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In order to describe the sensitivity of a cellular automaton (CA) to a small change in its
initial configuration, one can attempt to extend the notion of Lyapunov exponents as defined
for continuous dynamical systems, to CA. So far, such attempts have been limited to CA
with two states. This poses a significant limitation on their applicability, as many CA-based
models rely on three or more states. In this paper, we generalize the existing approach to
arbitrary N-dimensional k-state CA with either a deterministic or probabilistic update rule.
Our proposed extension establishes a distinction between different kinds of defects that can
propagate, as well as the direction in which they propagate. Furthermore, in order to arrive
at a comprehensive insight into a CA’s stability, we introduce additional concepts such as
the average Lyapunov exponent and the correlation coefficient of the difference pattern
growth. We illustrate our approach for some interesting three-state and four-state rules, as
well as a CA-based forest fire model. In addition to making the existing methods generally
applicable, our extension make it possible to identify some behavioral features that allows
us to distinguish class IV CA from class III CA (according to Wolfram’s classification),

which has been proven to be difficult.
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There have been many attempts to define Lyapunov exponents in the framework of cellular
automata (CA)#82426530 However, these approaches are limited to one-dimensional and/or
two-state CA. In this paper, we propose an approach that is applicable to CA of any dimen-
sion and with any number of states. We define a single Lyapunov profile for every possible
type of defect. We illustrate the usefulness of such profiles by using them as the basis for a
behavioral analysis of three-state totalistic CA over the four different Wolfram behavioral
classes. Finally we use the average Lyapunov exponents to study the stability of a probabilis-

tic CA-based forest fire model.

I. INTRODUCTION

Many different measures have been proposed to describe and quantify the behavior of CA. Gen-
erally they can be categorized as either rule-table parameters or space-time parameters®21422-31
The former are derived from the CA’s rule table and are often called genotypic parameters. The
Langton parameter is a well-known example of this parameter type!®. The space-time parame-
ters are based on an inspection of the space—time patterns generated by the CA and are often called
phenotypic parameters. Well-known examples include the entropy=" and Kolmogorov complexity”
of the space-time patterns. A useful parameter that captures a CA’s sensitive dependence on the
initial configuration and yields insight into its possible chaotic dynamics is its Lyapunov exponent.
Computing the Lyapunov exponent of a CA requires knowledge of the difference pattern as well

as the Boolean derivatives of the rule table, which essentially makes it a hybrid parameter with

characteristics of both a rule table and a space-time parameter.

The Lyapunov exponent of a dynamical system is a measure of the rate of separation of two tra-
jectories that are infinitesimally close in phase space!?2%27 As such, the Lyapunov exponent tells
you if a dynamical system is stable in response to a perturbation of its initial condition. For an
N-dimensional dynamical system, the rate of separation will depend on the orientation of the ini-
tial separation vector in phase space. This yields a spectrum of N Lyapunov exponents, one for
each direction in phase space. As soon as one Lyapunov exponent in the spectrum is non-zero, any

perturbation to the initial condition grows exponentially over time.
However, it is not straightforward to define Lyapunov exponents in the framework of CA as their
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original definition relies on the tools of differential calculus, which are not available in the frame-
work of CA where time, space and the state space are discrete. For one-dimensional binary CA,
there are two options regarding a formal definition. The first definition, suggested by Wolfram?,
defines the directional Lyapunov exponent empirically as the average speed with which the differ-
ence pattern propagates to the left or right. Shereshevsky?* later formalized this approach, which

was further refined by other authors®2.

The second definition was proposed by Bagnoli ef al.>™*. The (Hamming) distance between two
initially nearby configurations in phase space can grow at most linearly with time due to the local
nature of CA. In order to arrive to the familiar notion of Lyapunov exponents as the exponential
divergence rate of nearby trajectories'’, Bagnoli er al* considered the number of possible defect
paths that arrive at a certain cell instead of merely the absolute difference of the original and
perturbed values at a certain cell. Baetens et al.l' refined this approach in order to yield the full

Lyapunov profile of the CA.

Both definitions are only applicable to binary CA, which places an important limit on their useful-
ness is in practical scenarios since many CA-based models require three or more states. Examples
thereof include disease spread models requiring susceptible, infected and recovered states=l, ex-

16122

citable media models requiring excitable, excited and refractory states , and forest-fire models

requiring fuel, burning, empty and burnt states!Z,

Motivated by this shortcoming, in this paper we demonstrate how Bagnoli’s* approach for binary
CA can be extended to k-state CA by explicitly accounting for the directionality of the defects,
which means that a state change from a to b is not the same as a state change from b to a. In
addition to generalizing the existing framework, this extension provides insights into the different

types of defects that dominate the chaotic regime of a certain CA rule.

Section Il Bf provides a recap of Lyapunov profiles in the context of two-state CA. Section |l D
extends the approach to multi-state CA and provides an illustrative example in the form of the
totalistic three-state rule 420. Our results are described in Section [[IIl Section Bl describes
the Lyapunov profiles over the different Wolfram classes, Section discusses some average
Lyapunov exponents for four-state rules, Section [lII D] illustrates the usefulness of the difference
pattern growth plot and Section [[V|shows how our approach can be applied to a CA-based forest

fire model. Finally, our conclusions are presented in Section[V]
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II. LYAPUNOYV PROFILES OF CELLULAR AUTOMATA
A. Preliminaries

A CA can be conveniently represented by a sextuple 4 = (.7, S,s,s0,.4",¢). Here, 7 denotes
a countably infinite tessellation of a one-dimensional Euclidean space, consisting of consecutive
intervals c;,i € N, referred to as cells, and S constitutes the space of states of the CA. The output
function s : .7 x N — § yields the state value of cell ¢; at the ¢-th discrete time step, i.e. s(c;,).
The function sg : .7 — S assigns to every cell ¢; an initial state, i.e. s(c¢;,0) = so(c;). 4 (c;) is the
neighborhood function with size |.4/|, i.e. A4 (c;) = (¢i—1,¢i,ci+1) in the case of nearest neighbors.

Finally, the transition function ¢ : ST S, that governs the dynamics of each cell ¢;, is given by

s(cit+1) = ¢ (s(ci—1,t),s(cit),s(cit1,t)).

The most basic CA have |S| =2 and |.#"| = 3. Such CA are called elementary CA (ECA). Another
important class of CA are totalistic CA. For totalistic rules, the state space is endowed with the reg-
ular addition, and the updated cell value depends only on the sum of the values in its neighborhood

at the previous time step, or mathematically: s(c;,z+ 1) = ¢ (s(ci—1,7) +s(ci,t) + s(cit1,1))-

Based on a visual inspection of the space-time patterns that a CA tends to generate, we can classify
every CA into one of Wolfram’s four behavioral classes: Class I (fixed point behavior), Class II

(periodic behavior), Class III (chaotic behavior) and Class IV (complex behavior).

The next section provides an overview of the approach by Bagnoli ef al# to retrieve the Lyapunov
exponents of two-state CA, after which we generalize this approach to CA with an arbitrary number

of states.

B. Two-state CA: methodology

The space-time pattern generated by a CA rule can be interepreted as a trajectory in the CA con-
figuration space SN. However, since CA are fully discrete, there is no notion of infinitesimally
close configurations. Instead, we will consider initial configurations that differ at a single cell. The

difference pattern As(z) indicates how such a perturbation in the initial configuration, referred to
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as a defect, propagates to subsequent time steps
As(t+1)=s(t)—s*(1), (1)

where subtraction occurs modulo 2, s(¢) is the original space-time pattern and s*(¢) the perturbed
space-time pattern obtained by perturbing the value of a single cell in the initial configuration of
the original space-time pattern. For one-dimensional binary CA, we can use the Boolean Jacobian

matrix J(s(t),?) to obtain an update equation for the time evolution of the difference pattern:
As(t+1) = J(s(t),t) *As(t), (2)

where *x denotes the usual matrix multiplication but with the regular summation replaced by sum-
mation modulo 2%, The matrix J(s(¢),?) in Eq. contains the Boolean partial derivatives*® of
the transition function ¢ : § AT s

Tale)0)], = Ty 3)

L (A (en)) # 9(5(A (ei).1). @)

0, otherwise,

where §;(4(c;),t) is the tuple obtained by replacing s(c;,¢) by its complement in the tuple
S( A (ci),t).

The Jacobian’s elements simply indicate whether or not flipping the value at cell c; at time ¢ causes
a change in the value at cell ¢; at time # + 1. Whether or not a change at cell c¢; propagates to cell
¢; depends on its neighborhood .4 (¢;), which is why J(s(t),t) depends on the configuration s(z).
As such, the entries of J(s(t),t) reflect the local stability of the CA at time step #23. Note that
for one-dimensional CA with a neighborhood consisting of nearest neighbors only, J(s(t),?) is a

tridiagonal matrix since the right hand side of Eq. (d)) vanishes when c; ¢ A4 (c;).

In order to define Lyapunov exponents, we need to be able to define an exponential divergence of
nearby trajectories in the CA configuration space. The most straightforward choice of a metric to
obtain such a divergence, is the Hamming distance dj,. The Hamming distance between the original

and perturbed space-time pattern at a certain time step H (¢) is given by the sum of all the elements
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FIG. 1: Defect pattern when a single defect is introduced at the center of a two-state CA, with
arrows indicating all possible ways defects can propagate. Reproduced with permission from
Journal of Cellular Automata 13, (2015). Copyright 2015 Old City Publishing.

of the difference pattern at that time step

H(t) = du(s(1),s"(1)) (5)
:ZAs(ci,t). (6)

However, due to the local nature of CA dynamics, H(z) can grow at most linearly with time
H(t) <2t+1, (7)

so we cannot use the Hamming distance when we aim to define an exponential divergence of
trajectories in S™. To allow for such a divergence, we may instead consider the number of ways in
which defects can propagate to the ¢-th row of the difference pattern, instead of simply considering
the number of defects at a certain cell up to a given time step®. This is indicated by the arrows in
Figure |1} Let d(¢) be the defect pattern whose i-th element is the number of ways in which the
initial defect can propagate to cell ¢; after ¢ time steps. Again we may use the Boolean Jacobian

matrix J(s(t),t) to obtain an update equation for the time evolution of the defect pattern
d(r+1) = J(s(0),0)d() ®)

where regular matrix multiplication and summation take place. The sum of the elements of the
defect pattern equals the total number of ways in which defects can propagate to the z-th row of
the difference pattern D(¢) = Y;d;(¢). D(¢) can grow exponentially with time, allowing us to arrive
at a definition of a Lyapunov exponent that complies with their original definition in the theory of

dynamical systems".
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In summary, for one-dimensional binary CA the time evolution of the difference pattern s(¢) and

defect pattern d(¢) is governed by the following update equations:

As(t+1) = J(s(t),1) % As(1), )
d(t+1) = J(s(t),1)d(t). (10)

From Eq. () we may infer the upper bounds for H(¢) and D(¢)":

H(t) =) As(ci,t) < (|A] =D +1, (11)

D(t) =Y d(ci,t) < [N, (12)

where |4"| denotes the size of the neighborhood (e.g. |.4"| = 3 for ECA).

It is clear that in order to define Lyapunov exponents, we need to consider the number of ways in
which defects can propagate to a certain cell instead of merely considering the number of defects
occurring at a cell. As such, the defects are tracked in tangent space instead of configuration space.
Now we can define the total Lyapunov exponent as™

A :}leloélog (%) . (13)
In the maximally unstable case, every defect propagates to every cell in its neighborhood at the
next time step. This implies that all Boolean derivatives in the Jacobian are then non-zero, which
yields a defect pattern whose entries constitute the trinomial triangle. Since the sum of the elements
of the nth row of this triangle equals 3", the total Lyapunov exponent for the maximally unstable
cases equals log(3). Generalizing this result to CA with an arbitrary neighborhood size, we find

that the total Lyapunov exponent is constrained to {—eo} U [0,log (|.#])].

The total Lyapunov exponent characterizes the global stability of the CA. However, we may also
be interested in how the defects propagate to the different parts of the lattice. This additional

spatial information is contained in the defect pattern d(¢)". Applying the element-wise logarithm,
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we obtain the finite-time Lyapunov profile!:

AG,T) = %log(d(i,T)). (14)

A(T) constitutes a profile of N Lyapunov exponents, where N is the size of the lattice. In this
sense, a CA on a finite lattice is considered as an N-dimensional discrete dynamical system, where
every cell in the lattice corresponds to a single spatial dimension with a corresponding Lyapunov
exponent. The elements of A(7T) represent the averaged exponential growth rate of the number of

defects at every cell due to the introduction of an initial defect at the center of the lattice.

Note that in the original definition of the Lyapunov spectrum of a dynamical system, an infinites-
imally small perturbation is introduced in each of the N dimensions. The Lyapunov spectrum is
then defined as the set of eigenvalues of the product of the system’s corresponding Jacobian and its
transpose2Y. The N different eigenvalues correspond to the different growth rates of the N possible
(mutually orthogonal) perturbations one can introduce. When computing the Lyapunov exponents
of a CA, the aforementioned product of the Jacobians is multiplied by a single seed vector con-
sisting of all zeroes and a single non-zero entry at the center, which indicates that the perturbation
happens in only a single dimension (i.e. the cell at the center of the lattice). This is justified since,
in contrast to general dynamical systems, every dimension (i.e. every cell) is treated precisely the
same by the CA’s dynamics. This means that, for a large enough random initial configuration, the
global features of the Lyapunov profile do not depend on which cell is initially perturbed. Ad-
ditionally, perturbing only a single cell has the advantage of preserving the spatial information
regarding the spreading of the defects to neighbouring cells. Nevertheless, computing the Lya-
punov spectrum of a CA by diagonalizing the product of the Jacobians may be interesting and
complementary to the approach outlined here, as it would essentially provide a statistical distribu-
tion of the Lyapunov exponents and allow us to extend results regarding the Lyapunov dimension

to the framework of CALZ.,

The equivalence of the different dimensions (i.e. cells) in phase space to one another also has the
consequence that the global features of the Lyapunov profile are independent of the choice of the

random initial configuration when the size of the grid is large enough.
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FIG. 2: Normalized Lyapunov profiles of ECA rules 6 (a), 30 (b), 110 (c) and 150 (d).
Reproduced with permission from Journal of Cellular Automata 13, (2015). Copyright 2015 Old
City Publishing.

C. Two-state CA: examples

For ECA rule 150, all Boolean derivatives are 1, which indicates that every defect propagates to
its three neighboring cells at the next time step. Because of this, the Lyapunov profile of rule 150
is maximal. The value of the profile near the center equals %logz (6) I This upper limit allows us
the normalize the Lyapunov profiles of ECA. Figure [2] shows the normalized Lyapunov profiles of
different ECA. For Class III rules 90 and 150, the difference pattern grows at a maximal rate of
|.4| — 1 cells per time step. This yields a Lyapunov profile that is non-zero across the entire lattice.
This is not the case for all Class III rules. For example, rule 30 has a Lyapunov profile with a sharp
transition to —oo near the left of the lattice (Fig. [2b). This indicates that the difference pattern is

asymmetric and propagates at the maximal rate to the right but at a slower rate to the left.

Generally, the difference pattern of Class II rules is limited to a certain region. This yields a Lya-
punov profile that equals —eo across most of the lattice, except for some cells where the difference
pattern persists. However, there are certain exceptions such as Class II rules 6 (Fig. [2p) and 38,
which are stable yet have non-trivial non-zero Lyapunov profiles. Such a discrepancy between
the stability of a CA and its Lyapunov exponent is analogous to the Perron effect from dynamical
systems theory!>. Class IV rules such as rule 110 yield Lyapunov profiles that are similar to those

of Class III, with a sharp transition to —eo usually on one side of the lattice (Fig. [2c).

Note that the above definition of the Lyapunov profile is immediately extendable to higher di-
mensional lattices. For instance, Figure [3 shows the Lyapunov profile corresponding to the two-

dimensional equivalent of ECA rule 150.

Clearly, Eqgs. (4) and (10) rely on Boolean arithmetic since there is only one type of defect (a0 — 1
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FIG. 3: Lyapunov profile of a two-dimensional version of rule 150.
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defect). However, when we consider a CA with three or more states, there are multiple pairs of
states between which a transition is possible. Generally there are k(k — 1) /2 defects possible for
a k-state CA. Furthermore we can also account for the directionality of defects. This means that,
for example, a 1 — 0 defect is considered to be distinct from a O — 1 defect. This yields a total
of k(k— 1) possible defects for a k-state CA. Consequently, Eqgs. (@) and (I0) are not applicable to

CA with three or more states.

In the following section, we discuss how these equations can be extended to the multi-state case

while additionally taking the directionality of defects into account.

D. Multi-state CA

Generalizing the definition of Lyapunov exponents for two-state CA to k-state CA, while also
taking the directionality of the defects into account, will lead to k(k — 1) Lyapunov exponents.
Each exponent quantifies the average exponential growth rate of one of the k(k— 1) types of defects.
Our approach is illustrated using the three-state totalistic CA with rule number 420 according to
Wolfram’s numbering convention. This rule is chosen since it yields maximal Lyapunov profiles
as its Boolean derivatives are all non-zero. The rule table of this CA is shown in Table [l In such
a table, all possible values of the sum of the cells in the neighborhood of a cell ¢; are listed, along

with the corresponding update value of cell c;.

The extension of the Lyapunov profiles to multi-state CA requires a change in how the entries
of the Jacobian J(s(t),t) are defined. Now, in addition to the Boolean partial derivatives of the

transition function ¢ : SI¥'1 — S, J(s(),r) in Eq. (@) contains also a symbolic label T,_,,, to track
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Y s(ennle543210
s(cot+1) 0120120

TABLE I: Rule table for totalistic rule 420

the type of defect that occurs:

Ty A @ (S(A(c1),1)) 7 O (5w (A (ci),1))
[J(s(r),z)}l.j = (15)

0, if ¢ (5(A (ci),1)) = O (5jvmw(A (ci),1)).

Here, §; (4 (c;i),t) is the tuple obtained by perturbing s(c;,t) from state v to state w in the
tuple §(4 (c;),t). The state values of v and w depend on the type of defect arriving at cell ¢; at

time ¢.

We have the same update equation governing the time evolution of d(¢):
d(t+1)=J(s(t),1)d(t), (16)

where regular matrix multiplication takes place. Given that 7,_,,, is a symbolic label, the elements
of d(t) are polynomials in 7,_,,. We denote the polynomial at cell ¢; at time step ¢ as &} (Ty—).
Each term in &/ (7,_,,,) represents a defect path that arrives at cell i in 7 time steps. The exponent

of 7,_,,, in such a term represents the number of times the defect 7,_,,, occurs in this defect path.

Figure [4| shows the space-time pattern generated by totalistic rule 420 starting from a random
initial configuration of seven cells evolved over three time steps. The central cell of the initial
configuration is perturbed from O to 2. The subsequent defect propagation yields defects at an
increasing number of cells at each subsequent time step. There are three arrows going from the
initial defect at ¢+ = O to the configuration at + = 1; all three Boolean derivatives are non-zero

because:

¢({1,0,0}, =0) # ¢({1,0,2}, =0) (17)
¢({0,0,0},: =0) # ¢({0,2,0},7 =0) (18)
¢({0,0,0},r =0) # ¢({2,0,0},r =0). (19)
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FIG. 4: Schematic representation of how an initial defect introduced at cell 3, t = 0 propagates
throughout the lattice, for the case of totalistic three-state rule 420.

Recall that totalistic rule 420 was chosen precisely because its Boolean derivatives are always 1,
yielding maximal defect spreading. This means that all defects at all cells will propagate to their
three neighboring cells. The arrows in Figure [ are labelled by the type of defect that is being
propagated. For simplicity, only the first three defect arrows are labelled in Figure @] In some
instances, there are two or more defect arrows arriving at a cell, yet there is no defect present at
this cell. For instance, this is the case at cell three at time step 7 = 2 in Figure d] and occurs when
two or three defects interact in such a way that they cancel each other out. Naturally, as there is
no defect present at such a cell, there are no outgoing defect arrows. So missing outgoing defect
arrows point to either a zero-valued Boolean derivative or multiple defects cancelling each other

out.

Let us now provide a better understanding of the polynomials’ structure. For instance, as shown

in Figure , QZS(TV_W) equals Ty—2Tr—0T2—1, Which indicates that there is a single defect path
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arriving at cell ¢; = 0 at time step ¢ = 3. Moreover, it consists of three different defects 792, 70
and 7,_,;. When moving towards the center of the lattice, where the defect was introduced, the

number of defect paths arriving at a certain cell increases. Indeed,

3 2
D7 (Trosw) = 0-2T-0T2—1 + 12T 50 + T0—2T0—1T2-0-

Now there are three terms in this polynomial, indicating that three defect paths arrive at cell ¢; = 1
at the third time step, the first consisting of a 0 — 2, 2 — 0 and 2 — 1 defect, the second of a
0 — 2 defect and two 2 — O defects, and the third of a 0 — 2, 0 — 1 and 2 — 0 defect. The
sum of the exponents of each term in the polynomial equals the number of defects comprising the
defect path, which will always equal the number of time steps. In the two-state case, the Jacobian
contained ones and zeroes, yielding only the number of defect paths arriving at a given cell. Here,

this number is given by the number of terms in a polynomial at a given cell.

For the sake of comprehensiveness, we introduce the notation Y (Z/(7,—),q — r) to denote the
sum of the exponents of every 7, ., variable in 321[ (Ty—w). For example, for totalistic rule 420 we

obtain for the 2 — 0 defect the following for cells ¢; =0 and ¢; = 1

Y (Z5(t-w),2—0) =1 (20)
Y (2} (1i50),220) =1+2+1=4. 1)

Note that this reduces to the familiar approach applied to two-state rules when considering the
number of terms (i.e. the number of defect paths) that occur in each polynomial: the results above
would be 1 and 3 respectively. Now we get additional information since we are not only interested
in the number of defect paths, but also the kind of defects that the paths consists of, which is
reflected by the size of each of the terms occurring in the sums in Eq. (20) and 21).

Finally, we may introduce the finite-time Lyapunov profile associated with defect ¢ — r as follows:

1
Agosr(i,T) = - log Y (2] (tsw),g— 7). (22)

Note that this approach is readily applicable to both deterministic and probabilistic CA.
In addition to considering the full Lyapunov profile that corresponds to a specific defect pattern,
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FIG. 5: Average Lyapunov exponents for totalistic rule 420.

we may consider the average Lyapunov exponent (ALE) by averaging the k(k — 1) total Lyapunov
exponents across many initial configurations. In this way, we obtain an overview of the average
propagation of defects. The ALEs for rule 420 are shown in Figure[5] Due to the chaotic nature of

rule 420, the six different ALEs have similar values.

It should also be noted that while the Lyapunov exponents provide a comprehensive overview
of how different kinds of defects propagate, they fail to capture whether the defect cone grows
regularly or irregularly. One way to capture this is by plotting the size of the defect pattern (i.e.
the sum of its entries) at time step ¢ versus the size of the defect pattern at £ + 1. Figure [6] shows
the space-time pattern generated by rule 421 together with the corresponding defect pattern and
defect pattern growth plot. Note that totalistic rule 421 was chosen instead of totalistic rule 420
as the latter would not be particularly enlightening due to its unique difference pattern, which is a

consequence of its additive property.

In the following section, we illustrate this newly proposed approach for some exemplary totalistic

three-state rules, to demonstrate the utility of the additional insights our approach can provide.

III. BEHAVIORAL ANALYSIS OF MULTI-STATE CA
A. Experimental setup

For each of the totalistic three-state rules considered in this section, the propagation of defects
emerging from a single defect was tracked for 75 time steps in a one-dimensional system consist-

ing of 150 cells. Every simulation starts from a random initial configuration with a single initial
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FIG. 6: The space-time pattern (a) generated by rule 421 together with the corresponding defect
pattern (b) and defect pattern growth plot (c).

defect at the center of the lattice. Note that the Lyapunov profiles generally depend on the initial
configuration from which they are evolved, however for a large enough lattice size, this dependence

becomes negligible.

For the sake of clarity, the discrete points in the Lyapunov profiles are connected by lines. A single
totalistic three-state rule is chosen from each of Wolfram’s classes°Y, and its original space-time
pattern, defect pattern and Lyapunov profiles are computed. Rules with short transients are chosen,
so that the Lyapunov profiles reflect the steady-state behavior of their corresponding rule. When
averaging the profiles over the k(k — 1) posssible defects, the results regarding defect spreading
in the different Wolfram classes are similar to those obtained in the ECA case described in Sec-
tion However, distinguishing between the different defect types and introducing a Lyapunov

profile for each of these types gives us additional interesting insights.
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B. Phenomenology
1. Class1

The rules in Class I demonstrate trivial behavior. Examples include rules 135, 252 and 279. After
a transient, the difference pattern vanishes which yields a Lyapunov profile that is zero every-
where. Any perturbation to the initial configuration dies out and the system converges to the same

equilibrium configuration.

2. Class Il

After a short transient, Class II rules yield a periodic difference pattern that generally depends on
the initial configuration. As it is periodic, the difference pattern is non-expanding, which means the
initial perturbation can only affect cells within a certain finite region. In this region the Lyapunov
profile is non-zero. The types of defects that tend to occur in the periodic region of the difference
pattern is reflected in differences in magnitude between the Lyapunov profiles corresponding to
different defect types. This is illustrated in Figure[7p for rule 126, where the 1 — 0 defects make up
an important part of the periodic region of the defect pattern, as this is reflected in the corresponding
Lyapunov profile in Figure [7c. Additionally, it is clear that the Lyapunov profile is non-zero only

in those regions of the lattice where the periodic part of the defect pattern persists.

3. Class III

The difference patterns associated with Class III rules are expanding. The difference pattern growth
rate often approaches the upper bound of |.4"| — 1 cells per time step. The typical Lyapunov profiles
associated with such a difference pattern are shown for rule 420 in Figure[§] As Class III CA are
chaotic, the profiles are non-zero across the entire lattice and are largely overlapping since the
different defect types are randomly and uniformly distributed over the difference pattern. The
profiles reach their maximal value near the cell where the initial perturbation was introduced, since

the number of paths reaching this cell is maximal.

The Lyapunov profiles have a typical shape which is independent of the initial configuration, which

is analogous to their typical white noise power spectrum®
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FIG. 7: The space-time pattern (a), defect pattern (b) and Lyapunov profiles for the six defect
types (c) generated by Class II rule 126.

4. Class IV

Often, Class IV CA are considered to lie in the transition region between Class II and Class III
CAT#29BI This is reflected in the fact that their Lyapunov profiles have characteristics of those
associated with both classes. The difference pattern is expanding, yet often at a highly variable
rate that is significantly below the the upper bound of |.#"| — 1 cells per time step. This yields
Lyapunov profiles that are non-zero only in certain parts of the lattice while, similarly to Class II

Lyapunov profiles, a sharp transition to zero may occur. This is illustrated for rule 231 in Figure 9]

Unlike Class III profiles which have a single maximum near the cell where the perturbation was
introduced, Class IV CA may have multiple local extrema. This is illustrated for Class IV rule 114
in Figure A local minimum in the Lyapunov profiles indicates the splitting of the difference

pattern into two clusters, which can be seen in Figure[I0. During the time evolution of a Class IV
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FIG. 8: The space-time pattern (a), defect pattern (b) and Lyapunov profiles for the six defect
types (c) generated by Class III rule 420.

rule, any number of such clusters can emerge and often they collide again at a later time. This
yields an ever changing number of local extrema in the Lyapunov profile as time progresses, so the
finite time Lyapunov profiles of Class IV rules strongly depend on the considered number of time
steps. This is to be expected, as Class IV is often regarded as CA with an infinite transient (i.e. no

steady-state behavior)>?.

Additionally, the Lyapunov profile of a Class IV CA often depends highly on the type of defect
that is considered. This is illustrated for Class IV rule 63 in Figure [[ 1] where it is clear that
the Lyapunov profile associated with the 2 — 0 defect dominates. This indicates that, for large

simulation times, any defect path will consist nearly entirely of 2 — 0 defects.

The distinct properties of Class IV Lyapunov profiles allows us to distinguish Class IV CA from

Class ITI CA, which has otherwise been proven to be exceptionally difficult=>*3L,
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FIG. 9: The space-time pattern (a), defect pattern (b) and Lyapunov profiles for the six defect
types (c) generated by Class IV rule 231.

C. Average Lyapunov exponents

The k(k — 1) ALEs summarize the average propagation of defects by providing the average value
of the total Lyapunov exponents when computed for many different initial configurations. This
information can be conveniently represented in a state transition graph where the k nodes represent

the CA state space and the arrows between them indicate the ALE of the corresponding defect.

Figure [I2b] shows the state transition graph for Class III totalistic 4-state rule 120 and the ALEs
retrieved by considering 100 different random initial configurations. All ALEs have a value close
to 0.5, so this state transition diagram indicates that any kind of initial defect propagates throughout

the lattice by causing all possible defects with a similar relative frequency.

Figure [12b| shows the state transition graph for Class II totalistic 4-state rule 70, where again the

ALEs were computed by averaging over 100 different initial configurations. In this case, there is
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FIG. 10: The space-time pattern (a), defect pattern (b) and Lyapunov profiles for the six defect
types (c) generated by Class IV rule 114.

a clear variation in the values of the different ALEs. Some defects yield vanishing ALEs in both
directions (e.g. 1 — 3 and 3 — 1), while others yield a vanishing ALE only in a single direction

(e.g. 2 —3).

D. Growth of the difference pattern

By plotting the size of the defect pattern at time step ¢ versus the size of the defect pattern at time
step t + 1, we obtain additional useful information about whether or not the defect cone grows

regularly or irregularly.

When the difference pattern grows at a relatively regular rate, the points in the scatter plot tend
to hover closely around the diagonal y = x, which is reflected by a high Pearson correlation co-

efficient. Conversely, irregular growth will ensure that points are scattered farther from diagonal,
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FIG. 11: The space-time pattern (a), defect pattern (b) and Lyapunov profiles for the six defect
types (c) generated by Class IV rule 63.

(a)

(b)

FIG. 12: Average Lyapunov exponents for totalistic 4-state rules 120 (a) and 70 (b) represented
using a state transition graph.
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FIG. 13: The space-time pattern (a) generated by three-state totalistic rule 300 together with the
corresponding defect pattern (b) and defect pattern growth plot (c).

yielding a lower Pearson correlation coefficient.

Below, we illustrate the usefulness of this concept for some totalistic three-state rules. Figure
shows the space-time pattern, defect pattern and corresponding defect pattern scatter plot for 400
time steps generated by Class I1I rule 300. The points in the scatter plot are colored according to the
time step to which they correspond: darker colours indicate earlier time steps. The defect pattern
grows regularly, leading to points clustered closely around the diagonal and a Pearson correlation

coefficient very close to 1.

On the other hand, Figure 14| shows Class III rule 136, which is similarly chaotic, but has a defect
pattern that grows more irregularly. This is reflected in a scatter plot with a lower Pearson correla-
tion coefficient. For some rules, the defect pattern fluctuates between extended periods of growth
and periods of contraction. This is reflected by the emergence of two clusters in the scatter plot,

one at each side of the diagonal, as shown in Figure [I5|for rule 69.
Finally, there are also additive CA, which lead to unique defect patterns such as the one shown for
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FIG. 14: The space-time pattern (a) generated by three-state totalistic rule 136 together with the
corresponding defect pattern (b) and defect pattern growth plot (c).

Class III rule 170 in Figure[I6b] The appearance of white triangular clearings in the defect pattern

yields a scatter plot with a low Pearson correlation coefficient but without any particular clustering.

IV. BEHAVIORAL ANALYSIS OF A CA-BASED FOREST FIRE MODEL

Many CA-based models require more than two states. Examples include disease spread models2!
excitable media model, and forest fire models'”. This section shows how the multi-state
Lyapunov exponents and the related concepts outlined in the previous sections can be used to
provide a comprehensive overview of the stability and sensitivity of such CA-based models. In

particular, we consider a deterministic two-dimensional three-state forest fire CA model.

Figure [[7h illustrates the transition functions of the model schematically. Each cell either contains
a non-burning tree (T), a burning tree (B) or is empty (E). A cell containing a tree will ignite at ind
t + 1 if any of its neighbors are burning at time step ¢. A cell that is burning at time step ¢ will be

removed at time step ¢ 4 1, which means we assume that every tree burns for precisely one time
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FIG. 15: The space-time pattern (a) generated by three-state totalistic rule 69 together with the
corresponding defect pattern (b) and defect pattern growth plot (c).

step. An empty cell and a cell with a tree that does not have any burning neighbors will remain

unchanged. Note that this CA belongs to Class IV in Wolfram’s classification.

This model can be extended to make it more realistic by using a probabilistic update rule, shown
schematically in Figure The probabilistic extension involves three changes to the determinis-
tic model. Firstly, a tree without any burning neighbors can still ignite at the next time step with
probability p¢. This takes into account the possibility that trees can catch fire due to overheating,
lightning or human actions. Secondly, a burning tree will be removed at the next time step with
probability pj, which signifies that not all trees have the same burning time and thus accounts for
individual variability between trees. Lastly, trees grow from an empty cell at the next time step

with a probability pe.
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FIG. 16: The space-time pattern (a) generated by three-state totalistic rule 170 together with the
corresponding defect pattern (b) and defect pattern growth plot (c).

if BE N; Py
O
if BE N;
\ Db
(b)

(a)

FIG. 17: Visual representation of the update rule for the deterministic (a) and probabilistic (b)
forest fire model. The notation B& V; is used to indicate that one of the neighbors of the cell is
burning.

When simulating the forest fire spread, the density of trees in the initial configuration is inferred

from p, (i.e. the probability that a single cell is occupied by a tree is p;). This parameter has a
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FIG. 18: Average Lyapunov exponents as a function of p, for the deterministic (a) and
probabilistic (b) forest fire model. The points in the plot are colored according to the fraction of
non-zero Lyapunov exponents: darker colours indicate that only a few Lyapunov exponents are

non-zero

significant influence on the ability of the fire to spread and consequently on the sensitivity of the
model to defects. As such, it is useful to look at the relationship between the Lyapunov exponents
and pg4, which is shown in Figure I8 For every value of p,, the ALEs are computed by averag-
ing over 30 replicate simulations. For the probabilistic model, the values py = 0.0005, pg = 0.01
and p;, = 0.7 were used. Each ALE value is coloured according to the number of non-zero Lya-
punov exponents across the ensemble of 30 Lyapunov exponents. In the deterministic case, only
those defects that are physically possible in the model are non-zero (T — E, T — B and B — E),
1.e an empty cell cannot burn at any subsequent time step and an empty or burning cell cannot
contain a tree at any subsequent time step. The ALE associated with the T — B defect increases
monotonously with p;. The ALEs associated with the T — E and B — E defects have a maximum
value near p; ~ 0.7. This indicates that the initial tree density can neither be too high nor too low

in order to achieve the most efficient spreading of defects with an empty final state.

The results regarding 7 — E, T — B and B — E defects are similar for the probabilistic extension
of the model. However, now the E — T, B — T and E — B defects are physically possible in the
model as well. The E — T defect, which is now possible due to trees growing from an empty cell,
is present and relatively independent of the initial tree density. The ALEs associated with B — T

and £ — B defects are also present yet relatively low, due to the fact that these states are further
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apart in the model’s state space (i.e. a burning cell first needs to become empty before it can grow
a tree and an empty cell first needs to grow a tree before it may start to burn). Furthermore, there

appears to be a cut-off value near p; ~ 0.5, below which these defects are unable to spread.

Generally, our results indicate that the forest fire model will behave more chaotically when the
initial tree density is higher. This is to be expected, as a higher initial tree density yields a model

whose parts (i.e. cells) interact more strongly with one another.

V.  CONCLUSIONS

In this paper, we have shown how the existing method of computing Lyapunov exponents of
one-dimensional binary CA may be generalized to arbitrary deterministic or probabilistic N-
dimensional k-state CA. In addition to generalizing the existing framework, our approach has the
advantage that is distinguishes between the directionality of the defects. Furthermore, we intro-
duced the ALE and the correlation coefficient associated with the difference pattern growth as
concepts quantifying the sensitivity of the CA to initial perturbations. We applied our proposed
approach to several three-state and four-state rules as well as a CA-based forest fire model. De-
pending on the specific CA, the Lyapunov profile, ALE and/or the correlation coefficient may be

used to provide a comprehensive overview of the stability of the CA dynamics.

CA that are classified as Class IV in Wolfram’s classification are generally the most interesting
from both a theoretical and applied perspective. The Lyapunov profiles of these rules are particu-
larly interesting as they or often dominated by a single type of defect, which indicates that Class IV
CA may respond to a perturbation in a specific way. Additionally, the Lyapunov profiles of Class
IV rules usually exhibit multiple local minima, indicating that the lattice is subdivided in multiple
stable and unstable regions. Both of these particular features of Class IV Lyapunov profiles may
be used to distinguish Class IV rules from Class III rules. This is a task that has confounded, and
still confounds, many different classification techniques, while representing a key achievement in

the characterization of CA.
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