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Smooth Tensor Qatar Riyal Decomposition for
Dynamic MRI Reconstruction
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Abstract— Dynamic magnetic resonance imaging (dMRI)
speed and imaging quality have always been a crucial issue
in medical imaging research. Most existing methods char-
acterize the tensor rank-based minimization to reconstruct
dMRI from sampling k-t space data. However, (1) these ap-
proaches that unfold the tensor along each dimension de-
stroy the inherent structure of dMR images. (2) they focus
on preserving global information only, while ignoring the
local details reconstruction such as the spatial piece-wise
smoothness and sharp boundaries. To overcome these ob-
stacles, we suggest a novel low-rank tensor decomposition
approach by integrating tensor Qatar Riyal (QR) decompo-
sition, low-rank tensor nuclear norm, and asymmetric total
variation to reconstruct dMRI, named TQRTV. Specifically,
while preserving the tensor inherent structure by utilizing
tensor nuclear norm minimization to approximate tensor
rank, QR decomposition reduces the dimensions in the low-
rank constraint term, thereby improving the reconstruction
performance. TQRTV further exploits the asymmetric total
variation regularizer to capture local details. Numerical
experiments demonstrate that the proposed reconstruction
approach is superior to the existing ones.

Index Terms— Dynamic MRI reconstruction, tensor Qatar
Riyal decomposition, tensor total variation.

[. INTRODUCTION

YNAMIC magnetic resonance imaging (dMRI) with

plentiful spatial and temporal information, as an impor-
tant imaging technique, can dynamically monitor the physio-
logical phenomena of the human body over time and depict the
image of the internal structure, which has been widely used in
many clinical applications, including computer-aided diagnosis
[1], [2], PET attenuation correction [3] and age estimation
[4]. However, the imaging speed of dMRI and the imaging
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quality are two determining factors to attribute to its potential
and application value. Slow imaging speed costs much long
time to obtain a high-resolution image, facing serious health
risks for patients, and some motion and aliasing artifacts are
inevitably introduced [5], thereby limiting its applicability
range. Therefore, how to improve the imaging speed of dMRI
with quality guarantee is a crucial and concerned issue in the
medical imaging research.

To accelerate the acquisition of dMRI, many approaches
have been proposed in recent years. Due to the attractive recon-
struction performance, compressed sensing (CS) has received
considerable attention by exploring sparse representation of
dMR images in the transform domains [6] including the
Fourier domain and Karhunen Louve transform domain [7].
Moreover, taking advantage of high spatio-temporal correla-
tion of dynamic images, researchers have also exploited the
low-rank nature of matrices by reshaping each time frame
as a column of the reconstructed matrix and the number of
extracted time frames determines the size of the matrix [8]—
[10]. A few large singular values in the transformed matrix are
utilized to preserve the main information of the reconstructed
matrix [7], [11]. Since there exists good complementarity
among different priors, sparsity and total variation are also
frequently combined with low-rank regularizer to reconstruct
dynamic images [12]-[17].

Robust principal component analysis (RPCA) model, which
divides the given matrix into the low-rank part L and sparse
part S [18], has been applied to reconstruct dMRI [19]-
[22]. The cross-section of the dMRI data and its low-rank
part and sparse part are further drawn in Fig. 1. As we
observed, the component L changes slowly along the time
dimension, which can be modeled by the low-rank nature [23],
[24]. The distribution of S is scattered, thus it can be well
constructed by sparse feature. Based on this, Gao et al. [25],
[26], Otazo et al. [22], and Trémoulhéac et al. [27] followed
the general idea of RPCA for dMRI reconstruction. Lin et
al. [28] further extended RPCA for Dynamic Parallel MRI
Reconstruction. However, dMRI data, as high-dimensional
tensor data, contains information in both temporal and spatial
dimensions. The RPCA model rearranges the tensor data into
one matrix by the unfolding operator, which would destroy
the intrinsic structural information and cannot fully explore
the low rankness of original data.

To alleviate the above issue, tensor decomposition-based
approaches have been put forward to keep multi-dimensional
data structure instead of simply unfolding [29], [30]. For
example, dMRI data are represented as one low-rank tensor
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Fig. 1: The red line in the left figure is the cross-section
position on the cardiac cine dataset. The right figure shows
the low-rank part and sparse part of the cross-section.

for reconstruction in [31]. Besides, the authors in [32] utilized
the tensor version of RPCA (TRPCA) to preserve the internal
structure information of the data by using multidimensional
tensor trace norm dMRI recovery. In TRPCA, the dMRI
data is decomposed into low-rank and sparse parts (L + S).
Considering the block-wise smoothness of tensor data, Liu
et al. [33] proposed a smooth TRPCA model. Subsequently,
the weighted tensor nuclear norm was utilized to impose the
low-rank nature in £ [34]. However, the low-rank nature
in [34] is based on the unfolding operation to define the
tensor nuclear norm of three unfolding matrices, which still
leads to the loss of spatio-temporal structural information to
some extent. Recently, tensor singular value decomposition (t-
SVD) [35] has been proposed for the low-rank tensor recovery
problem. After that, as an expansion of the matrix completion
method [36], an approximate t-SVD method based on tensor
Qatar Riyal (T-QR) decomposition for third-order tensor was
proposed [37]. Wu et al. further utilized the method in [37] and
the tensor nuclear norm (TNN) to achieve a better algorithm
for tensor completion [38]. Ai e al. introduced the t-SVD
to dynamic MRI reconstruction by combining the convex
relaxation of t-SVD, the TNN, and the [; norm of tensor
gradient [39]. Zhang et al. proposed to combine the TNN and
Casorati matrix nuclear norm regularizers to reconstruct dMRI
[40]. It is worth noting that with the vigorous development of
artificial intelligence, more and more researchers have applied
deep learning theory to various fields and made remarkable
achievements [41]-[44]. The studies in [42], [43] are seminal
works by applying deep learning theory to dynamic MRI
reconstruction. Subsequently, dynamic MRI reconstruction al-
gorithms based on convolutional neural networks have been
continuously improved [45]-[47].

In this paper, we put forward a novel low-rank tensor
decomposition approach named TQRTV by integrating the
T-QR decomposition, the TNN, and asymmetric total vari-
ation for dMRI reconstruction. Compared with SVD, QR
decomposition is faster to acquire singular values and vectors
[38]. Therefore, by utilizing T-QR decomposition, we obtain
the r biggest singular values in each frontal slice of the
Fourier transformed data, and thereby carrying out the low-
rank tensor property. After that, we enforce the TNN constraint
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Fig. 2: The tensor QR decomposition.

on the resulting lower triangular tensor with small dimension
to enhance reconstruction efficiency and performance. Mean-
while, the asymmetric three dimensional total variation (TV)
regularizer term is also exploited to capture local details and
reconstruct edges and boundaries. The well-known alternating
direction method of multipliers (ADMM) is adopted to tackle
the TQRTV model. We conduct experiments on the phantom,
cardiac cine, and cardiac perfusion datasets to verify the
advantages of our method compared to existing methods.

The remaining parts of this article are arranged as follows.
In Section II, we introduce several preliminaries applied
throughout this article. Section III gives our dMRI reconstruc-
tion model TQRTV and the optimization algorithm based on
ADMM. In Section IV, we conduct correlative experiments
to evaluate the effectiveness of the proposed TQRTV. Finally,
this paper is concluded in Section V.

Il. BACKGROUND
A. Notations and Preliminaries

In this paper, we use notations a, a, A, A to denotes
scalar, vector, matrix, and tensor, respectively. I and Z denotes
identity matrix and identity tensor, respectively. We use T ()
to express the trace of matrix. The superscript 7' and —1
are the transpose and inversion operators, respectively. A;jx
denotes the (i, 7, k)-th entry of tensor A. A(:,: k) or A%
is the k-th frontal slice of tensor 4. The unfolding operator
is used to transform tensor A € R™ "¢ into a matrix
Aw) € R™*Iliz1i2 ™) and the folding operator is the
inverse operation of unfolding. Besides, A = fft(A4,][],3)
represents the discrete Fourier transform (DFT) of tensor
A along the third dimension. The corresponding inverse
discrete Fourier transform is denoted as A = ifft(A, [],3).
(A, B) = Zijk a;;,bij denotes the inner product of two

tensors. [|A|lr = /(A A) = />, A7) represents the
Frobenius norm of A.

Definition 1: (t-Product [48]):
R™ X Mo ><n3’ and B c Rn2><n4><ng’
tensor-product (t-product) as follows:

Given the tensors A €
we can get the tensor-

no

C(i, j,:) = Z A(i,m,:) « B(m, j,:),
m=1

where * indicates the circular convolution.
Definition 2: (Special Tensors [48]): The conjugate trans-
pose of A € R™M*n"2X"3 jg defined as A7 € Rm2Xmixns,
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whose frontal slices is conjugate transposed and the order of
the second to ns-th frontal slices is reversed. Z € R"*™xns
denotes the identity tensor whose Z(!) € R™*™ is an identity
matrix and the rest are zero. @ € R™*"1%"3 ig an orthogonal
tensor as long as it satisfies T«xQ=90+9T =7.

Definition 3: (Low Triangular Tensor): Let A € R™1*"2x"n3
denotes a lower triangular tensor whose each frontal slice is a
lower triangular matrix.

Definition 4. (t-SVD [49]): Given a tensor A € R"1*n2Xns,
its tensor singular values decomposition is written as follows

A=UxS+VT,

where U € R"1>*™*n3 gpd Y € R"2*"2%"3 denote orthogo-
nal tensor, and § € R™:*"2X"3 denotes an f-diagonal tensor
each of whose frontal slices is a diagonal matrix.

Definition 5: (Tensor Tubal Rank [48]): For a third-order
tensor, its tensor tubal rank is defined as the number of nonzero
singular tubes of S, where S is gained by t-SVD.

Definition 6: (Tensor Nuclear Norm [48]): The tensor
nuclear norm of A € R™*"2X"3 jg written as follows:

AL = 1A, (1)
=1

where || A, denotes the nuclear norm of the matrix A®.

Definition 7: (Tensor Qatar Riyal Decomposition [48]):
Given a tensor A € R™*72X7s_ jts tensor Qatar Riyal
decomposition is formulated as

A=0xR,

where Q denotes an orthogonal tensor of size n; X nj X ng,
and R is analogous to the upper triangular tensor of size
n1 X no X ng. An illustration of the tensor QR decomposition
is shown in Fig. 2.

B. QR Decomposition-based Methods

For the matrix recovery problem, Liu et al. proposed a
QR decomposition based fast tri-factorization (FTF) approach
[50]. Specifically, for a real matrix A of size n; X ng and rank
r(r € [1,min{ns, n2}]), its tri-factorization can be formulated
as

A= LDR, 2

where L and R are the orthogonal matrices with the dimension
of ny X rand r X ng, respectively. D is a lower triangular ma-
trix of size r x r. After that, considering this tri-factorization
decomposition approach, [36], developed a new method based
on QR decomposition for calculating the approximate SVD of
a matrix and the optimization problem is formulated as

. 1 2
LI%?RO‘”D”zJ + 9 [LDR — Y”F 3)
sit. X =LDR,

where [|D|l,, = >3- \/> =1 |Dij * represents the Ly -
norm of a matrix, « > 0, and Y is the given matrix.
Subsequently, Zheng et al. extended model (3) into the tensor
recovery problem and proposed a novel CTSVD-QR method

to compute an approximate t-SVD based on tensor Ly ;-norm
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and tensor QR decomposition (T-QR) [37]. The calculation
details of CTSVD-QR are placed in the appendix. The corre-
sponding tensor recovery model is written as follows:

D],

ot {X:E*D*R “)
o Pa(X) =Pa(A)

where £ € R *"*"3 and R € R"*"2*"3 are the orthogonal
tensors, and D € R™*"*"3(r € [1,min{ny,n2}]) is a lower
triangular tensor. Pq(-) denotes the projection operator which
holds the elements in €2 consistent, while the rest be zeros.

min
D

C. Problem Formulation

The acquisition equation of dynamic MRI in the k-t space
could be written as

by, = / 2 THTR G, ey, (5)

where by, ; indicates the metrical k-t space signal, x,; repre-
sents the recovered image series, and ey, denotes the noise
with an additive white Gaussian distribution [51].

For multidimensional signals like dMRI with n3 frames,
we can utilize the Tucker product as the way to build the
sparsity bases and measurement matrices [32], [52]. With this
framework, assuming X be nz frame images of dimension
ny X ng, and Y € R™M1Xm2xMs the tensor form of Eq. (5)
can be indicated in discrete form as follows:

y:X><1<1>1><2<I>2><3<I>3+5:'H‘(X)—i-& (6)

where ®; with size n; x m; and ®5 with size ny X msq are
under-sampled k space encoders, and mq < nq, me < no,
while ®3 with size n3 X ng expresses the identity matrix. £
denotes the noise, and we use T operator, defined as T(X') =
X x1D1 XD x3P3, to represent this under-sampled process.

I11. OUR METHOD

We will first introduce the proposed dMRI reconstruction
model based on T-QR decomposition and asymmetric total
variation. Then, an ADMM-based optimization algorithm is
proposed to tackle the proposed model.

A. The Proposed Model

Among the previously proposed methods for reconstructing
dMRI, most of them utilize RPCA or TRPCA to divide
dMRI into low rank and sparse parts, while the research
on reconstruction using tensor decomposition is still limited.
Besides, most current approaches such as [27], [33], [34] focus
on preserving global information better, and the local details
reconstruction is without consideration. Meanwhile, the global
constraints in the low-rank term £ are mostly based on the
convex substitution of tucker rank, which expands the tensor
along each dimension and computes the nuclear norm of the
unfolding matrices. Nevertheless, this way would destroy the
structural information of the tensor.

In this subsection, we utilize the TNN as the global low rank
constraint to provide a tighter convex substitution of tensor
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rank. Meanwhile, for the acquisition of singular values, instead
of the usual t-SVD, the tensor QR decomposition-based tri-
factorization method is utilized to obtain a lower triangular
tensor with a smaller dimension rather than the original tensor
as the optimization objective in the TNN minimization term.
In addition, considering the significance of details variation,
we enforce the asymmetric total variation regularizer term as
compensation to enhance the local detail recovery of dMRI.
Different from the commonly used TV regularizer, asymmetric
total variation assigns different smoothing strengths to differ-
ences of spatial and temporal dimensions. The reason is that
dMRI data should have different smoothing strengths in the
spatial and temporal dimensions. Therefore, asymmetric total
variation facilitates better utilization of spatio-temporal infor-
mation and more flexible recovery of dMRI data. Based on
the above discussion, our TQRTV model could be represented
as

min

1 2
X.L.DR 2 IT(X) = Allp + Al D], + Ael| X[ 4y,
st. X =L+xDxR, Po(L+xD*xR)="Pq(A),

where £ € R™M*"Xns R ¢ R"*"2Xn3 gpnd D € R"X"xn"s
are obtained by T-QR; A\; and \q indicate the regularization
parameters; ||D||. represents the tensor nuclear norm defined
in (1). | X|| 4, represents the asymmetric three dimensional
total variation regularizer, which imposes different smoothing
strengths on spatial and temporal dimensions to capture the
detailed information of different dimensions and is formulated
as

)

> BillDix|,

i={h,v,z}
= BhHDhXHl + ﬂ’UHDUXHl + BZHDZXH]J

where Dy, D, D, represent difference operators along hor-
izontal, vertical and spectral dimensions, respectively; S,
By, B, denote the weights on three dimensions to flexibly
exploit the smoothness of each direction. The three first-order
difference operators in Eq. (8) can be calculated as

(Dn&)ijie = Xi1,jk — Xijr
(DoX)ijre = Xijr1k — Xijk
(D, X)ijk = Xij k1 — Xijk

[X||arv =

®)

€))

Different from existing dMRI recovery methods such as [27],
[33], [34], (1) the proposed TQRTV model utilizes the T-QR
decomposition instead of the original t-SVD; (2) the proposed
TQRTV model exploits not only the global low-rank tensor
nature of dMRI data, but also the local structural details.
These global and local information are updated in a mutually
promotional way.

B. Optimization Procedure
According to Eq. (8), we can rewrite Eq. (7) as

.1 2
B 3T~ A AL S DA,

st. X =L*D*R, Po(L+*D*R)="Pq(A).
(10)
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Here we utilize the ADMM algorithm to tackle the optimiza-
tion problem (10). First, we convert the above constrained
problem into an unconstrained one as follows:

L(X,L,D,R,Y)

1
=5 ITX) = Alp + Ml +22 > BlDix],
i={h,v,z}
+<y,xf.c*p*7z>+§||sz:*p*7z||§,,
1D
where ) denotes the Lagrange multiplier and p represents
a penalty parameter. For the above issue, we can solve it
by alternately iterating several subproblems with ADMM
framework.
1) Update £ and R: By fixing the rest of variables, we can
get the £ subproblem as

2

XZ—E*DZ*RZ-F&
i

12)

Li+1 = argmin

£ F
Here we do not follow the steps of solution in ADMM,
but introduce CTSVD-QR to optimize the subproblem. The
advantage of this is that accurate and fast CTSVD-QR de-
composition can speed up the convergence. Then, the £;;;
problem can be obtained by

[£ri1.~] = TQR((X + 31) < R])

L1 = El+1(:7 1:m:),

where r > 0 represents the pre-estimated tube rank, and T-QR
denotes the tensor Qatar Riyal decomposition. Similarly, we
can give the variable R;; by CTSVD-QR as follows:

13)

[Ris1, Bi] = TQR((A; + %)T L) g,

Rl+1 == 7%[+1(Z, 1: T, Z)T.

To sum up, the tensor X} + );/u is utilized as the input of
CTSVD-QR, then we get £; 1, R;4+1 and @l, where 751 would
be utilized when updating D in the next step. Therefore, we
can summarize this decomposition as the following equation:

X+ % = L1 %Dy Ry,

(15)
where D; = Dy(1:7,1:r,:)T. Based on this, the D; can be
written as

Dy =L * (Xl + i’l) *RE. (16)
1
2) Update D: We fix the rest of variables, and express the
D subproblem as

Dyy1 = argmin Ay | D],
D

Yl a7
X —Lig1*DxRypq + —

Ml

Hi

2

F
For solving D, we multiply the second term by IJZTJrl on the

left and R;"jrl on the right at the same time. According to the
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nature of the orthogonal tensor, we can rewrite the problem
(17) as

Dy = argmin A\ || D,
D

. i 2 (18)
2

Vi
D*,Cljj‘_l* (Xl+m> *lej‘_l

F

According to Eq. (16) mentioned above, we can reformulate
the problem (17) as

~ 112
Disy = argmin D], + £ [D-By|| . 9)
D 2 r

The problem (19) can utilize the singular value thresholding
(SVT) [53] to obtain a closed-form solution, i.e.,

D1 =SVTs, (D), (20)
3

where SVT is an operator which is defined as SVTy (P) =
UxSy+ VT, and Sp = ifft ((5‘ —0),. [},3)-

3) Update X': We fix the rest of variables, and express the
X subproblem as

1
min S [T(X) = Alf+22 > GID:X,

i={h,v,z}
p Vi’
+—l 'X_£l+1 *DlJrl *Rl+1+il (21)
2 Bl g
o1 2
=min 3 [R(X) ~R[% + Ao > BilDiX|,

i={h,v,z}
where

R(X) = T-'T(X) + X
R=T"'A+ w(Liy1 * D1 * Rip1) — W

For tackling the above problem, we introduce the primal
dual algorithm [54]. Utilizing the Legendre Frechel transfor-
mation, we can rewrite the problem (21) as

I' (X, No, N1, Na, Ns)

min max
X No,Ni,N2,N3

1 2
— mi - - (22)
min . max R(X) — R, No) 5 [Nl 7
+ <DhX,N1> + <DUX,N2> + <DZX,N3> ,
where the Ny, N1, Na, N3 represents the dual variables, whose

dimensions remain the same as X. Meanwhile, N7, N5, N3
must satisfy the conditions:

Nilloo < A28, IN2]log < A2Bu, N3]l < A2B . (23)

Then, by utilizing the gradient descent algorithm, we can
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obtain:

N - N
241 7OV VNlI‘(X,No,NhN%NS) = Dp&,

3
Nagisry — M.
20 V(X No, Ny N AG) = Dy,

15
N. — N
M = VN3F (X5N05N1)N27N3) = DZX,
Mo 200 g (2, Ny N )
= R(X) — R — Noa11),
X1 — X
UL = D (X, N, N Mo, NG

= D;T;Nl + D;Z;NQ + DZ./V'g + %71(./\/'0),
(24)
where ¢ and ¢ are the update step size. We sete = ¢ = 1/4/15
in our experiments.
According to Eq. (23), the element-wise projection operator
is written as

. Piik

projw(Pi 'k) = —Ja

! max {1, Lljk‘ } ()
then we can update the variables as follows:
N1(1+1) = prOj/\Qﬁh (./\/1([) + EDth) , (26)
Naqs1) = Projy, 5, (Vo) + Do) (27)
NB(l+1) = proj)\ﬁz (Ng(l) + EDZXl) , (28)
NO(l) + E%(Xl) - R
= 29
Noa+1) T4e ) (29)
Xis1 = Pac (X — @(DEN: + DEN: + DING

+RTHND))) + PalA), (30)

where ¢ represents the complementary set of €). The steps
of solving X are outlined in Algorithm 1. Meanwhile, we
introduce the extended Nestervo’s method, which is also used
in [55], [56], to speed up the Algorithm 1.

Algorithm 1 : Update X

Input: X, No, N1, No, N3, Dy, D, D,, e, p
1: Update N1 via (26);

: Update No(41) via (27);

: Update N3(41) via (28);

: Update No(41) via (29);

: calculate X,;4 via (30);

: calculate X4 = 2Xold(l+1) — Xold(l);

Output: X.

A AW

4) Update Y and p: The multiplier and parameter can be
updated by

Vi1 =V + (X1 — LixiDipiRis)

fi+1 = min{a * fi, fimax }

€1y
(32)

where « is a constant, and fi,,x denotes the maximum value
of the parameter p.
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Algorithm 2 : The proposed TQRTV for dMRI reconstruction

Input: A & ¢, ¢
Initialization: | = 0,Ly = Z, Dy = Z, Rg = I, Xy =
A Yo = X, Ny = Nowy = Nao) Noy =
zeros(size(X)).
while [ X1 — Xif| /[l Allp < € do
. Update £, via (13);

1:
2
3:  Update R;41 via (14);
4:  Update D;41 via (20);
5. Update X4, via Algorithm 1;
6:  Update Yy via (31);
7: Update p;41 via (32);
8: end while
Output: X.

C. Computational Complexity

The proposed TQRTYV algorithm is outlined in Algorithm 2.
Since our TQRTV algorithm contains four block variables, it
is difficult to give a detailed convergence analysis. Fortunately,
we can observe the numerical convergence as shown in Fig.
15.

In this section, we also discuss the computational complex-
ity of the proposed TQRTV model. The time for updating
L and R is mainly consumed on the FFT, inverse FFT,
matrix product and QR decomposition, and the complexity
is O(r(ny +n2)nslogns +rninans), where r < min{ni, na}
is the estimated tubal rank. The complexity of computing
subproblem D is O(r?n3logns). The time for updating X
and ) is mainly consumed on the calculation of the projec-
tion operator, sampling operator, and tensor product, and the
computational cost of the two steps is O(r(n1 +nsa)nzlogns+
ninang + r3n3). Thus, the total cost of TQRTYV is bounded
by O(r(n1 + na)nglogns + rninang + rng).

V. NUMERICAL EXPERIMENTS
A. Experimental Settings

Here we implement extensive experiments on phantom data
and single-coil dynamic MRI Data to verify the effectiveness
of our proposed TQRTV method. Datasets are then undersam-
pled using the radial sampling schemes in k-sapce, which takes
sample along the lines on spatial dimensions with different
angles and is fully sampled on the time dimension [57]. We
show the radial sampling scheme in Fig. 3.

The proposed TQRTV will be implemented on the phantom
dataset and two single-coil dynamic MRI datasets. TQRTV
is compared with some existing dMRI reconstruction ap-
proaches, including STRPCA [33], TMNN [40], FTVNNR
[14], [15], and k-t RPCA [27]. Here, k-t RPCA is the typ-
ical RPCA-based method. STRPCA and TMNN are recently
proposed low-rank tensor-based methods. FTVNNR is the
approach based on the low-rank matrix approximation and
total variation. In addition to the above methods, we also
add a deep learning-based method on the two real single-coil
dynamic MRI datasets to further verify the performance of the
proposed method. The method is abbreviated to FM3D-CSC

© 2023 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission. See https://www.ieee.org/f)ublications/r_ights/index.html for more information.
ent. Downloaded on April 17,2023 at 08:38:41 UTC from IEEE Xp|

Authorized licensed use limited to: University of

Fig. 3: The illustration of the radial sampling (left) and the
time profile along the line (right).

[44], which combines three-dimensional convolutional filters
in various scales and elastic net regularization.

To specify the performance of our TQRTV method and
other competitors, the sampling rate (SR) is denoted as

@)

SR= ———,
n1 X Ng X N3

where O indicates the number of sampled pixels. The perfor-
mance of all methods in our experiments are quantified using
the root mean square error (RMSE) and the peak signal noise

ratio (PSNR). The RMSE is formulated as

N1 X Ree — X |2
RMSE(XRec) = [ Xree = Xelli
niy X ng

where Xpe. denotes the recovered frames of dynamic MRI
and Xy denotes the unbroken frames of dynamic MRI. We
utilize the mean of the RMSE over all frames of the dMRI
to evaluate the recovery accuracy. In addition, the PSNR is
defined as

Max?VRemXF
PSNR(AXRec) = 101og;q T Xee — Ko |2
where Xre. and AR indicate the recovered and fully sampled
dMRI data. The PSNR here is utilized to assess the global
recovery accuracy. The experiments are carried out on the
platform of Windows 10 with an Intel(R) Core (TM) i9-10900
CPU at 3.70GHz and 64GB RAM.

B. Experimental Results

1) Phantom Data: We verify the superiority of the proposed
TQRTV on the PINCAT perfusion phantom data with dy-
namics because of the cardiac perfusion uptake and breathing
motion [7], [58], which has dimensions of 128 x 128 x 50
[59].

Fig. 4 shows the average PSNR values by all methods on
PINCAT data with different sampling rate. We can find that
our proposed method is inferior to TMNN and FTVNNR at
low sampling rate. However, the curve slope of the proposed
TQRTV varies drastically. As the sampling rate increases,
the proposed approach is more efficient and outperforms all
other methods. In Fig. 5, we also plot the PSNR line chart of
each recovered time frame at the SR=0.25. As observed, the
proposed TQRTYV achieves superior PSNR values on almost all
time frames, which also illustrates the robustness of TQRTV
on different temporal frames of the phantom cycle.
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Fig. 4: The PSNR values of the reconstructed PINCAT
dataset with different SR.

Sampling rate = 0.25
T T T

Fig. 5: The PSNR values of each time frame on PINCAT
dataset at the sampling rate of 0.25.
(a) Fully Sampled (b) k-t RPCA

(©) FTVNNR  (d) TMNN

Fig. 6: The first row is a contrast of the recovery
performance from all approaches on the 18-th frame of the

PINCAT dataset. The 64-th time profile of the corresponding
recovered image is shown in the second row.

(e) STRPCA (f) TQRTV

To demonstrate the recovery performance of all approaches
more intuitively, Fig. 6 shows the visual effects of the re-
covered results of all approaches on the 18-th frame at the
radial SR=0.25. Meanwhile, the 64-th time profile of the
corresponding recovered image is displayed in the second row
of Fig. 6. We can find that the FTVNNR method suffers from
blurring and artifacts, and the image recovered by the TMNN
method is excessively smooth. Obviously, our proposed ap-
proach achieves the optimal recovery performance compared
to other competing approaches.

2) Single-Coil Dynamic MRI Data: In this subsection, two
dynamic MRI datasets, including a cardiac cine dataset with
size of 256 x 256 x 30 from [60], and an in-vivo cardiac
perfusion MRI dataset with size of 128 x 128 x 40 from [7]
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are utilized to prove the effectiveness of the proposed TQRTV.
Similar to the previous simulation, the radial sampling scheme
is also adopted to sample the two complex-valued cardiac
datasets.

First, the cardiac cine dataset is utilized to contrast recon-
struction performance. We plot the average PSNR and average
RMSE curves with respect to different sample rates in Fig. 7.
Although the reconstruction performance of the FM3D-CSC,
STRPCA and TMNN methods is close to that of our TQRTV
at low sampling rate, it is obvious that our TQRTV method
increases the PSNR more rapidly. To further illustrate the
superiority of our proposed TQRTYV, we plot the PSNR values
of each time frame on cardiac cine data at SR=0.25 in Fig.
8. As observed, our proposed approach can achieve the most
excellent performance on all frames, which also confirms the
superiority of the proposed QR decomposition and asymmetric
total variation-based model for dMRI reconstruction.

More intuitively, Fig. 9 shows the visual effects of the
recovery results of different methods, where the first row is the
comparison of the reconstruction results of different methods
on the 15-th frame of the cardiac cine data, and the 95-th time
profile of the corresponding recovered image is shown in the
second row. We observed that k-t RPCA, FTVNNR, TMNN
still have some blurring artifacts. FM3D-CSC loses a small
amount of information in the details. Meanwhile, although the
reconstruction results of STRPCA and TQRTYV are close, our
method preserves more edge details. This further illustrates
that the singular values of the tensor QR decomposition are
the corking characteristics of dynamic MRI data.

0.24 —*—TQRTV
—A—FM3D-CSC
0.21 STRPCA
TMNN
0.18 FTVNNR
k-t RPCA

Average RMSE
=
o

—*—TQRTV

30 —A—FM3D-CSC
STRPCA 0.06
25 TMNN 003
FTVNNR -
k-t RPCA ;.E;:;
20 0
0.1 0.2 0.3 0.4 0.5 0.1 0.2 0.3 0.4 0.5
Sampling Rate Sampling Rate
() (b)

Fig. 7: (a) The PSNR values of the recovered cardiac cine
data with different SR. (b) The average RMSE values of the
recovered cardiac cine data with different SR.

Then, the cardiac perfusion dataset is utilized to contrast
reconstruction performance. Fig. 10 shows the average PSNR
and average RMSE values of the recovered perfusion dynamic
MRI data using radial sampling pattern. It can be found that
our approach can achieve the most excellent performance
at most sampling rates. The proposed method is inferior to
TMNN with sampling rate of 0.11. The reason may be that the
QR decomposition is not stable enough when the amount of
information is too sparse. Moreover, we plot the PSNR values
of each time frame on cardiac perfusion data at the SR=0.25 in
Fig. 11. It is not difficult to find that our method significantly
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Fig. 8: The PSNR values of each time frame on cardiac cine
dataset at the SR=0.25.

(a) Fully Samled (b) k-t RPCA

(c) FTVNNR () TMNN

(e) STRPCA (f) FM3D-CSC (g) TQRTV

Fig. 9: The first row is a contrast of the recovery
performance from all approaches on the 15-th frame of the
cardiac cine dataset. The 95-th temporal profile of the
corresponding recovered frame is shown in the second row.

outperforms other methods and is robust to different time
frames.

For visual comparison, Fig. 12 shows the recovery results
from different methods on the 20-th frame of the cardiac
perfusion data at the SR=0.25. The 62-th time profile of the
corresponding recovered image is displayed in the second row
of Fig. 12. We found that k-t RPCA, FTVNNR, and TMNN
still have artifacts and are relatively blurry. STRPCA and
FM3D-CSC have better results, while our method recovers
the most boundaries and details.

55
——TQRTV 0.242 —*—TQRTV
50 —A—FM3D-CSC ——FM3D-CSC
STRPCA 0.212 STRPCA
TUNN PR
45 FTVNNR 0182 Kt RPCA
k-t RPCA 1)
o 40 = 0.152
< T
@ S0.122
o35 ©
S
< 0.092
W=
0.062
25
0.032 s
20 0.002 —
0.1 0.2 0.3 0.4 0.5 0.1 0.2 0.3 0.4 0.5
Sampling Rate Sampling Rate
(@) (b)

Fig. 10: (a) The PSNR values of the reconstructed cardiac
perfusion data with different sampling rates. (b) The average
RMSE values of the recovered cardiac perfusion data with
different SR.

C. Parameter Analysis

In our proposed model, the following parameters are con-
sidered. The parameter r represents the estimated tensor tubal
rank of the data X. For PINCAT and cardiac perfusion
datasets, we set it to 30, and for cardiac cine dataset we set it to
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Fig. 11: The PSNR values of each time frame on cardiac
perfusion dataset at the SR=0.25.

(a) Fully Sampled (b) k-t RPCA

(c) FTVNNR

(d) TMNN  (e) STRPCA (f) FM3D-CSC () TQRTV

Fig. 12: The first row is a contrast of the recovery
performance from all approaches on the 20-th frame of the
cardiac perfusion dataset. The 62-th temporal profile of the
corresponding recovered frame is shown in the second row.

50. The parameters A; and A, are utilized to adjust the balance
among the different regularization terms; the S, B,, 5, are
used to control the weights of smooth strength in different
dimensions. In the next experiments, we will report the effect
of A1, Ao, Bh, Bu, B. on the cardiac cine dataset at sampling
rate of 0.25.

In Table I, we set A\; to range from le — 4 to 1, and A3 to
range from le — 4 to le — 1. While in Table II, 85 and 5,
to range from le — 4 to 1, 3, to range from 1 to 4. We only
change one parameter at a time, while the rest are set to the
optimal values. Table I and Table II report the PSNR values
of the proposed method on cardiac cine dataset for different
values of A1, Ao, Bn, By, B-.. From Table I, it can be found
that the proposed approach achieves the optimal result when
A1 = le—1 and A\ = le — 3. Meanwhile, the change of A\,
has a greater impact on the final performance than that of Aj,
which also shows that an appropriate total variation regularizer
term is beneficial to the dMRI reconstruction. In Table II, the
optimal result is achieved when 5, = 5, = le — 1 and 3, =
2. It can be observed that the asymmetric total variation can
achieve better reconstruction performance than the usual total
variation term with 3, = 8, = 3, = 1. Similarly, we have also
conducted parameter experiments on the cardiac perfusion and
PINCAT datasets, and obtained the optimal parameter settings
asA\i=le—1,=1le—3,0,=0,=1le—1and 5, =4.
Due to space limitations and similar experimental settings, we
will not list them here.

D. Ablation Experiments

To show the effectiveness of the proposed method that
integrates the T-QR decomposition, the TNN, and asymmetric
total variation, we discuss the contributions of T-QR decompo-
sition, the TNN, and asymmetric total variation on the cardiac
cine dataset with different sampling rates. Fig. 13 shows the
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TABLE I: PSNR Values of the Proposed Method on Cardiac
Cine Dataset for Different Values of A1, and Ao

A1
le-4 le-3 le-2 le-1 1
le-4 | 36.3409 36.3420 36.3434  36.3637 36.5013
N le-3 | 44.4449 444484 444467 44.4710 44.5449
2| le2 | 412029 412075 41.2073 41.2206 41.2444
le-1 | 30.2549 30.2586  30.2622  30.2683  30.3516

TABLE II: PSNR Values of the Proposed Method on Cardiac
Cine Dataset for Different Values of 3, 5., and (3,

ﬁh > ﬁ'u
le-4 le-3 le-2 le-1 1
1 | 41.5803 41.6109 41.9021 43.5222  41.0885
2 | 43.7590 43.7772 439454  44.6896  42.3995
B= 3 | 43.8256 43.8362 439345 444133  42.8222
4 | 43.5665 43.5738 43.6424  44.0208  42.9346

PSNR and RMSE values of the proposed method and the com-
parison methods TQR+TNN and TNN at different sampling
rates. It can be found that at low sampling rates, the PSNR and
RMSE values of the TQR+TNN method are slightly inferior
to TNN. The reason may be that the TQR decomposition
is not stable enough when there are too few available ele-
ments. As the sampling rate increases, the TQR+TNN method
shows a substantial improvement. Obviously, the proposed
TQRTV has promising performance compared to the other
two comparison methods, which also illustrates the important
role of the asymmetric TV regularization in recovering detailed
textures. The visual performance comparison of the recovery
results is plotted in Fig. 14. We can observe that there exist
block-artifacts in the result of TNN method. By applying T-
QR decomposition on TNN, the reconstruction results are
significantly improved in terms of details. We can observe that
the corresponding result with the most detail by the proposed
TQRTYV is superior to other methods and is the closest to the
ground truth.

o
o
&

——TQRTV
50 TQR+TNN
TNN

=4
=)
2

o
o
15

35
30 0.01
0
0.1 0.2 0.3 0.4 0.5 0.1 0.2 0.3 0.4 0.5
Sampling Rate Sampling Rate

(a) (b)

Fig. 13: (a) The PSNR values of the reconstructed cardiac
cine data with different sampling rates. (b) The average
RMSE values of the recovered cardiac cine data with
different sampling rates.

Average RMSE
=4
8

TABLE llI: Running Time (in Seconds) of the Proposed and
Competing Methods

k-t RPCA
11.48

FTVNNR
41.12

TMNN
4.02

STRPCA
138.62

FM3D-CSC
200.25

TQRTV
156.71
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Fig. 14: The first row is a contrast of the recovery
performance from all approaches on the 15-th frame of the
cardiac cine dataset. The 150-th temporal profile of the
corresponding recovered frame is shown in the second row.
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Fig. 15: The convergence curves on cardiac cine and cardiac
perfusion datasets.

E. Convergence Behaviors and Running Time

Fig. 15 shows the convergence curves on cardiac cine
and cardiac perfusion datasets. The accuracy performance in
each iteration can be objectively measured by the relative
error (RE) of the ordinate, which is defined as RE =
(X411l = 1%l 2) /||| - It can be observed that the rel-
ative error decreases very rapidly at the beginning of the iter-
ation. After a small fluctuation, there is a stable convergence
trend in the subsequent iterations.

We further report the running time of all methods on
the cardiac perfusion dataset at SR = 0.25 as shown in
Table III. TMNN has the shortest running time since its
main calculation consumption is only t-SVD decomposition.
The proposed TQRTV is time-consuming due to the need
for asymmetric three dimensional total variation calculations.
Therefore, the choice of a computationally inexpensive and
promising regularizer is still an issue to be considered.

V. CONCLUSION

This paper focused on the dynamic MRI reconstruction and
proposed a novel dMRI reconstruction approach by utilizing
tensor global and local information. On the one hand, we
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utilized the tensor QR decomposition-based tri-factorization
method to obtain a lower triangular tensor as an optimization
objective for tensor nuclear norm minimization. By doing
so, we exploited the low-rank characteristic of dMRI data
to reconstruct the global structure. On the other hand, the
asymmetric total variation was introduced to capture the slow
variation of local details. Then, we solved the proposed model
under the ADMM framework. Evaluation experiments are con-
ducted and confirmed that the proposed approach outperforms
other state-of-the-art approaches in terms of performance
evaluation metrics. However, our method is still plagued by
calculation speed due to the cost of total variation. In the
future, some more efficient regularizers could be incorporated
into the model.

APPENDIX
The CTSVD-QR method is summarized in Algorithm 3.

Algorithm 3 : CTSVD-QR [36], [37]

Input: The matrix A € R™*"2X"3_ the estimated rank r,
the indexes of observed pixels (2, convergence tolerance
£

1: calculate A = fft(A, ], 3).
2 for k=1, [%F1] do

3 L®) =eye(ny,r); D*) = eye(r,r);

4 RM =eye(r,ny).

s: while ||LEDBRE — 40|

6:

7

8

9

<¢{do
[M, N] = QR(AM(RHM)T);
LE) = M(:1:7).
[M, N] = QR((A®)T £#);

: RE) = M(:;,1:7)7T,

10: DF) = N1 :r,1:7)7.

11:  end while

12: end for

13: for k= [2H] +1,--+ n3 do

14: LK) = conj(LMs—F+2));

15: D(k) — D(713—k+2);

16:  R¥) = conj(R("s—F+2)),

17: end for

Output: £ = ifft(£,[],3), D = ifft(D, [], 3),

R =ifft(R, [], 3).
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