity and the corresponding Sobolev embeddings were investigated in [1] for weighted
fractional Sobolev spaces on the Heisenberg group H", whereas in [65], the authors
established the fractional Sobolev type inequalities on stratified Lie groups (or homo-
geneous Carnot groups). In [1], the authors established the compact embeddings of
Sobolev spaces Wy'""“(Q) into Lebesgue spaces L” () over a bounded extension
domain © c HY. We recall here the definition of an extension domain: A domain
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Q C G is said to be an extension domain of Wé’p (2) (see Sect.?2 for the defini-
tion) if for every f € Wg""(Q) there exist a f € Wg’p(G) such that flg = f and
||f|| WP (@) < CQ,S,[;,Q”f”Wg»P(Q), where Cg s, p o is a positive constant depending
only on Q, s, p, Q2. The extension property of a domain plays a crucial role in estab-
lishing such compact embeddings of the Sobolev spaces into Lebesgue spaces (cf.
Theorem 2.4, Lemma 5.1 in [79]). Recently, Zhou [102] studied the characterizations
of (s, p)-extension domains and embedding domains for the fractional Sobolev space
on RY . To the best of our knowledge, we do not have such characterization for an
arbitrary bounded domain in the case of stratified Lie groups. In fact, because of the
existence of characteristic points, the problem of finding classes of extension domains
in stratified Lie groups is highly non-trival and there are essentially no examples for
step 3 and higher (see [24]). Thus, to overcome this issue, we will work with the
fractional Sobolev space X (s)’p (£2) with vanishing trace (See Sect. 2 for the definition).

We first state the following embedding result for the fractional Sobolev space
Xy 7 ().

Theorem 1 Let G be a stratified Lie group of homogeneous dimension Q. Let 0 <
s <1< p<ooand Q > sp. Let 2 C G be an open subset. Then the fractional

Sobolev space X‘S’p () is continuously embedded in L" (2) for p < r < p¥, where

pi= QQ_I;p, that is, there exists a positive constant C = C(Q, s, p, 2) such that for

allu € Xg’p(Q), we have

lullLr @) < C”u”xé*l’(gz)-
Moreover, if Q is bounded, then the embedding
XoP(Q) = L"(Q) (1.1)

is continuous for all r € [1, p¥] and is compact for all r € [1, p¥).

It was pointed out to us by the referee of this paper that there may be a relation
between Theorem 1 and the results in the recent paper [12] combined with [68] dealing
the fractional Sobolev spaces defined on metric measure spaces satisfying various
conditions (typically, but not always, a Poincaré inequality and doubling condition),
see also [57] and [56]. One such example of a metric measure space is a stratified Lie
group. However, it is not completely clear how the result in [12] applies to our spaces
X (S)’p since the definition of this space is different. Therefore, for the benefit of readers,
we include a simple and direct proof of embedding theorems in Appendix A (Sect. 1)
which makes use of group structures such as the group translation and regularisation
process via group convolution and dilations for this particular setting of stratified Lie
groups. We follow the ideas of [79] to establish the continuous embedding whereas the
compact embedding will be proved based on the idea originated by [52]. We also refer
[2, 5] for embedding results on function spaces defined on spaces of homogeneous
type.

In this paper, we now aim to apply Theorem 1 to study the nonlinear Dirichlet
eigenvalue problem on stratified Lie groups. The earliest known study of Dirichlet
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eigenvalue problems involving the p-Laplacian on R¥ is due to Lindqvist [72], where
the author investigated the simplicity and isolatedness of the first eigenvalue of the
following problem:

Apu+v|u|p72u =0, in Q,
u=0 on 9Q2. (1.2)

Lindqvist further showed that the first eigenfunction of the problem (1.2) is strictly
positive on any arbitrary bounded domain 2. This study is directly related to the
corresponding Rayleigh quotient of the energy given by the following expression:

R(u) = JolVulbdx - C2(Q) (1.3)
 Jolu@)lrdx’ co '

The nonlocal counterpart of the above problem (1.2) was explored by Lindgren and
Lindqvist [71], and Franzina and Palatucci [50]. After that, this topic received an
extensive attention. For instance, we cite [3, 17, 50, 70, 71] just to mention a few of
names toward the development of the eigenvalue problem.

As per our knowledge, the study of eigenvalue problems for the subelliptic setting
is very limited in the literature. The earliest traces of such studies are due to [42,
77]. Thereafter, there has been some progress in this direction involving the p-sub-
Laplacian on the Heisenberg group, for instance, see [59, 99]. Recently, there is an
elevation of interest in the study of eigenvalue problems involving subelliptic operators
on stratified Lie groups. We refer to [27, 49, 59] and the references therein.

In this paper, we study the following nonlinear nonlocal Dirichlet eigenvalue prob-
lem involving the fractional p-sub-Laplacian on stratified Lie groups,

(A, @) u = v[ulP?u, inQ,
u=0in G\ Q. (1.4)

In this direction, we first establish the existence of a minimizer for the Rayleigh
quotient, namely, the existence of the first eigenfunction. Then, similar to the classi-
cal case, we prove some important properties of the first eigenfunction and the first
eigenvalue of the problem (1.4), which are listed below in the form of the following
result.

Theorem2 Let 0 < s < 1 < p < oo and let 2 C G be a bounded domain of a
stratified Lie group G of homogeneous dimension Q. Then for Q > sp, we have the
following properties.

(i) The first eigenfunction of the problem (1.4) is strictly positive.

(ii) The first eigenvalue A1 of the problem (1.4) is simple and the corresponding eigen-
Sfunction @1 is the only eigenfunction of constant sign, that is, ifu is an eigenfunction
associated to an eigenvalue v > A1 (S2), then u must be sign-changing.

(iii) The first eigenvalue )1 of the problem (1.4) is isolated.
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Among the key ingredients to prove Theorem 2 are a strong minimum principle
(Theorem 6) and logarithmic estimates (Lemma 4).

Now, as a combined application of Theorem 1 and Theorem 2, we turn our attention
to the following problem involving the fractional p-sub-Laplacian on the stratified Lie
group G:

oA

(—Apc) u= 5 + g(x)u? in Q,
u > 0in 2,
u=0inG)\ , (L.5)

where Q2 is a bounded domainin G, A > 0,1 < p < Q0,0 <3s5,8 <1 < p <

q +1 < pi. Here Q denotes the homogeneous dimension of G, p} := QQ_'; - denotes

the critical Sobolev exponent, and (—A p,@)s is the fractional p-sub-Laplacian (ref.
Sect.2). The weight functions f, g € L°(£2) are strictly positive.

The problem of the type (1.5) is usually referred to as the Brezis—Nirenberg type
problem [21] in the literature. Before we briefly recall some studies done in the
Euclidean case, let us first discuss the motivation to consider Brezis-Nirenberg type
problem on stratified Lie groups setting. The primary motivation to investigate the
Brezis-Nirenberg problem in the classical Euclidean setting (i.e., p = 2 and s = 1)
comes from the fact that it resembles variation problems in differential geometry and
physics. One such celebrated example is the Yamabe problem on a Riemannian mani-
folds. There are many other examples that are directly related to the Brezis-Nirenberg
problem; for example, existences of extremal functions for functional inequalities and
existence of non-minimal solutions for Yang-Mills functions and H-system (see [21]).
The pioneering investigation of CR Yamabe problem was started by Jerison and Lee in
their seminal work [63]. It is well-known that the Heisenberg group (simplest example
of a stratified Lie group) plays the same role in the CR geometry as the Euclidean space
in conformal geometry. Naturally, the analysis on stratified Lie groups proved to be
a fundamental tool in the resolution of the CR Yamabe problem. Therefore, a great
deal of interest has been shown to studying subelliptic PDEs on stratified Lie groups.
Recently, several researchers have considered the fractional CR Yamabe problem and
problems around it; see [28, 40, 55, 66, 67, 90] and references therein. These afore-
mentioned developments naturally encourage one for studying the Brezis-Nirenberg
type problem (1.5) on stratified Lie groups. Apart from this, it is also worth mentioning
that the investigation of problems of type (1.5) is closely related to the existence of
best constant in functional inequalities, e.g. see [51] and references therein.

On the other hand, it was noted in the celebrated paper [84] by Rothschild and
Stein that nilpotent Lie groups play an important role in deriving sharp subelliptic
estimates for differential operators on manifolds. In view of the Rothschild-Stein
lifting theorem, a general Hormander’s sums of squares of vector fields on manifolds
can be approximated by a sup-Laplacian on some stratified Lie group (see also, [47]
and [85]). This makes it crucial to study partial differential equations on stratified
Lie groups and led to several interesting and promising works amalgamating the Lie
group theory with the analysis on partial differential equations. Moreover, in recent
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decades, there is a rapidly growing interest for sub-Laplacians on stratified Lie groups
because these operators appear not only in theoretical settings (see e.g. Gromov [54]
or Danielli, Garofalo and Nhieu [33] for general expositions from different points of
view), but also in application settings such as mathematical models of crystal material
and human vision (see, [31, 32]).

It is almost impossible to enlist all such studies dealing with existence, multiplic-
ity and regularity of solutions but we will mention some of the pivotal studies that
motivated us to consider this problem (1.5) in the subelliptic setting on stratified Lie
groups. These studies are primarily divided into two cases, namely, A = 0 and A > O.
ForA >0,g=0,p=2,5s =1andd > 0, i.e., the purely singular problem involving
Laplacian was initially tossed up by Crandall et al. [30] following a pseudo-plastic
model in the bounded domain  C R with the Dirichlet boundary condition. Mov-
ing forward with the same setting, Lazer and McKenna [69] observed that one can
expect a Wol’z(Q) solution if and only if 0 < § < 3. Later, in [100] it was proved
that the exponent § = 3 proposed in [69] is optimal to obtain a WOI‘Z(Q) solution.
The nonlocal counterparts of these type of PDEs were studied in Canino et al. [22] for
all p € (1,00) and s € (0, 1). For further references on the study of purely singular
problems we refer to [13, 22] and the references therein. It is noteworthy to mention
that the problem (1.5) with g = 0 always possess a unique solution for A, § > 0. The
study of the multiplicity and regularity of solutions was widely considered for A > 0,
see [8, 11, 37, 62, 78] and the references therein.

We now emphasize the study of the existence of solutions to PDEs associated with
subelliptic operators. In [6], the authors established the existence of solutions to the
following problem involving the sub-Laplacian on the Heisenberg group:

A
—Agyvu = @ in €2,
u>0in 2,
u=01in 0%, (1.6)

They applied the fixed point theorem argument and a weak convergence method to
deduce existence of solutions. The nonlinear extension of the aforementioned problem,
that is, the singular problem with the p-sub-Laplacian was investigated in [51] in the
setting of stratified Lie groups for 0 < § < 1. In both of these studies, the authors used
the weak convergence method to establish the existence of solution. In [96], the author
considered subelliptic problem associated with sub-Laplacian on the Heisenberg group
with mixed singular and power type nonlinearity. They established the existence of
solution using the moving plane method. The authors [101] extended this to the Carnot
groups. In [58], Han studied existence and nonexistence results for positive solutions to
an integral type Brezis-Nirenberg type problem on the Heisenberg groups. Ruzhansky
et al. [86] established the global existence and blow-up of the positive solutions to
a nonlinear porous medium equation over stratified Lie groups. In [9] the authors
characterised the existence of unique positive weak solution for subelliptic Dirichlet
problems. A few more results dealing with the existence and multiplicity of solutions
over the Heisenberg groups and stratified Lie groups can be found in [10, 15, 41, 44,
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74-76, 81-83] and references listed therein. Finally, we cite [26, 38] and references
therein for the study of non-homogeneous fractional p-Laplacian on metric measure
spaces. The study of existence and multiplicity of weak solutions mainly uses the
variational tools, such as mountain pass theorem, Nehari manifold techniques, etc.
In this study we employ the Nehari manifold method [61, 94] to establish the
multiplicity of solutions to the problem (1.5). The result is stated as follows.

Theorem 3 Let Q2 be a bounded domain of a stratified Lie group G of homogeneous
dimension Q, and let0 < 5,6 <1 < p <g+1 < pl:= QQf;S, Q > ps. Then
there exists A > 0 such that for all A € (0, A) the problem (1.5) admits at least two
non-negative solutions in Xg’p (2).

Let us make a few more comments on results of this paper before concluding the
introduction. In this paper, our main focus is to study subelliptic eigenvalue problem
and the Brezis-Nirenberg type problem on stratified Lie groups. But, we emphasise
that the proofs and statements of Theorems 2 and 3 can easily be adopted with suitable
modifications in the case of metric measure space, at least, in case when the metric
measure space is doubling and satisfies a Poincaré inequality.

The paper is organized as follows: In the next section we present basics of the anal-
ysis on stratified Lie groups along with function spaces defined on them. In Sect. 3, we
study the fractional p-sub-Laplacian eigenvalue problem on stratified Lie groups. The
existence of (at least) two solutions of the nonlocal singular problem by using Nehari
manifold technique is analysed in Sect.4. The last section consists of showing the
boundedness of solution by employing the Moser iteration followed by a comparison
principle.

2 Preliminaries: stratified Lie groups and Sobolev spaces

This section is devoted to recapitulating some basic notations and concepts related
to stratified Lie groups and the fractional Sobolev spaces defined on them. There are
many ways to introduce the notion of stratified Lie groups, for instance one may refer to
books and monographs [14, 45, 48, 88]. In his seminal paper [46], Folland extensively
investigated the properties of function spaces on these groups. The monographs [45]
deals with the theory associated to higher order invariant operators, namely, the Rock-
land operators on graded Lie groups. For precise studies and properties on stratified
Lie group, we refer [14, 45, 46, 48, 52].

Definition 1 A Lie group G (onR") s said to be homogeneous if, foreach A > 0, there
exists an automorphism D, : G — G defined by D, (x) = (A" x1, A2x3, ..., A"V xy)
forr; >0, Vi=1,2,..., N. The map D, is called a dilation on G.

For simplicity, we sometimes prefer to use the notation Ax to denote the dilation D) x.
Note that, if A.x is adilation then A" x is also a dilation. The number Q = ri+ry+...+ry
is called the homogeneous dimension of the homogeneous Lie group G and the natural
number N represents the topological dimension of G. The Haar measure on G is
denoted by dx and it is nothing but the usual Lebesgue measure on RY .
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Definition 2 A homogeneous Lie group G = (R", o) is called a stratified Lie group
(or a homogeneous Carnot group) if the following two conditions are fulfilled:

(i) For some natural numbers N1 + N> + ... + Ny = N the decomposition RN =
RM x RM x ... x RN holds, and for each A > 0 there exists a dilation of the
form D; (x) = (AxM, 22x@ .. Akx®) which is an automorphism of the group
G.Here x¥ e RN fori = 1,2, ..., k.

(i1) With N the same as in the above decomposition of RN let Xy, ..., X N, be the left
invariant vector fields on G such that X;(0) = d m lo for k =1, ..., Ni. Then the

Hormander condition rank(Lie{X1, ..., Xn,}) = N holds for every x € RN, In
other words, the Lie algebra corresponding to the Lie group G is spanned by the
iterated commutators of X1, ..., Xp;.

Here k is called the step of the homogeneous Carnot group. Note that, in the case
of stratified Lie groups, the homogeneous dimension becomes Q = Zij i N;. Fur-
thermore, the left-invariant vector fields X ; satisfy the divergence theorem and they
can be written explicitly as

2.1)

, ) il 0
S 2 DTS

)
X j=21=1 8l

For simplicity, we set n = N in the above Definition 2.
An absolutely continuous curve y : [0, 1] — R is said to be admissible, if there
exist functions ¢; : [0, 1] :— R, fori = 1, 2..., n such that

p) =) c®Xi(y@®)and Y ci()® < 1.

i=1 i=1

Observe that the functions ¢; may not be unique as the vector fields X; may not be
linearly independent. For any x, y € G the Carnot-Carathéodory distance is defined
as

Pec(x,y) =inf{l > 0 : there exists an admissible y : [0, [T
— Gwithy(0) =x & y(l) = y}.

We define p..(x, y) = 0, if no such curve exists. This p.. is not a metric in general
but the Hormander condition for the vector fields X1, X», ... Xy, ensures that p.. is a
metric. The space (G, pc.) is is known as a Carnot-Carathéodory space.

Let us now define the quasi-norm on the homogeneous Carnot group G.

Definition 3 A continuous function | - | : G — R™ is said to be a homogeneous
quasi-norm on a homogeneous Lie group G if it satisfies the following conditions:

(i) (definiteness): |x| = 0 if and only if x = 0.
(i) (symmetric): |x~'| = |x| for all x € G, and
(iii) (1-homogeneous): |Ax| = A|x| forall x € G and A > O.
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An example of a quasi-norm on G is the norm defined as d (x) := p¢c(x, 0), x € G,
where p is a Carnot-Carathéodory distance related to Hormander vector fields on G. It
is known that all homogeneous quasi-norms are equivalent on G. In this paper we will
work with a left-invariant homogeneous distance d(x, y) := |y ! ox|forallx, y € G
induced by the homogeneous quasi-norm of G.

The sub-Laplacian (or Horizontal Laplacian) on G is defined as

Li=X{+ -+ Xy, (2.2)
The horizontal gradient on G is defined as
Ve = (X1, X2, ..., Xn,) . (23)
The horizontal divergence on G is defined by
divg v := Vg - v. 2.4)
For p € (1, +00), we define the p-sub-Laplacian on the stratified Lie group G as

Ag.pu = divg <|V(G,u|”_2 VGu) . 2.5)

Let Q be a Haar measurable subset of G. Then u(D; (2)) = A2 (S2) where ()
is the Haar measure of 2. The quasi-ball of radius r centered at x € G with respect to
the quasi-norm | - | is defined as

B(x,r):{yeG:}y_lox‘<r}. (2.6)

Observe that B(x, r) can be obtained by the left-translation by x of the ball B(0, r).
Furthermore, B(0, r) is the image under the dilation D, of B(0, 1). Thus, we have
w(B(x,r)) =r<forall x € G.

We are now in a position to define the notion of fractional Sobolev—Folland—Stein
type spaces related to our study.

Let @ C G be an open subset. Then for 0 < s < 1 < p < oo, the fractional
Sobolev space WP (R2) on stratified groups is defined as

WP (Q) = {u € LP(Q) : [uls, p,0 < 00}, 2.7
endowed with the norm
lullws.r @) = llullLr) + [uls, p.2s (2.8)

where [u];, p o denotes the Gagliardo semi-norm defined by

1
[uls,p.a = </ dedy) < oo. (2.9)
Q

Q |y*1x|Q+ps
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Observe that for all ¢ € C°(2), we have [u]s o < oo. We define the space
Wy'”(Q) as the closure of C°(£2) with respect to the norm ||ul|ws.r(g). We would
like to point out that Wy'” (G) = W*P(G).

Now for an open bounded subset 2 C G, define the space X 8’p (£2) as the closure
of C2°(€2) with respect to the norm ||u|| . (@) + [u]s, G- Note that the spaces Xg’p(Q)
and Wg P () are different even in the Euclidean case unless €2 is an extension domain
(see [79)).

Lemma 1 The space X(s)’p(Q) is a reflexive Banach space for 1 < p < oo.

The space X (S)’p (£2) can be equivalently defined with respect to the homogeneous
norm [u]s, p.c. Indeed, for u € CZ°(R2) and B, C G\2, we have

|u(x) —u(y)”

P — |yl Q+ps
I = 1y~ = s

(2.10)

forall x € Q2 and y € B,. Integrating first with respect to y and then with respect to
X, we obtain,

. Q+ps —
diam(Q U B,)2+P // @) —uI” o @
Q JB,

u(x)|?dx <
oo ax < S IREGE

Now define

diam(U B)2trs
|B|

C:C(Q,s,p,Q):inf{ :BCG\Qisaball}.

Then we have the following Poincaré type inequality,
p p
”u”LP(Q) = C[u]s’p,@,- (2.12)

This confirms that the space X(S)’p (£2) can be defined as a closure of CZ°(£2) with
respect to the homogeneous norm [u]y , . That is

lellsr () = [uls.p.c forallu XoP ().

Moreover, the construction of the space X, g’p (2) suggests that by assigning u = 0
inG\Qforu € X" (), we conclude that the inclusion map i : X” () — W*?(G)
is well-defined and continuous.

Note that, in general Xg’p(Q) C {u € WHP(G) : u = 0 in G\2}. From the
equivalence of the norms and being the closure of C2°(€2) with respect to the norm
Il - llLr ) + [uls, p,G, We can represent Xg’p(Q) as follows:

X" (@) =f{u e W G):u=0inG\Q},

@ Springer



Compact embeddings, eigenvalue problems, and subelliptic... 4211

whenever € is bounded with at least continuous boundary 9. For u € X7 (),

IM(X) —u(y)|? lu(x) —u(y)|?
Ry N UL
GxG _1x| p GxG\ (¢ xQ°) ‘y_1x| P

We conclude this section with the following two definitions. For s € (0, 1) and
p € (1, 00), we define the fractional p-sub-Laplacian as

—u(MIP 2 (u(x) — )
[y 1a] &P

(—A,6) ux) == Coy.p P.v.[G Ju(x) dy. xeG.

(2.13)

For any ¢ € Xg’p(Q), we have

_ -2 _ 3
(~Ape S“"m://G ) lu(x) — u()|P~2(u(x) — u())(@(x) (p(y))dxdy

[y 1a| &7

(2.14)

The simplest example of a stratified Lie group is the Heisenberg group HY with the
underlying manifold R2¥+1 := RN x RN x R for N € N. For (x, y, 1), (x', y', 1)) €
H" the multiplication in H" is given by

(,y. Doy, i)y =+x",y+ Y, t+1 +2((x, ) — (x,¥)),
where (x,y,1), (x’,y', ") € RY x RY x R and (-, -) represents the inner product

on R . The homogeneous structure of the Heisenberg group HY is provided by the
following dilation, for A > 0,

Dy (x,y,1) = (Ax, Ay, A21).

the homogeneous dimension Q of HV is given by 2N + 2 := N + N + 2 while the
topological dimension of HY is 2N + 1. The left-invariant vector fields {X;, Yi},N: 1

defined below form a basis for the Lie algebra corresponding to the Heisenberg group
HN:

0 0 0 0 0 .
Xi=—+4+2yi—;Yi=— —2xj—and T = —, fori =1,2,..., N. (2.15)
0x; ot dy; ot ot

Itis easy to see that [X;, Y;] = —4T fori = 1,2, ..., N and
[Xi, X;1=1Y:.Y;]=[X;,Y;]=[X;, T]=[Y;, T] =0
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for all i # j and these vector fields satisfy the Hormander rank condition. Conse-
quently, the sub-Laplacian on HY is given by

N
Ly =Y (X7 + D).
i=1

3 Fractional p-sub-Laplacian eigenvalue problem on stratified Lie
groups

This section is devoted to the study of eigenvalue problems associated to the fractional
p-sub-Laplacian on stratified Lie groups. Let us consider the following PDE on a
stratified Lie group G:

(—Apc) u=vu”?u, inQ,
u=0in G\ Q, @3.1)

where v € R and €2 is bounded domain in G. The problem (3.1) is usually referred to

as the fractional p-sub-Laplacian (or (s, p)-sub-Laplacian) eigenvalue problem.

Definition 4 We say that u € X, (Q) is a weak solution to (3.1) if, for each ¢ €
C(2), we have

(~Ape) u, @) = v fQ Ul 2ugdsx. (32)

A nontrivial solution to (3.2) is known as the (s, p)-sub-Laplacian eigenfunctions
corresponding to an (s, p)-sub-Laplacian eigenvalue v.

Such eigenfunctions are directly related to the following minimization problem of the
Rayleigh quotient R defined by

\M(X) lu(x)—u()|?”
Jexe Ty Tx|0Frs dxdy

Rw) = Jo lu()Pdx

, u€CE(Q). (3.3)

Observe that a minimizer for the Rayleigh quotient does not change its sign. This
follows immediately from the triangle inequality

lu(x) —u(y)| > |[u(x)| = u(y)|| whenever u(x)u(y) < 0.
Consider the space 8 defined as
S={uce Xé’p(Q) Slullp, =13 (34)
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Then the eigenfunctions of (3.1) are the minimizers of the following energy functional

on S:
lu(x) —u(y)?
1) = //GX«; FEpTT B 7200 gxdy. (3.5)

In particular, the eigenfunctions of the problem (3.1) coincides with the critical points
of I on the space 8.
We define the first eigenvalue or the least eigenvalue A1(2) over Q2 as

11(Q) =inf{R(}) : ¢ € C°(Q)} (3.6)
or
AM(Q) =inf{I(u):u € 8}. (3.7)

Recall the Sobolev inequality (6.3) which is given by

. p :
(/ lu(x)|? dx) <C(Q,p,s) <// |l,t|;X_)lx|ZS_yp)s| dx dy)

l’s

From the Holder inequality with the exponent ’;‘ and we obtain the following
inequality which assures that the first eigenvalue A (£2) of (3.1) is positive:

C(Q,p.s)~ PlQl”/ u(x0)|? dx <f/ |u(x)_u(y)|pdxdy. (3.8)

x|Q+[’Y

Thus, by definition all eigenvalues of (3.1) are positive. The weak solution of (3.1)
corresponding to v = A is called the first eigenfunction of (3.1).
We now state the following existence result for the problem (3.1).

Theorem4 Let0 <5 < 1 < p < ooand let 2 be a bounded domain of a stratified Lie
group G of homogeneous dimension Q. Then for Q > ps, there exists a nonnegative
minimizer ¢1 of (3.5) in X‘Y’p(Q) and ¢ is a weak solution to the problem (3.1) for
v =A1(Q). Moreover ¢1 € L°°(R2). Furthermore, there exists C = C(Q, p, s) such

that »1(Q) > C|Q|" ¢

Proof The proof for existence is straightforward from the direct method of the calcu-
lus of variations. Suppose {u,} is a minimizing sequence for /. Then, by the Sobolev
inequality, we have that {u,} is bounded in X" (). Thanks to the reflexivity of
XoP (), we get ¢1 € X" () such that up to a subsequence u,—¢; weakly in
Xé’p(Q) and therefore, u, — ¢ strongly in (X(x)’p(Q)), = Xas’p/(Q). Thus, Theo-
rem | implies that u, — ¢ strongly in L?(2) and u,, — ¢; a.e. in Q2 and u, — ¢
strongly in L? (), where p = %] To prove the strong convergence, we show that
lup ||X(J:".p(Q) — |1 ||X3*”(sz)- The weak convergence implies that

(=2p.6) un — (—Ap.G) d1.un — ¢1) — 0. (3.9)
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We will use the following inequality from (7.1):

(1 — uzlf p, ifp>2

((—A[,’G)S up — (—AP’G)S uz,uy —uz) = Cp [ul—uz]%,,, .
—ﬂ’ if 1 < P < 2
(w11 p+u21? p) 7P

(3.10)

Thus, by combining these two inequalities (3.9) and (3.10), we obtain ||u, || X
o1l X3P (@) and therefore, by using the uniform convexity, we conclude u, — ¢

strongly in X7 (). In addition to this, we also observe that I(|¢1|) = I(¢1). Thus
we conclude that the solutions are nonnegative. Indeed, we have

_ P
() = inf/ dedy
wes Jo Jo 1y~ lx|@tps

</ [lp1 ()| — |1 (WIIP
“JeJe

[y~ tx[@Fps

</ lp1(x) — p1(MIP
“JeJe

|y—1x|Q+ps

dxdy

= M (Q).

Thus, |¢;| is also minimizes I/ over 8. Therefore, we may conclude that the first
eigenfunction of (3.1) can be chosen to be non-negative.

By taking A = 0, g(x) = v and ¢ = p in the problem (1.5) and from the Lemma
14 (see Sect.5), we deduce that every solutions of the eigenvalue problem (3.6) are
uniformly bounded. O

Theorem5 Let0 <5 < 1 < p < 00. Assume that Q C G is a bounded domain of a
stratified Lie group G. Let v € X(s)’p(Q) solve (3.1) and assume that v > 0, and let v
be the corresponding eigenvalue of v. Then we have

v =211(R), (3.11)

where A1(2) = inf{l(¢p) : ¢ € Xa’p(Q)}. In particular, any eigenfunction corre-
sponding to an eigenvalue v > A1(S2) must be sign-changing.

Proof For every nonnegative u, v € X, é’p (£2), we claim that
I(z@®) <A —-0IWw)+tlu), Yt €[0, 1], (3.12)
where z(t) = ((1 — )vP(x) + tuP(x))'/P | Vit € [0, 1]. Let us first establish the

above inequality. The estimate follows immediately by considering the £,-norm of
z(#) over R2. Observe that

() = H (ﬁu,(l —t)%v)

V4
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For any x,y € Q C G, we first put

a=(7u), (1 =nYru))
and
b= ("Pu), (1= n'Puy))
in the following triangle inequality
alle, — lIblle,| < lla —blle,

and then divide it by the fractional p-kernel |y~'x|2*7* on both sides followed by
integration to obtain the desired inequality (3.12).

We now proceed to prove the main claim of this theorem. Suppose v € Xg’p (2)
and v > 0 in Q is a weak solution of (3.1). Further, by normalizing, if necessary, we
may assume that ||v||, = 1. Suppose that u € X" (€2) minimizes the problem (3.6).
In other words

A1(R) = min {I(u) ‘u € X(S)’P(Q),/ lu(x)|Pdx = 1}
Q
is minimized at u. Define, u, = u + €, v. = v + € and for all x € Q

2(t, €)(x) = (tue ()P + (1 — t)ve(x)P)z% , te0,1].

Thanks to the inequality (3.12), the image of t +— z(, €) is a family of curves in
X (S)’p (£2) along which the energy I is convex. Thus we have

2, O — 2, )P () — v(y)?
//;QXG |y~ lx|@tps dxdy //(;:XG ly~lx|@+ps TyTx G 94Xy

u@x) —uI” lv(x) —v(I?
<f(//;§xG ly=lx|Q+ps /[(.}x((; [y Tx [0t dxdy)

=t (A() —v), Vi e[0,1]and Ve < 1. (3.13)

Now, using the convexity of t > |t|?, thatis, (la|” — |b|’ > plbIP~2b(a — b)),
we estimate the left hand side of (3.13) from below as follows:

121, @) — 2(1. ) ()| () — v()|?
//GXG yoixjCtes 4D /[c,@ Thyixjeres A

- // lv(x) —v([P2(w(y) — v(x))
Zp
GxG

|y~ lx|@Fps

x (21, €)(y) — z(1, €)(x) — (v(y) — v(x))) dxdy, (3.14)

forallt € [0, 1] and for all € < 1.
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Observe that, the fact u, v € X" (Q) implies that
2(t,€) € Xy"(Q) and v(y) — v(x) = ve(y) — ve(x).

Thus, on testing (3.2) with ¢ = (z(¢, €) — v¢) corresponding to the eigenfunction v,
we get, forall e < 1,

// lo(x) — v P2 (v(y) — v(x))
GxG

|y~ Lx|@Fps
(z(t, €)(y) — z(t, €)(x) — (ve(y) — ve(x))) dxdy

= v/ v(r)”‘1 (z(t,€)(t) — ve(T)) dr. (3.15)
Q
Therefore, from (3.13), (3.14) and (3.15), we obtain
v/ V()P €)(1) — ve()dT < 1(1(Q) —v), (3.16)
Q

for allt € [0, 1] and for all ¢ < 1.
1
Now, by the concavity t + |7|7 and by recalling that z(¢, €)(x) = (tus(x)l’

+ (1 —1)ve (x)P)i we get the following point-wise boundedness a.e. in
V()P (@t ) (1) = ve(1)) = 1 V()P (e (1) — ve(T)) (3.17)
and
V()P (e (r) — ve(r)) € L'(Q).

Therefore, from Fatou’s lemma we obtain

p—1
v /Q < v(r) ) (e ()? — (ve()P)d

Ve (T)

<vlim inf/ U(r)l’*l (1, €)(1) — Ue(f)d‘[
Q

t—07t t
S A(Q) —v (3.18)
for sufficiently small € > 0.
Finally, recalling that v > 0 and applying the Lebesgue dominated convergence
theorem and then passing the limit e — 0%, we get

0 <A (Q) —v. (3.19)

Since, A1(£2) is the least eigenvalue and A1(€2) > v, we conclude that A1(2) = v.
Hence, the proof is complete. O
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Lemma2 Let0 < s <1 < p < oo and let 2 C G be a bounded domain. Suppose
that u and v are two positive eigenfunctions corresponding to L1(2). Then u = cv for
some ¢ > 0, that means, u and v are proportional. This says that the first eigenfunction
A1(S2) is simple.

Proof Let u,v € X" () be such that ||ull, = |lv]l, = 1 and u, v > 0. Recall the
inequality (3.12) for r = 1/2. Then, we have

1/p
1<<vp;up> )5 1) + 1) (3.20)

2
1/p
Observe that w = <#) € 8. Consider the convex function
forall/ > 0,m > 0.

1 e
B(,m)=|lr —mvr

Recall from [71, Lemma 13] that

B(ll +bL mi+mp

1 1
, < —B(l;, —B(l»,
5 5 )_2 (1m1)+2 (I, my)

and equality holds only if /ymy = lpm. Thus, using the fact that u, v, w € § and
(3.20), we obtain

M(Q)<// Iw(X)—w(y)I”dxdy

|y—1x|Q+ps
u(x) —uy)|? 1 v(x) —v(M|?
< —/ %d dy+—/ %dxdy:k](ﬂ).
2 JgJg lyTix|ETP 2JcJe Iy~ x|eTrP

Therefore, the inequality becomes equality and thus we get
u(@)v(y) = v(xu(y).
This implies

u(y) _ uex)

vy v O (say).

Hence, u = cv a.e. in Q. O

Consider the problem

(-Apc) u=0inQ
u=0inG\ Q. (3.21)
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We say a function u € X(s)’p (2) is a weak subsolution (or supersolution) of (3.21),
if for every nonnegative ¢ € X" (), we have

/ / lu(x) — u(MIP2@(x) — u(y))(px) _¢(y))dxdy < (or 2)0. (3.22)
GJG N -

|y~ lx[@tps

A function u € Xg’p(Q) is a weak solution of (3.21), if it is a weak subsolution
as well as a weak supersolution of (3.22). In particular, for every ¢ € X(S)’p (), u
satisfies

/ / () = u(IP 2 x) —u() (@) — ¢(y))dxdy
GJG

|y_1x|Q+ps = O (323)

We define the nonlocal tail of a function v € X" () in a quasi-ball Bg(xo) C G
given by

_1

v p—1 p—1

Tail(v, xo, R) = R“”/ |_(1de .
G\Br(xo) |Xy x|2HPs

Clearly, for any v € L"(G),r > p — 1 and R > 0, we have Tail(v, xo, R) is finite,
by using the Holder inequality. For the definitions of the nonlocal tail in the Euclidean
space and the Heisenberg group, we refer [35] and [80], respectively.

We state the following comparison principle for fractional p-sub-Laplacian on
stratified Lie groups. We refer to [25, 29] for the strong maximal principle for the
subellipic p-Laplacian for families of Hérmander vector fields and to [87, 89, 92] for
a comparison principle for higher order invariant hypoelliptic operators on graded Lie
groups.

(3.24)

Lemma3 LetA >0,0<s <1l <p<ooandu,v e X(S)’p(Q). Suppose that
(_Ap,(G)SU = (_Ap,(G)Su

weakly withv =u=0inG\ Q. Thenv > u in G.

Proof It immediately follows from the proof of Lemma 13 lateron with A =0. 0O

The next aim is to establish a minimum principle for the problem (3.21). Prior to

that we will prove the following logarithmic estimate which will be used to prove the

minimum principle.

Lemma4d Let0 <s <1 < p <ooandletu € X(S)’p(Q) be a weak supersolution of

(3.21) such that u > 0 in Bg := Bg(xg) C 2. Then for any B, := B.(xo) C B§ (x0)
and for any d > 0, the following estimate holds:
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f/ Io u(x) +d|”  dxdy
5 s | Cu() +d| Iy 1xCFm
0—ps (1-p (F\ ; p—1
<cr (d (R) [Tail(u_. xo, R)] +1), (3.25)

where C = C(N, p, s), u_ is the negative part of u.

Proof We follow the idea from [36] which is proved for the Euclidean case. Let us
first prove an inequality similar to Lemma 3.1 of [36].
Let p > 1 and € € (0, 1]. Then for any a, b € R, we have
lal < (Ib| + |a — D). (3.26)

Now, using this triangle inequality and the convexity of 7, we obtain

€ |a—b|:|”

al? < (bl + la — B)? = (1 + &) | ——[b] +
- 1+e€ 1+¢€ €
1 p—1
<+or P+ (i> la — bl
€
< |bI” + cpelbl? + P (1 + cpe)e' Pla—b|P,  (3.27)

where ¢, = (p — 1)I"(max{1, p — 2}) is obtained by iterating the last term of the
following estimate

1+€
I+ =14+ (p-— 1)/ 1P72dr < 1+ €(p — Dmax{l, (1 + €)P2}.
1

We will now proceed to prove the main estimate of this lemma. Let d > 0 and
n € C°(G) be such that

0<n=<l1, n=1inB,, n=0inG\ By, and|VHn|<Cr_1. (3.28)

Since u(x) > Oforallx € supp(n), ¥ = (u+d)'~Pn? is a well-defined test function
for (3.23). Thus, we get

/ / |u(x)—u(y)|P2(u<x>—u(y>)[ n? (x) n?(y) ] J
— xdy
By J By ly=lx|Qtps wx) +d)P=1 (u(y) +d)r-!

lu(x) —uIP2ux) —uy)) P x)
2 dxdy = 0.
i /G\Bz, /B |y~ x| QFps w(x) +dyp 1Y

(3.29)

We will estimate both the terms individually. Set

11:/ / @) — w2 @@) — u(y)
By J By

|y—1x|Q+ps
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UED P ()
[(M(X) +d)P T (u(y) + d)p! ] dxdy (3.30)

lux) — u(y) P2 (u(x) — u(y)) n? (x)
h=2 dxdy. (331
’ /G\Bzr /Bzr [y~ Lx|@tps ) 1 ayp-14¥dy- B30

We will first estimate /7. Let us assume that u(x) > u(y). Observe that u(y) > 0
for all y € By, C Bpg using the support of 1. Then on choosing

(x) —u(y)

u .
a=nx),b=n(y)ande =1 W)+ d € (0,1) with ! € (0, 1) (3.32)

in the inequality (3.27), it can be estimated that

|u(x)—u(y)|l’2(u<x>—u(y>)[ ) 0P }
|y~ txjotes @) + )P~ () +d)r-!
@@ —u) P | u) —uy) (u(x)+d)f’—1
= — +cpl —
() +d)r=t |y~ lx|Otrs u@)+d  \u(y) +d
1—p ) =P
ety e

u I=p
=<u<x)—u<y)>" wor |1 (6655)

+cpl
—ly|0+ ()+d P
u(x) +d |y~ x[erps 1 - i5a
1—p M) —n(MI”
+cpl —ly*1x|Q+PS
,_ 1—pIn(x) =P
=l (3.33)

We now aim to estimate Jj. Consider the following function

1
h(t) := = — /r"’dr, Vi € (0, 1).
t

Since, the function /() = l—lt ftl 77 Pdrt is decreasing in ¢ € (0, 1), we have A is
increasing in ¢ € (0, 1). Thus, we have

ht) <—(p—1), Yt € (0, 1).

Case-1: 0 <t < %
In this case,
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Fort = ch;iil] € (0,1/2],i.e.foru(y) +d < W, we get
-1 — p-1 P
5= (e - p ux) —u(y) n”(y) 7 (3.34)
2r u(y) +d |y~ lx|@+ps
since
w(y) + P! u() +d\"' (u) +d\’
((x) —u(y)) <y— = (£ — (B re <
(u(x) +dyr ulx)+d ulx)+d
On choosing [ as
p—1 1
| = = 1], 3.35
2rtlc, ( 2°P+IT (max{1, p — 2}) = > -3
we obtain
s oo P e —um) T nP)
U ugy+d | e
Case-2: % <t<l1.
Again choosing, t = Zg;ij € (1/2,1),ie. u(y)+d > W, we obtain
ulx) —u1’ 9Py
J1 < | — —1
1= [Cp (17 )]|: M(X)-l—d :| |y*1x|Q+PS
=) (=D Tu@ —um]” 27O 336)
2r+1 u(x)+d ly—Llx|@tps ’

for the choice of [ as in (3.35).
We note that, for 2(u(y) + d) < u(x) + d, we have

u(x) +d\1” u(x) —u(y) ]!
[log(mﬂ <cp [—} , (3.37)

u(y) +d
and, for 2(u(y) + d) > u(x) + d, we derive

+d\7” _ P _ P
re(i53)] =l ()] =2 ()

u(y)+d u(x)+d

(3.38)
by using u(x) > u(y) and log(1 +x) < x, Vx > 0.

Thus, from the estimates (3.33), (3.34), (3.36), (3.37) and (3.38), we obtain

|y—1x|Q+ps

lu(x) — u(IP 2@ (x) — u(y)) [ nP (x)

1Py ]
w(x) +d)p=t (u(y) +d)r~!
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p p — p
5 1 e (M0 +d n”(y) +Cpll,,,|n(X) n(y)l
cp u(y)+d /| |y~tx|@tps [y~ lx|@tps

This is true also for u(y) > u(x) by exchanging x and y. The case u(x) = u(y) holds
trivially. Thus, we can estimate /7 in (3.30) as

1 d\|? P
< / / log(u(X)Jr ) ri(y) dxdy
c(p) J, JBy, u(y)+d |y~ lx|@Fps
n(x) —n(I*
+C(p)/ / - _dxdy, (3.39)
By, J By, |y71x|Q+ps

for some constant ¢(p) depending on the choice of /.
We will now estimate the term / in (3.31). Observe that u(y) > 0 for all y € Bg.
Thus, using (u(x) —u(y))+ < u(x), we get

u(x) —u(y)?™"!
(d + u(x))P=!

<1, Vx € By, y € Bg. (3.40)
On the other hand for y € 2\ Bg, we have

) =L =277 [ @ + @] Ve e Ba 4D

Then using the inequalities (3.40) and (3.41), we obtain

L<2 / @) —uy)i @+ u(x))‘*”_”lp&dxdy
Br\Ba, /By |y~ tx|@tps
_ _ n?(x)
+2/ @) —uoN? @+ ue)'P — " dxdy
G\Bg J By * ly~lx|@+ps
1
n?(x) 1— (u(y))p
<C(p)/ / —————dxdy+C'(p)d' P ——————dxdy
G\By, J By |y~ 1x|CHPS G\Bg I By, |y~ 1x|OFPs
1
dy - (u(y»’i
< C(p) sup rQ/ ——————+C'(p)d' " |B,| —————dy
veBy  Je\B, lyTlx|QTPs " Jesg Iy*1x0|Q+Ps
0
<C(p)rl=r 4+ C'(pyd'~ PR [Tail (u_; x0, R)]"~
In(x) —n(I” 0-
<C(p)/ / ——————dxdy + C(p)r< %
B, Bzr |y_1x|Q+pY
+C'(p)d'~ P [Taﬂ (u—; x0, R)]"™ (3.42)

for some constants C(p), C'(p) depending on p.
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Therefore, by using (3.39) and (3.42) in (3.29), we get

/‘ / (u(x)+d) p
log
By, J By, M(Y)+d

n(x) —nI?
= Cf / 1y |Q+ps TToio4ps dxdy
By, J By, |y -x| p

+Cd"Pr@ R [Tail (u_; xo, R)]"™" + Cros, (3.43)

n’(y)
ly=tx|@+ps

dxdy

Again, by using |Vgn| < Cr~!, we have

— p
/ f In(x) giy)l dxdy SC,,—pf f y e[~ € P05 gy
By, Bzr |y -x| ps By J By

< C gy 3.44
o0 =) | Bo | (3.44)

Therefore, the logarithmic estimate (3.25) follows from (3.43) and (3.44). O

We have now all the ingredients to state the following strong minimum principle.

Theorem 6 (Strong minimum principle) Letr0 < s <1 < p < ocoandlet 2 C G
be an open, connected and bounded subset of a stratified Lie group G. Assume that
ue Xg’p(Q) is a weak supersolution of (3.21) such thatu > 0in Q andu # 0in Q.
Thenu > 0 a.e. in Q2.

Proof Suppose for a moment that u > 0 a.e. in K for every connected and compact
subset of 2. Since €2 is connected and u 3 0 in 2, there exists a sequence of compact
and connected sets K; C €2 such that

|Q\K;| <} and u #0 in K.

Thus u > 0 a.e. in K for all j. Now passing to the limit as j — 00, we get that
u > 0 a.e. Q. Thus it enough to prove the result stated in the lemma for compact and
connected subsets of Q2. Since K C 2 is compact and connected, then there exists
r > O such that K C {x € Q : dist.(x, 3R2) > 2r}. Again, using the compactness,
there exist x; € K,i = 1,2, ..., k, such that the quasi-balls B, 2 (x1), ... Br/2 (xx)
cover K and

|Brj2 (xi) N Brp (xis)| >0, i=1,....k—1 (3.45)

Suppose that u vanishes on a subset of K with positive measure. Then with the help
of (3.45), we conclude that there exists i € {1, ...,k — 1} such that

|Z] =] {x € By (x) tu(x) = 0} | > 0.
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Ford > 0 and x € B,; (x;), define

Fy(x) =log (1 + M) .
d
Observe that for every x € Z we have
Fy(x) =0.

Thus for every x € B, ;5 (x;) and y € Z with x # y we get

|Fa(x) — Fg(y)|? Iy_1x|Q+’”.

P —

Integrating with respect to y € Z, we get

Fi;(x) — F, p
|Z||Fd(x)|p5< max |y—1x|Q+pS>/ | Fa( )1 d(y)l
xvyEBr/2(Xi) Br/Z(xi) |y7 x|Q+pS

Again integrating with respectto x € B, /> (x;) we deduce the following local Poincaré
inequality:

O+ps F _F p

r X

/ |Fql? dx < / / %dxdy. (3.46)
By (xi) \ZI JB i) IBepy Iy ST

Observe that
’ <d + u(x))
log| ——
d+u(y)

Plugging the logarithmic estimate (3.25) into the above Poincaré inequality (3.46) by
using the fact that u_ = 0 (hence Tail(u—_, x;, R) = 0), we get

/ < M(x)>
log| 1+ ——
By j2(x;) d

Now taking limitd — 0in (3.47), we obtainu = O a.e.in B, > (x;) . Thanks to (3.45),
by repeating this arguments in the quasi-balls B, 2 (x;—1) and B, /2 (x;41) and so on
we obtain that # = 0 a.e. on K. This is a contradiction and hence # > 0 a.e. in K.
This completes the proof. O

p
= |Fa(x) — Fa())I”.

p 20
dx < cm. (3.47)

Lemma5 Let0 < s < 1 < p < o0. Assume that 2 C G is a bounded domain. Let
u be an eigenfunction of (3.1) corresponding to v # A1(S2). Then we have v(2) >
A (R24) andv(2) > L1 (), where Q4+ = {u > 0} and Q_ = {u < 0}. Inparticular,

v>C(N, p,$) |41 C andv > C(Q, p.s)|Q_|"C. (3.48)
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Proof Since v # 11(2), then u must be sign-changing. On testing the equation (3.2)
with ¢ = u we obtain

_ P
vf lup|P dx Z// |M+()C)1 ui(y)l dxdy
Q. GxG  ly~lx|@tps
21,/2// (M+(y)u (x))idxdy.
GxG Ly|@tps

Dividing both sides by fQ+ luy (x)|? dx, we have

(s (Mu—(x) 2
//;}XG x|Q+p? Tyt

luy (x)|? dx
Q4

v > A (Qp) +2P7

Therefore, we get v > A1 (21). Inequality (3.8) yields that

_ p s
o[ weraxz [ HOCEE iy cinE [ coras
o Gxg  |y~lx|@tps Q.
(3.49)

and dividing by fQ+ luy(x)|Pdx we deduce v > C(N, p,s) |Q24] 2

Similarly, we can deduce v > A; (2_) andv > C |Q_|7%Y. This completes the
proof. O

Lemma6 Let0 <5 < 1 < p < o0. Assume that Q2 C G is bounded. Then the first
eigenvalue A1(S2) of (3.1) is isolated.

Proof We will prove it by contradiction. Let {v;} be a sequence of eigenvalues con-
verging to A1 such that v # X1. Suppose that uy is the eigenfunction corresponding
to vg. Without loss of generality, we may assume that ||ux||, = 1. Then we have

luk (x) — ur(W)I?
Vi = _1—Q_i_ydxdy
axq |y x[eTH

By Theorem 1, there exists u € X" (£2) such that, up to a subsequence
ur — u strongly in L? () and uy(x) — u(x) point-wise a.e. in .

Then by applying Fatou’s lemma, we get

lu(y) —ux)|?
//GXG x|Q+ps Ty

/ lu(x)|Pdx
Q

< lim v = A 1(R).
k—o00
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Hence we can conclude that u coincides with the first eigenfunction. Theorem 3 infers
that u cannot change sign. Thus eitheru > 0in Q oru < 0in 2. Thanks to Theorem 5,
we conclude that u; must change signs in €2, since v > A1(€2). Therefore, the sets
Qi # () are with positive measure, where

Qf ={x e Q:up(x) >0} and QX = {x € Q1 ux(x) < 0}.

From the estimate (3.48), we have

s s

vz (24) = clel| P andwoza (24) = clet| 7.
This implies that
Q4| = |limsup QX | > 0.

Therefore, letting k — oo, we get that u > 0in 24 and u < 0 in Q_. Thus we arrive
at a contradiction that u is a first eigenfunction. O

Proof of Theorem 2 The proof immediately follows from the Theorem 2, Lemmas 5
and 6. O
4 Nehari manifold, weak formulation and multiplicity result

In this section, we use the results established in the previous two sections to study
the existence and multiplicity of weak solutions to the nonlocal singular subelliptic
problem (1.5). We employ the Nehari manifold technique to establish the multiplic-

ity of solutions. The following subsection is devoted to defining the notion of weak
solutions, fibering maps, Nehari manifold and some preliminary results.

4.1 Weak solution and geometry of Nehari manifold

Let us now present the notion of a positive weak solution to the problem (1.5).

Definition 5 We say that u € X(s)’p(SZ) is a positive weak solution of (1.5) if u > 0 on
Q (i.e. essinfg u > Cg > 0 for all compact subsets K C €2) and

(=2pg) u ¥) =2 /Q fEu"ydx - /Q guydx =0 .1

for all € C2°(RQ2)

The energy functional /; : Xy”(Q) — R associated with the problem (1.5) is
defined as
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1 1
_ twor 1-8 ;.. g+1
h(u) = pllullxé,p(m / J)lul " dx 71 g)[ul? dx.
4.2)
We note here that due to the presence of the singular exponent§ € (0, 1), the functional
I, is not Fréchet differentiable. Also, it is not bounded from below in X(S)’p (2) as
g > p — 1. The method of Nehari manifold plays an important role to extract critical
points of this type of energy functional. We define the Nehari manifold N for A > 0
as

No o= {u € X7 (@) \ {0} : (I} (), u) = 0} (4.3)

We set
¢, =inf (L () :u e N;}. 4.4

It is obvious that u € N, if and only if

lull s ) = /Q F)lul' P dx — /Q g@)lu|™*dx = 0. (4.5)

In the next result we establish the coerciveness and boundedness of the functional ;.
Lemma 7 Foreach ) > 0, the energy I, is coercive and bounded from below on N;,.

Proof By referring to the equations (4.2) and (4.5), we obtain

1
IA(W:;'W”;;P(Q) /f(x)|u|1 ‘de—— g(x)|u|q+1dx
1 1 1
=\ 7 ps A — 1- Sd
<p q+1>llullxo~p(9) (1—5 q+1>/f(x)|u| X
> ! _1 p " 1
o i) Ml — ATl —1_5—— e

(4.6)

Since0 <1 —6§ <landg + 1 > p > 1, we conclude that that I, is coercive and
bounded from below on Nj. O

Now, we prove the following lemma proceeding as in the proof given in [62].

Lemma 8 For every non-negativeu € X (S)’p (R2) there exists a non-negative, increasing
sequence {u,}in X(A)’p () with each u,, having compact support in Q2 such thatu,, — u
strongly in Xg’p(Q).

Proof Take u € Xy”(Q2) and u > 0. By invoking the density of C2°(R) in X" (),
we can choose a sequence {v,} C C°(£2) converging strongly to u in X, (2) such
that v, > 0 for all n € N. We now construct another sequence {w,} by w, =
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min{v,, u}. Then w, — u strongly in Xy”(Q). Let € > 0. Choose n; > 0 such
that ||lw,, — u|l < e, then || max{u;, w,} — ull — 0, where u; = w,,. Again
choose, ny such that || max{uy, w,,} —ul| < %, then for uy := max{u, wy,} we have
| max{us, w,} — u|| — 0. Continuing in this way, set uy = max{u;_i, wy,}. Note
that each uy is compactly supported and [lux — u|| < 7. Thus we can deduce that

ll, — u]] — O and this is the desired sequence. O

For each u € X(S)’p(SZ), the fiber map ¢, : (0,00) — R is defined by ¢, (t) =
I, (tu). This fibering map is an important tool to extract the critical points of the
energy functional 7, which was first coined by Drabek and Pohozaev [37]. Clearly,
fort > 0, we have

1P -0 1-5 e+l +1
Gu(t) = —Ilul)” — / FeOlul'"dx — / g)uldx,  (47)
p s Ja q+1Jg
o (1) = P Hul|? — a ™ f FOOlul Pdx — 14 / g()|ul?tdx, (4.8)
Q Q

and

oL (1) = (p — DeP2|ul|? + sar 07! /Q FEOu|'dx — qr1™! /Q g(0)|u|?tdx.
“4.9)

Observe that ¢, (1) = %(Ik’(tu), tu). Thus ¢/, () = 0 if and only if ru € Ny for
some ¢ > 0 and u is a critical point of I, if and only if ¢/, (1) = 0. Thus it is natural
to split N, into three essential subsets corresponding to local minima, local maxima
and points of inflexion.

For this purpose, we define the following three sets

ueNy:¢,(1)=0,¢,(1) > 0}
tou € Ny 1 19 > 0, ¢y, (fo) = 0, ¢y, (1) > 0}, (4.10)
ueN,:¢,(1)=0,¢,(1) <0}
tou € Ny, : tg > 0, ¢y, (to) = 0, ¢y, (t0) < 0}, (4.11)

N; = {
and

N ={ueNy 1 9,(1) =0,¢/(1) =0} . (4.12)
Therefore, it is enough to find two members u € N+\NO andv e N, \N0 to establish
our result. It is easy to see that only members of the sets Ni \ NO are critical points

of the energy functional 7.
We first introduce the following quantity

A1 = sup {k > 0: ¢,(t) (ref.(4.7)) has two critical points in (0, oo)}.
ueXy’ ()
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Proposition 1 Under the assumptions on the problem (1.5), we have 0 < A1 < oo.

To prove Proposition 1 we first prove the following result which ensure that A; > 0.
We first define the function m, : RT™ — R by

my(t) = 1P~ 1+5||u||”g,,(m zq”/ g(o)|u|?tdx. (4.13)
Q

The function m,, will play a crucial role to find a A, > 0 in the following lemma.

Lemma 9 Under the assumptions on the problem (1.5), there exists A, > 0 such that,
for every 0 < A < Ay, we have Nf\t # ), i.e., there exist unique t| and t> in (0, 00)
with t| < tp such that tyu € N;fand tu € N, . Moreover, for any A € (0, Ay), we
have NO =0
Furthermore SL;\[[) ||u||va(Q) < oo and vlnf ||v||va(Q) > 0.
ue

Proof Using (4.8) and (4.13) we first deduce that, for ¢ > 0, we have
o) =1"° (mu(t) —x/ f(x)|u|1—3dx). (4.14)
Q

This implies that ¢, (t) = 0if and only if m, (1) — A [o, f(x)|u|'"°dx = 0. Referring
to(4.13)andg > p—1, wenote thatforu # 0,m, (0) = 0and lim;_, o m, () = —00.
Thus, one can verify that the function m,, (¢) attains its maximum at t = fj,x given by

1
. p =
(P =1+l g 77

(q+98) [qg0)|ultHdx

(4.15)

Imax =

The value of m,, at t = fiyax 1S given by

p(q+6)

+2- p—148\7157 lloell s sp(m
my (fmax) = (C] ] +§> ( T35 ) p—143 ° (4.16)
g I (Jo 8COlula*dx) a1

In addition, by using the fact that lim,_, o+ m/, () > 0, we conclude that m,, is increas-
ing function on (0, tmax) and is decreasing function on (fmax, 00). Indeed, we have

My (tmax) _(q+2—p) (p—1+8>5+1 P
Jo ful'"%dx — \p—1+434 g+
p(q+6)

lull s
(9)

(f g|u|‘1+1dx)‘1“ p (f f|u|1 de)
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p—1+6

5+ Ty —p o—1
- qg+2—-p\[(p—1+9¢ T Sqfl“”SHs 417
“\ooi7s) a5 e (17

Fi-
I flloollglos ™"

where S, = sup{[lu[? : u € X)"(Q), lullsr () = 1} forae = 0, iie. Jo lul®dx <
o
S"‘”””Xé’”(ﬂ)'
Now we set

_p—1+s

8 — _
g+2—-p\(p—1+¢ w2 Sqfflpslla
Ay = P p—~; e (4.18)
I fllooligllds™™"
Then, for every A € (0, 1), we have
0< )»/ FO ' dx < my (tmax) - 4.19)
Q

Thus, there exist ¢ and f, with 0 < #{ < tmax < f2 such that
(i) = my (1) = & / OOl dx. (4.20)
Q

Therefore, we deduce that ¢, decreasing on the set (0, #1), increasing on (#1, f2) and
again decreasing on (3, 00). So, ¢, has a local maxima at r = #, and a local minima
att =ty such that Lu € N;” and rju € Ni’. In particular, we have

L) (u) = 0<rtn<in Li(u) and I (12)(u) = max L (u). (4.21)

=/max

We now intend to prove that Ng = (). For a moment, we suppose that # #% 0 and
u e Ng, then u € Nj,. Therefore, by using the definition of the fibering map ¢, (),
we see that #+ = 1 is a critical point. Now, the above arguments imply that the critical
points of ¢, are corresponding to a local minima or a local maxima. Thus, we get
either u € N or u € N . This contradicts the fact that u € N and therefore we
conclude that Ng = 0.

Finally, we assume that u € Nr. From (4.9) and ¢; (1) > 0 we get
p 1-8
(g+1- p)llullxg,p(m < Ag +d)ci IIflloollullxg.p(Q),

which implies that

1
M) T (4.22)

u s, <
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Similarly, for v € N;_, from (4.9) and the fact ¢Z (1) < 0 we obtain

(P =1+ D)0 ) = (@ +OclglloclvIfin o

which eventually gives

1
p— 1456 g+1—p
lvllyxsr ) = (—) (4.23)
X0 = (g + derligllo
From (4.22) and (4.23), we conclude that
sup ||u||Xs (g < 00 and 1nf ||v||Xsp(Q) > 0. O

uefN ve

Lemma 10 Let u be a local minimizer for I on N, or N)T such that u ¢ Ng Then u
is a critical point of I.

Proof We first introduce the functional Jy () = (I} (), u). Then, one can easily verify
that N = J,1(0) \ {0} and

/ — p +1
(@) u) = pluls s g = 6)/ F@)lulh g dx q/Qg<x>|u|q dx

=@—-1+8ul” - (q —3)/ h()ul™dx, YueN;.
Q

Since u is a local minimizer for /5 on N, we can redefine the minimization problem
under the following constrained equation

Jo(u) = (I (u),u) =0 (4.24)

Therefore, the method of Lagrange multipliers guarantees the existence of a constant
k € R such that

Ji () = kI (u).
Thus, we obtain
(I (u), u) = «(J; (), u) = k¢ (1) = 0.
Therefore, we conclude that « = 0 as u ¢ Ng Hence, u is a critical pointof ;. O
4.2 Existence of minimizers on N} and Ny

In this subsection, we will prove the existence of minimizers u, and vy, of I, on N;’ and
N which s attained in N;“ and N, respectively. Also, we show that these minimizers
are solutions of (1.5) and u; # v,. We have the following lemma.
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Lemma 11 Forallx € (0, Ay), there exists u;, € Nf such that I (uy) = inf I, (NZ')
Moreover, u),_ is a non-negative weak solution to the problem (1.5).

Proof Since the functional I, is bounded below on N (hence bounded below on ND’
there exists a sequence {u,} C Nj: such that I, (u,) — inf I (N;f) asn — —+oo.
Moreover, by using the coercivity of 7, and Lemma 9, we have that {u,,} is bounded in
X" () and hence by the reflexiveness of X7 (Q), there exists u;, € X () such
that u,—u; weakly in X" (€2). Thus, by the compact embedding (ref. Theorem 1),
we get u, — u, strongly in L"(Q2) for 1 < r < pJ and u, — u, pointwise a.e.
in 2. Our aim is to show u, — u, strongly in XS "P(). Prior to that we prove that
1nf I, (N+) < 0. Indeed, for w € N7, the fiber map ¢ has a local minima in N+ and

¢ (1) > 0. Thus, from (4.9), we get

p—14+36
(W) ||w||§3,,,(m >/Q|w|q+ldx. (4.25)

The above inequality (4.25) with the fact that ¢ > p — 1 retrieves the required claim.
In fact, we have

1 1
I =(-—— i~ a+lyg
% (w) (p T3 )II I ,(Q)Jr(l_ qul)/le X

1—8— -
< M lwllZsp .+ g lwl?s.,
p(l —9) Xg" ) T (g + D1 —96) X" ()

1 1 p—1+36
=(-—+ lwl®s.,
p g+l 1-36 Xt (@)

_ (p—(q+ 1)) (p—1+5) lwl”
U pl@g+1D) 1-6 Xo' (@)

< 0.

We now prove the strong convergence by contradiction. Suppose the strong conver-
gence u, — u; in X7 () fails. Then we have

sl s @y < lim inf_Jlugll s . (4.26)

Further, by the compact embedding (see Theorem 1), we have

/g(x)luﬂqﬂdx:lim inf /g(x)|u,,|q+ldx (4.27)
Q n—0o0 Q

/f(x)luﬂl_‘sdx:lim inf ff(x)|un|1—5dx. (4.28)
Q n—oo Q
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Since {u,} C N;’ then ¢'(1) = (I (u,), u,) = 0. Thus, we get from (4.6) that

() = (1 - #) ienll? ey = <Al F oo (# S ) a1
p qg+1 Xo" (52 1-6 (@)’
(4.29)
Therefore, passing to the limit as n — 0o, we deduce
1 )
inf L, (N;) > nlggo (; - m) ||Mn||X(s),p(Q)
— lim cA| flloo (L - L) Nl s sp
n—00 : 1—96 (€2)
1o ) 1 1
> (; - m) ||u)»||X3P(Q) Al flloo (m - m) o |1 vp(Q)
>0, (4.30)

which is impossible since inf 7,(N;") < 0. Thus, u, — uy strongly in X7 ().
Finally, we get q);;h(l) > 0 for all A € (0, Ay). Hence, we have u; € Nj: and
L (uy) = IA(N)T). Since, I, (#;) = I, (lux]), we can assume that u, is non-negative.
Finally, by the Lemma 10, we deduce that u,,_ is a critical point of I, (u;) and hence a
weak solution to the problem (1.5). O

The next lemma guarantees the existence of a minimizer in N, .

Lemma 12 Forall A € (0, Ay), there exists v; € N, such that I, (vy) = inf I, (N;)
Moreover, v, is a non-negative weak solution to the problem (1.5).

Proof Proceeding as in the previous Lemma 11, we can assume that there exists a
sequence {v,} C N; such that I;(v,) — inf I;(N; ) as n — 400 and there exists
v € Xy" () such that v,—v; weakly in X" (£2). Therefore, the compact embed-
ding (see Theorem 1) guarantees that v, — vj strongly in L"(2) for 1 <r < p} and
v, — v, pointwise a.e. in . Let us first prove that inf 7, (N;") > 0. Suppose z € Nj.
Therefore, using (4.6), we get

1 1 1 1
I > - - pv; )\ T o s,
uz)_(p qH)nzn @ c||f||oo<1_8 +1)uzn .

~ g+1—p [7 145 _ats
4.31)

Now, for any A < % in (4.31), we get I, (z) > 0. Since, N}T NN, =0
and Nj UN, = N, (ref. Lemma 9), then we must have z € N, . Again, forz € N,
there exists ¢ > 0 such that ¢;(tz) = I)/\(tz) <0,sincel —§ <1l <p<gqg+1.

This implies tz € N, . This is also true for v;. We are now in a state to prove the
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strong convergence. Suppose the strong convergence v, — vy in X (S)’p (2) fails. Then
proceeding as Lemma 11, we obtain

L.(tvy) < lim I (tv,) < lim I (vy) = inf I (N}). (4.32)
n—0o0 n— 00

This estimate gives the equality 7, (tv)) = inf I, (N;), which is a contradiction.
Thus, v, — vy strongly in X" (Q) and I, (v;)) = L(N}). Since, I (up) = L, (luz),
we can assume that u; is non-negative. Finally, by the Lemma 10, we deduce that u;,
is a critical point of I, (u;) and hence a weak solution to the problem (1.5). O

Proof of Proposition 1 Clearly, from Lemma 9, we get A1 > 0. We will prove the
boundedness of A by contradiction. Suppose A = +00. Let 4| be the firsteigenvalue
of the problem (3.21) and let ¢; be the corresponding first eigenfunction. Choose & > 0
such that

Af(x)

iy g9 > (A + €)rP! (4.33)

forall7 € (0, 00), x € €2 and for some € € (0, 1). Recall the weak solution u; € Nj:.
Then for the above choice of A, u := u; € X(S)"L7 (£2) is weak supersolution to

(—Ap)'u=(\ +)|ul”?uin Q,
©=0inG\ Q. (4.34)

Then we can choose r > 0 such that u = r¢; becomes a subsolution to the problem
(4.34). Now by using the boundedness of ¢1, we can choose a smaller » > 0 (this
choice is possible since r¢; is a subsolution) such that u < u. Now define w = r¢;
and w, € X" () such that

(—Ap6) wi = (A1 + €)|wi—1 P wy_y in Q.
From Lemma 3, for all x €  we have
rgr=wop <w; <..<wg < ...<uj.

This shows that {wy} is bounded in X (S)’p (£2) and hence from the reflexivity, we con-
clude that wy—w in X(S)’p (£2), up to a subsequence. Thus w becomes a weak solution
to (4.34). Since A1 + € > A1, we arrive at a contradiction to the fact that A1 is simple
and isolated. Hence, A < o0. |

Having developed all the necessary tools now we are ready to prove our main result.

Proof of Theorem 3 Set A = min{\,, A1}. Then, by using the fact N;' NN, =190
and N;\" UN, = Nj together with Lemma 11 and Lemma 12, we get two solutions
uy, # vy in Xy’ (Q). In other words, it shows that the problem (1.5) has at least two
non-negative solutions for every A € (0, A). O
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5 Regularity results for the obtained solutions

In this section we prove that all nonnegative solutions to the problem (1.5) are uni-
formly bounded. Let us begin with the following weak comparison principle.
Lemma 13 (Weak Comparison Principle) Let . > 0,0 < §,s < 1 < p < 0o and
u,v € X(s)’p(Q). Suppose that

Af(x)

v

A
A N e

weakly withv =u =0in G\ Q. Thenv > u in G.
Proof Tt follows from the statement of the lemma that

s )‘¢ s )“¢
(=Apc)v, @) —/ —dx = ((=Apc)u, @) —/ —dx, (5.1
Qv Q u

for all non-negative ¢ € Xé’p(Q).
Recall the identity

1
b1P2b — |a|P%a = (p — 1)(b — a)/ ja+1(b — a)|P~2d1 (5.2)
0
and define,

1
O(x,y) = /0 [(x) — u(y) + 1 (v(x) — v(y)) — wx) —u@))IP2dt. (5.3)
Then, by choosing a = v(x) — v(y), b = u(x) — u(y) we have

e (x) — u()P72@(x) — u(y)) — [vx) — v(IP 2 @x) — u(y))
= (p — D{@®y) —v(y)) — @) — v(x)}Qx, y). (5.4)

Sety =u—v=w—v);r — (u—v)_, where (u — v)+ = max{£(u — v), 0}. Then,
for ¢ = (u — v)* we obtain

W) =y WP —pMl =@ @) —yvF()* =0 (5.5

Therefore, the inequality (5.5) together with the test function ¢ = (1 — v ) yields that

1 1

> (=Ap ) u—(=Apc)v, (u—v)y)
Ty — ()2
=(p_1)/f O, W™ (x) =¥ (y) dxdy > 0,
GxG

|y~ Lx[@Fps
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Hence, we have v > u a.e. in G. O

Remark 1 1t is worth noting that the result of Lemma 13 also holds for more general
nonlocal operator of subelliptic type on homogeneous Lie groups.

We recall the following three results from [17] which will be useful for establishing
subsequent results.

Proposition2 [[17]] For every B > 0O and 1 < p < oo we have the following

l’lequalll y
.

Proposition3 [[17]] Let 1 < p < oo and let f : R — R to be a C' convex function
and J,(t) = |t|P=2¢t. Then, the following inequality

<=

Jpla —b)[AT,(f' (@) — BJ,(f'(B)] = (f(a) — FONP2(f(a) — f(B)(A — B),
(5.6)
holds for every a,b € R and every A, B > 0.

Proposition4 ([17]) Let 1 < p < oo andleth : R — R to be an increasing function.
Define

t
G(t):/ W(t)rdr,t € R.
0

Then, we have
Jp(a —b)(h(a) — h(b)) > |h(a) — h(b)|”. (5.7)
The next lemma concludes the boundedness of solutions of the problem (1.5). We will

employ a Moser type iteration to establish our result.

Lemma 14 Supposeu € X(s)’p(Q) is a nonnegative weak solution to the problem (1.5),
then we have u € L*°(Q2).

Proof Lete > 0be given. Consider the smooth, Lipschitz function g¢ (¢) = (€241%) > R
which is convex and g¢ () — |t as € — 0. In addition, we also have |g_(7)| < 1. For
each strictly positive y € C°(2), test the weak formulation (5) with the test function
@ = |g.(u)|P~2g.(u)V to obtain the following estimate

Af ()

u

+ g(x)u?

(=Ape) ' 8em), ¥) = /Q (' ) lge)|P~ yrdx, (5-8)

for all ¥ € C°(©2) NR*. This is immediate from Proposition 3 by setting a =
u(x),b=u(y), A=v(x)and B =y(y).
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Thanks to Fatou’s Lemma, by passing to the limit € — 0, we deduce

A
(=20 (ul). ¥) < /Q (' J; @) 4 e out

) Ydx. (5.9)

The density result guarantees that (5.9) holds also for ¢ € X(S)'p (2).
For each k > 0, consider u; = min{(u —1)*, k} € XS"’(Q). Then, for fixed 8 > 0
and 1 > 0, by testing (5.9) with the test function ¥ = (ux + n7)? — n® we get

// @O = P2 (u )| = () D (ur(x) + )P — e (y) + 77)'3) dxdy
GxG

|y~ tx[@tPs
Af(x
5/‘ L9 4 gous
Q u

We apply Proposition 4 with 7(u) = (ux + n)? to deduce the following estimate:

(ug + P —nP)dx.

// [((ur(x) + 77) — (up(y) + 77) )|p
GxG Iy’1 |OFps

B+p-DF
57

» // [u@)] — [P (u@)] — [ (e ) +0)P — @) + 77)5)
GxG ly=lx|C+ps

B+p- 1)”/ (‘kf(X)
Q u

+1g (x)u”’l) ((ux + )P —nP)dx

- BpP
_(B+p-1r
o Bp?
x U{ I (s —nﬂ)+/{ ol (e + )" —nﬂ)dx]
+p—1P
< MU (L@ + 8GOl (Gug +mP — nﬂ)dx]
ﬁpl {u=1}
B+
<200 £ lloos lglloo) (ﬁﬂ’;) [/ ul? (G +n)* = nP)d ]
[ B+p—DP
<c (W> el s+ ) e (5.10)
J— ps
where k = pr—g

Laplacian (6.3), we obtain

// () +m) 7 — )+ >|P
GxG |

y~lx|@tps
+p—1 ptp-1||?

>C (uk+n) ro—n (.11
Py
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for some C > 0.
By using triangle inequality with (ux + n)#+P~1 > P~ (ux + n)P, we have

R
|:/ ((uk + 77)“;;71 - ﬂm’p’l)ps dx:| P
Q
P P
> (gy_l [ A n)nf’ﬂ} Pi gt P, (5.12)

Thus, plugging (5.12) into (5.11) and finally from (5.10), we obtain

B p
(ur +m»
Py
A2\ (B =D p p pﬁ
=cie(; g ) el I m e nPIRIPS L (513)

Now, Proposition 2, estimates (5.10) and (5.13) imply that

p 1
s 1 (B+p—1\" s | Clls 7 x
we+mr| < |- (———) J+n?|, 2+ 19| Ps

b B p UL

We are now in a position to employ a Moser type bootstrap argument to establish our

-1
p 1
claim. For this, choose 17 > 0 such that n”~! = C|lu ||;;l <|SZ| rs “) . We observe

P
that for 8 > 1, we have ¥ > (%) )
*
Let us now rewrite the estimate (5.14) by plugging x = Ps > ]l and T = Pk as
PK

follows:

TN

AN
II(uk+n)|IXrS<CIQI"S ) ;) Il + )l - (5.15)

We perform m iterations with to = « and t,41 = x T = x™ 1k on (5.15) to have

m

2o\ (Z £ mo_ p-1
||<uk+n>||fmﬂs<cm|f? >< )<H(%)> a4+l
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21 = L p—1
= <C|Q|“ K) <X =D > lGux + )l - (5.16)

Now, taking the limit as m — oo, we obtain

2\ ()
||uk||oos<C|9|Ps Q) <Cx<xl>> I +mlly. (S.17)

Finally, we use ux < (u — 1) in (5.17) combined with the triangle inequality and
pass the limit k — o0, to obtain

_x _\ Pl p o1\ x-T
= DY, < lulloo = € (x wz) (|sz|vé‘ )
(||(u—1)+||K+n|sz|%). (5.18)

Therefore, we have u € L°°(€2) and hence the proof. O
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Appendix A: Sobolev-Rellich-Kondrachov type embedding on
stratified Lie groups

The purpose of this section to prove continuity and compactness of the Sobolev embed-
ding for X g’p (£2) where €2 is any open subset of a stratified Lie group G. We follow the
ideas of [79] to establish the continuous embedding whereas the compact embedding
will be proved based on the idea originated by [52]. Recently, a similar embedding
result is obtained for the Rockland operator on graded Lie groups [91]. The embedding
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results for the fractional Sobolev space X" () over R can be found in [34, 43]. We
note here that in [1] the authors studied weighted compact embeddings for the frac-
tional Sobolev spaces on bounded extension domains of the Heisenberg group using an
approach similar to [79]. Recently, the fractional Sobolev inequality on stratified Lie
groups was shown in [65, Theorem 2] (see [64] for fractional logarithmic inequalities
on homogeneous Lie groups). Motivated by the above mentioned investigations we
prove the continuous and compact embeddings of X (S)’p (R2) into the Lebesgue space
L"(€2) for an appropriate range of » > 1. We now state the embedding result for the
space X(S)’p (€2) on stratified Lie groups.

Theorem 7 Let G be a stratified Lie group of homogeneous dimension Q, and let Q2 C
G be an openset. Let0 < s < 1 < p < ooand Q > sp. Then the fractional Sobolev
space Xa’p(Q) is continuously embedded in L" (2) for p <r < p¥ := QQ_’;p, that is,
there exists a positive constant C = C(Q, s, p, Q) such that for all u € X(s)’p(Q), we
have

luller@) = Cllullysrq)-
Moreover, if Q2 is bounded, then the following embedding
XoP(Q) — L"(Q) (6.1)

is continuous for all v € [1, p¥] and is compact for all r € [1, p}).

Proof Let us recall the fractional Sobolev inequality on stratified Lie groups [65],
given by

lull ot ) < Cllullwsr ). 62)

Thus, the space W*'?(G) is continuously embedded in LP5(G). Letr € ( p. pi)be

such that % = % + 1[7—%9 for some 6 € (0, 1). Then by the interpolation inequality of
Lebesgue spaces we have

1-6

%
lullzr@) < Nl Il o

Therefore, using Young’s inequality with the exponent 617 and ﬁ we obtain
lullr@) =llullir@) + lull L g
<llullLr@) + Cllullws.r@)-
Thus, we get that the space W*?(G) is continuously embedded in L (G) for all
r € lp, pil.
Let ©2 be an open subset of G. Then, for each u € X(S)’p (L2), we have from (6.2), as

u=0inG\ €, that

”u”Lp;‘(Q) =< C”””xévl’(g)- (6.3
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Thus the space X(S)’p (2) is continuously embedded in LPs (£2). Proceeding as above
we conclude that the embedding X" (Q) < L’ (L) is continuous for all » € [p, p}].
That is, for all u € X" (Q) there exists a C = C(Q, p, s, Q) > 0 such that

lullzr@) < Cllullysrq, forall p <r < pj. (6.4)
o ()

In particular, if €2 is bounded that is |Q2| < oo, then applying the Holder inequality
to the inequality (6.4), we get the continuous embedding for all » € [1, p¥]. This
concludes the proof of the first part of the theorem.

Now, we choose € C2°(G) such that suppn C B1(0),0<n<1land Il =
1. Foreache > 0 and f € Ll (G), let us define

loc

o
ne(X)—é—Qn(e x)

and
Tof(x) = f #ne(x) = /G FEn Gy dy. 65)

Prior to proceeding to show the compactness of the embedding, we first we prove the
following lemma.

Lemma 15 Let Q be a open bounded subset of G. Then, for 1 < r < o0, the set
F C L"() is relatively compact in L™ () if and only if F is bounded and || T, f —
flzr@ — Ouniformly in f € Fase — 0.

Proof Suppose that JF is relatively compact in L” (€2). We agree to extend any function
L"(2) to L" (G) by assigning zero out of Q. Let R > 0 and let fi, f>,..., fi € Fbe
such that F C UljleR(fj) C L"(£2). Then we have

W f =T fllerey < If = fillere + 1fj — Te fillerey + 1 Te fj — Te fllr (-
(6.6)

Since T f — fin L"(RQ) ase — Oand [T f|l, < |l f|,, we have uniform conver-
gence ||Tc f — fllLr(@) — 0 by passing € — 0.

Conversely, we assume that J is bounded and || 7. f — fllzr(@) — O uniformly
in f € Fas e — 0. Choose a bounded sequence ( f;;) in F. Thanks to the Banach-
Alouglu theorem we can extract a subsequence (again denoted by (f;)) such that
fn— f weakly in L"(£2). We now aim to prove strong convergence. For that we first
observe that

I fo = fllre S W = Tefuller@) + 1 Te fu — Te fllr) + 1 Te f — fllor)-
(6.7)
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It follows from the weak convergence of f,,— f that, for all x € G and for € > 0, we
have lim;, 00 Te (f, — f)(x) — 0. Again, by Holder inequality we have

| Te(fr — f)”ru(gz) = ||77€||rLl(G)||fn - f”rLr(Q) < 0 (6.8)

and therefore by the Lebesgue dominated convergence theorem we get

/ |Te(fu — fH@)|"dx - 0 n— oo. (6.9)
G

Thus, as € — 0, all three terms on right hand side of (6.7) go to zero with the
use of assumption ||7c f — fllzr(@) — O uniformly in f € J as € — 0. Thus,
fn — f converges strongly in L"(€2). Hence, JF is relative compact in L"(2) for all
1<r<oo. O

Now, we continue the proof of Theorem 1. We emphasise that by assigning f = 0
in G\Q2 we have f € WP (G) forevery f € X(S)’p(Q). Now, with the help of Lemma
15 we prove the relative compactness of a bounded set J in Xg’p (£2). Recall that
[Br(x)| = R2|B;(0)] (see [45, p- 140]). Therefore, the boundedness of F in L" (£2) is
immediate from the fractional Gagliardo-Nirenberg inequality [88, Theorem 4.4.1],

1@ < CLFE I/ ate)- (6.10)

where p > 1,qz1,r>0,be(0,1]satisfy%:b(%—i>+lq;b.

Setting,
Ke =T, f— fforall f €5,

we get from the fractional Gagliardo-Nirenberg inequality (6.10), as f € X(S)’p (2)
and thus K. (x) = 0 for all x € G\, that

IKellLri) < CIK, IKellate: (6.11)
where % =b (% — é) + 1(];17. Thus, it is sufficient to show that

[Ke]s,p = ”Tef - f”X‘(‘)vP(Q) — 0. (6-12)

This means that

f/l(Tef f)(X) (Te f — f)(y)lp
e—>0

x|Q+I”

=0. (6.13)

Using supp(n¢) C Be(0), the Holder inequality, Tonelli’s and Fubini’s theorem we
obtain

/ [(Te f — Hx) = (Te f — f)(y)|p
cle |y~ lx|@+tps
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1
B [gf@ [y~ lx|QFps
[ Ly
“JoJg Iy 1k Qtes
= [ L
“Jo Jg Iy1x|@tps

-1y _ —1.y NP
< 1B, / / ( f W oM™ = F(e ™) = 7@ + 7)) dz) drds
G Je \JB 0

@ (£ = 16 1w)dz = £+ 10| vy

e[ e (e - 1) de - ro+ 50| dxay
Be(0)

p
dxdy

[ 0@ (e = e = o+ rw) af
B1(0)

|y—1x|Q+ps

nP(z)dxdydz (6.14)

-1,y -1,y _ 4
— B0 p,1/ / [f((e)™'x) — fle)™ y) — f(x) + f ()
131 (O} B1(0) JGxG ly=lx|QFps

Now, we note that for the Lie group G x G with the Haar measure dxdy using the
continuity of translations on L?(G x G) (see [60, Theorem 20.15]) we obtain, for
ve LP(G xG)and (z,z) € G x G, that

lim [v((ez, €2) " '(x, y)) — v(x, y)|Pdxdy = 0. (6.15)
e—0 GxG

Now, fix z € B;(0) and set

= fO
v(x, y) =T o
ly~lx| 7

Observe thatv € LP(G x G) as f € Xg’p (R2). Therefore, the property (6.15) yields

i / If((e2)™'%) — f((e)™ly) — F(x) + F(IP
im dxdy
GxG

TEFTET =0. (6.16)

e—0

Thus,

If((e2)71x) — F((e2) ™1 y) — fF(x) + F)IP

GxG ly~lx|@+ps

pe(2) :==n"(2) dxdy — 0

(6.17)

as € — 0. Now for a.e. z € By (0), using the fact that f € X, (Q) we have

-1 _ —1 P
D I

+/ | f(x) — f(y)|pdxdy)
GxG

|y71x|Q+ps

|f &) = fFODIP

— 2Pl (g YY) = JOIT
") GxG |y~lx|@tps

dxdy. (6.18)
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Observe that the last estimate shows pe € L*°(B1(0)) uniformly as € — 0. Therefore,
by the Lebesgue dominated convergence theorem we conclude that

-1,y _ -1 _ P
/ / (€70 = F(D e = ) + SO oy g
B1(0) /GxG |y x|Q+Pf

B1(0)

as € — 0. This fact along with (6.14) gives (6.13) and so (6.12). Finally, by Lemma 15
we conclude that § is relatively compact in L (€2). Thus we conclude that the space
Xo'" () is compactly embedded in L” () for all r € [1, p}). O

Appendix B

In this section we prove the following important lemma.

Lemma 16 Letuy,u; € X(s)’p(Q) \ {0}. Then there exists a positive constant C = C,
depending only on p, such that

(=8p6) ur — (—Apc) uz ur — ua)
[ _u2]s,pa ifp >2

>C —u? 7.1
ZLp [ug uz] ’ lf1<p<2 ( )

—p

([ul]s p+[“2]s p)

Proof Let us recall the well-known Simmon’s inequality

ot g 2
(1a17"2a = 1bIP772) - (@ = b) = C(py { Taebl? =P =5 7
la—bP if p=>2,

where a, b € RV\{0} and C(p) is a positive constant depending only on p.
For simplicity we denote

wi(x,y) =ui(x) —u;i(y), i=12.

Therefore,
(=2p6) ur — (=8p¢) uz,uy — uz)
p—2 p—2
// wi| w1 [w2|P™"ws (w1 — ws) dxdy.
GxG ~lx|Q+ps

Observe that for p > 2 the inequality (7.1) immediately follows from the inequality
(7.2). Thus we are left to establish the inequality (7.1) for the range 1 < p < 2.
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From (7.2), we have

(=2p6) u1 = (=8p) uz,ur —un)

lwy — wy|?
> C(p) // dxdy. (7.3)
exG (Jwi| + [wa])?7P [y~ 1x|Q+ps

Now from the Holder’s inequality, we get

[y — ual? f/ w1 w2|1’ dxdy
P J e 1y x|@+ps

|w1 — w2|p
B dxdy
GxG (|w1|+|w2| 1x|(Q+Ps)” |y‘1x|(Q+PS)*

< A7BT, (7.4)

where

_// lwi — w| dxdy
exG (lwi] + [wa )77 [y=Lx|Q+ps

P
// (|w1|+|w2|) (wil + lwaD? ) s
GxG |y~ lx|@tps

lelp + |wa|?
p — P P p
=2 //;}XG x|Q+PS Tyoigoies 94X dy =2 ([ul]ssp + [”Q]s,p)-

and

From (7.3), we deduce
(=8p6) w1 = (=A,¢) 12, u1 — u2)

2
= C(pA = C(p) (lm —w)l B~
2—

> C(p)uy — w2, (27 () + [uall )~ 7

[u — Mz]%,,,
4 P 2p’
([u2]s,p + [uZ]S,p) 4

=2P72C(p) (71.5)

completing the proof. O
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