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Abstract

The diamond is the graph obtained by removing an edge from the complete graph on
4 vertices. A graph is (FPg, diamond)-free if it contains no induced subgraph isomorphic
to a six-vertex path or a diamond. In this paper we show that the chromatic number of
a (Pg, diamond)-free graph G is no larger than the maximum of 6 and the clique number
of G. We do this by reducing the problem to imperfect (P, diamond)-free graphs via the
Strong Perfect Graph Theorem, dividing the imperfect graphs into several cases, and giving
a proper colouring for each case. We also show that there is exactly one 6-vertex-critical (Ps,
diamond, Kg)-free graph. Together with the Lovdsz theta function, this gives a polynomial
time algorithm to compute the chromatic number of (Ps, diamond)-free graphs.

Keywords. Graph colouring; y-boundedness; strong perfect graph theorem; Lovasz theta
function; polynomial-time algorithms.

1 Introduction

All graphs in this paper are finite and simple. For general graph theory notation we follow [3].
A g-colouring of a graph G assigns a colour from a colour set {1,...,q} to each vertex of G
such that adjacent vertices are assigned different colours. We say that a graph G is g-colourable
if G admits a g-colouring.

Graph colouring was originally motivated by colouring maps. The famous Four Colour The-
orem (which was proven by Appel and Haken [1]) says that every planar graph is 4-colourable.
So every planar map can be coloured with 4 colours such that neighbouring countries have
different colours. Many other real-life problems can be modelled by graph colouring. Here we
give an example of scheduling. Assume that we have a set of jobs. Each job consumes an
arbitrary processor for a specific period of time, while each processor can execute at most one
job at the same time. Let G be a graph such that the vertices are the jobs, and two jobs are
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adjacent if their time periods overlap. Now the jobs can be done with ¢ processors if and only
if G is g-colourable. There are many other applications of graph colouring, such as memory
allocation [2, 4], aircraft scheduling [25] and so on [14, 15].

The problem of deciding if a graph is g-colourable is called the g-colouring problem. This
decision problem is NP-complete for general graphs for every ¢ > 3. However, there exist
polynomial time algorithms when the input graphs are restricted to certain graph classes. For
example, Chudnovsky, Spirkl, and Zhong [11] recently showed that the 4-colouring problem can
be solved in polynomial time for the class of Ps-free graphs. The chromatic number of a graph
G, denoted by x(G), is the minimum number ¢ for which G is g-colourable.

Let P,, C, and K, denote the path, cycle and complete graph on n vertices, respectively.
The diamond is the graph obtained from K, by removing an edge. For two graphs G and H,
we use G+ H to denote the disjoint union of G and H, and GV H to denote the graph obtained
from the disjoint union of G and H by adding an edge between every vertex in G and every
vertex in H. For a positive integer r, we use rG to denote the disjoint union of r copies of
G. A hole is an induced cycle on 4 or more vertices. An antihole is the complement of a hole.
A hole or antihole is odd or even if it has an odd or even number of vertices. We say that
a graph G contains a graph H if an induced subgraph of G is isomorphic to H. A graph G
is H-free if it does not contain H. For a family H of graphs, G is H-free if G is H-free for
every H € H. The graphs in H are the forbidden induced subgraphs of the family of H-free
graphs. We write (Hy, ..., Hy)-free instead of {Hj, ..., H,}-free. A clique is a vertex set whose
elements are pairwise adjacent. A vertex set is stable if its elements are pairwise nonadjacent,
and nonstable otherwise. The clique number of G, denoted by w(G), is the size of a largest
clique in G. Obviously, x(G) > w(G) for any graph G.

A graph family G is hereditary if G € G implies that every induced subgraph of G belongs
to G. Obviously, G is hereditary if and only if G is the class of H-free graphs for some H. A
graph G is perfect if x(H) = w(H) for each induced subgraph H of G, and imperfect otherwise.
As a generalisation of perfect graphs, Gyarfas [20] introduced the y-bounded graph families. A
hereditary graph family G is x-bounded if there is a function f such that x(G) < f(w(G)) for
every G € G. The function f is called a y-binding function. Chudnovsky, Robertson, Seymour
and Thomas [10] characterized the family of perfect graphs by forbidden induced subgraphs:

Theorem 1 ([10]). A graph is perfect if and only if it does not contain an odd hole or an odd
antihole as an induced subgraph.

In other words, the family of (odd hole, odd antihole)-free graphs is y-bounded, and its
x-binding function is the identity function. Based on this theorem, researchers studied various
graph families with two forbidden induced subgraphs and found several families that have a
linear y-binding function. Note that every graph family mentioned in this paragraph forbids odd
holes and odd antiholes on 7 or more vertices. It then follows from Theorem 1 that every graph
in these graph families is either perfect or contains a C5. In particular, Gaspers and Huang [16]
showed that x(G) < 3w(G) for every (Ps,Cy)-free graph G. Karthick and Maffray [22] improved
the x-binding function of (Pg,Cy)-free graphs to %w(G). The graph P,V K is called a gem, and
a co-gem is the complement of a gem. Cameron, Huang and Merkel [6] showed that x(G) <
|3w(G)] for every (Ps, gem)-free graph G. Chudnovsky, Karthick, Maceli, and Maffray [9]
improved the x-binding function of (Ps, gem)-free graphs to (%w(Gﬂ. Karthick and Maffray [21]
showed that x(G) < [2w(G)] for every (gem, co-gem)-free graph G, and in [23] they showed that
every (Ps, diamond)-free graph G satisfies x(G) < w(G) + 1. For the family of (Ps, diamond)-
free graphs, Karthick and Mishra [24] showed that every (Ps, diamond)-free graph G satisfies
X(G) < 2w(G) + 5. In the same paper, they proved that every (Ps, diamond, Ky)-free graph is
6-colourable. Finally, Cameron, Huang, and Merkel [7] improved the x-binding function of (Ps,
diamond)-free graphs to w(G) + 3.



Our Contributions

In this paper, we prove that every (Pg, diamond)-free graph G satisfies x(G) < max{6,w(G)}
(cf. Theorem 5 in Section 4). We do this by reducing the problem to imperfect (Ps, diamond)-
free graphs via the Strong Perfect Graph Theorem, dividing the imperfect graphs into several
cases, and giving a proper colouring for each case.

Furthermore, we prove that the chromatic number of (P, diamond)-free graphs can be
determined in polynomial time (cf. Theorem 7 in Section 5). In particular, we show that there
is exactly one 6-vertex-critical (Pg, diamond, Kg)-free graph. Together with the Lovasz theta
function, this gives a polynomial time algorithm to compute the chromatic number of (P,
diamond)-free graphs. Note that Dabrowski, Dross and Paulusma [13] proved the following
dichotomy for computing the chromatic number of (diamond,H )-free graphs when H has at
most 5 vertices: they proved that this problem is NP-complete when H contains a claw or a
cycle, and polynomial time solvable otherwise. Our result thus generalises the polynomial time
solvability of computing the chromatic number of (Ps,diamond)-free graphs.

Our results are an improvement of the result of Cameron, Huang and Merkel [7], answer an
open question from [7], and are a natural next step of [13]. We believe that our proof technique
for polynomial time solvability may also be useful for other graph families (see Section 6).

The remainder of the paper is organised as follows. We present some preliminaries in Sec-
tion 2 and show some structural properties of imperfect (P, diamond)-free graphs in Section 3.
We prove the y-bound in Section 4 and prove that the chromatic number can be determined in
polynomial time in Section 5. We end with some open problems in Section 6.

2 Preliminaries

Let G = (V, E) be a graph. A neighbour of a vertex v is a vertex adjacent to v. The neigh-
bourhood of a vertex v, denoted by Ng(v), is the set of neighbours of v. The degree of a vertex
v, denoted by d(v), is the number of neighbours of v. We denote the minimum degree of the
vertices of G by d(G). For X C V, let Ng(X) = Uyex Na(v) \ X. For zx € V (or X C V)
and S C V, let Ng(x) = Ng(x) NS (or Ng(X) = Ng(X)NS). Forz € V (or X C V) and
Y CV, we say that = (or X) is complete (resp. anti-complete) to Y if x (or every vertex in X)
is adjacent (resp. nonadjacent) to every vertex in Y. We denote the complement of G by G.
For § C V, let G[S] denote the subgraph of G induced by S. We often write S for G[S] if the
context is clear. We say that S induces an H if G[S] is isomorphic to H. A clique K C V is a
clique cutset if G — K has more components than G. Two vertices u,v € V' are comparable if
they are nonadjacent, and either Ng(u) C Ng(v) or Ng(v) € Ng(u). A component of a graph
is trivial if it has only one vertex, and nontrivial otherwise. We say that the edges between two
vertex sets X and Y form a matching if every vertex in X has at most one neighbour in Y, and
every vertex in Y has at most one neighbour in X.

Grotschel, Lovész and Schrijver [19] showed that the chromatic number of a perfect graph
can be computed in polynomial time. In that paper, the authors used the Lovasz theta function:

n
HG) :=max{ Y by :
ij=1
B = (bi;) is positive semidefinite with trace at most 1, and b;; = 0 if ij € E}.

The Lovasz theta function satisfies that w(G) < 9(G) < x(G) for any graph G, and can be
calculated in polynomial time [19].



A graph G is k-vertex-critical if x(G) = k, and every proper induced subgraph of G has
chromatic number smaller than k. The following properties of k-vertex-critical graphs are well-
known.

Lemma 1 ([3]). If G is a k-vertez-critical graph, then G is connected, has no clique cutsets or
comparable vertices, and 6(G) > k — 1.

It is easy to see that G is not (k — 1)-colourable if and only if G contains a k-vertex-critical
graph. This simple observation has an important algorithmic implication, the proof of which
can be found in [5].

Theorem 2 (Folklore). If a hereditary graph family G has a finite number of k-vertex-critical
graphs, then the (k — 1)-colouring problem can be solved in polynomial time for G by simply
testing if the input graph contains any of these k-vertex-critical graphs as induced subgraph.

The concept of k-vertex-critical graphs is also important in the context of certifying algo-
rithms [26]. An algorithm is certifying if, along with the answer given by the algorithm, it also
gives a certificate which allows to verify in polynomial time that the output of the algorithm
is indeed correct. In case of the k-colouring problem, a canonical certificate for yes-instances
would be a proper k-colouring of the graph while a canonical certificate for no-instances would
be a (k + 1)-vertex-critical graph.

We will also use the following two theorems in our proof:

Theorem 3 ([11]). The 4-colouring problem can be solved in polynomial time for the class of
Ps-free graphs.

Theorem 4 ([27]). Let G be a (FPs, K3)-free graph with no comparable vertices. Then G is
4-colourable. Furthermore, G is not 3-colourable if and only if it contains the Grétzsch graph as
an induced subgraph and is an induced subgraph of the 16-vertex Clebsch graph. (See Figure 1
for drawings of the Clebsch graph and the Grétzsch graph.)

Figure 1: The Clebsch graph. The 11 vertices with indices 0, ..., 10 induce the Grotzsch graph.

3 The Structure of Imperfect (F;, diamond)-Free Graphs

In this section we study the structure of imperfect (Ps, diamond)-free graphs. By Theorem 1,
every imperfect (Pg, diamond)-free graph contains a C5. Let G = (V, E) be an imperfect (P,
diamond)-free graph. We follow the notation of [7] and partition V into the following subsets:



Let Q={v1,v2,v3,v4,v5} induce a C5 in G with edges v;v;41 for i=1,...,5, with all indices
modulo 5.

Ai={v e VAQ : No(v) = {vi}},
Biipi={v € VAQ : Ng(v) = {vi, vit1}},
Ciive={v € VAQ : No(v) = {vi, viya}},
Fi={v e V\Q : Ng(v) = {vi, vi—2,viy2}},
Z={v e V\Q : No(v) = 0}.

Let A:U?:1 A;, B:Uf:1 Bi i1, C:U?:1 Ciit2, F:U?:1 F;. Since G is diamond-free, any
vertex in V'\@Q cannot be adjacent to three sequential vertices v;, v;j41, vi+2 in @, then V=0Q U
AUBUCUFULZ.

In [7] the following 21 properties of these subsets are proved:

< d 9 d
[ N

e e T T e T T e T
GGG
«w J O O

— Y N~ Y Y ~— Y ~— ~—

"
=

Each component of A; is a clique.

The sets A; and A; 41 are anti-complete.
The sets A; and A; o are complete.

Each B; ;41 is a clique.

The set B=DB; i+1 U Bjt2+3 for some i.
The set B; ;41 is anti-complete to A; U A;11.
The set B; ;41 is complete to A;_1 U A;40.
Each Cj ;42 is a stable set.

Each vertex in Cj ;42 is either complete or anti-complete to each component of A; and
Aiyo.

Each vertex in Cj ;42 has at most one neighbour in each component of A;;1, A;3 and
Ai+4.

Each vertex in C; ;4 is anti-complete to each nontrivial component of A; ;.

The set C; ;42 is anti-complete to Bj j4+1 if j # 7 + 3. Moreover each vertex in C; ;42 has
at most one neighbour in B; 3 j44.

Each F; has at most one vertex. Moreover, F' is a stable set.

The set F; is anti-complete to A;1o U A;t3.

Each vertex in Fj is either complete or anti-complete to each component of A;.
Each vertex in F; has at most one neighbour in each component of A;y1 and A; 4.
The set F; is anti-complete to B; j11 if j # i + 2 and complete to Bj ;11 if j =i + 2.
The set F; is anti-complete to Cj 4o if j #i — 1.

If A; is not stable, then A;1o = Ajt3 = Bit1,i42 = Bi—1,i—2 = 0.

If A; is not empty, then each of B;yi ;42 and B;_; ;2 contains at most one vertex.
The set Z is anti-complete to AU B.

Now we prove some new properties which we will use in our proofs in Section 4 and
Section 5:

If A;, Biy1i+2 and Bjiz;y4 are all nonempty, then Ciyq 43 (vesp. Ciyoita) is anti-
complete to A;yo (resp. A;13).



Proof. Suppose that a1 € A;, as € A;ya, b1 € Bi+17i+2, by € B,‘+37i+4, c e Ci+1,i+3 such
that agsc € E. By (P3), aiay € FE. By (PG), bias ¢ FE. By (P7), albl,albz,asz € FE.
By (P12), bic,bec ¢ E. Then either {aq, as, b, ¢} induces a diamond or {b, a1, ag, ¢, Vi3, Vit }
induces a Py, depending on whether a1 and ¢ are adjacent. O

(P23) Suppose that B; ;11 is nonempty. Then C; ;12UC;_2; (resp. C;—1,i+1UCi41,i43) is complete
to Aj—1 (resp. Aijt2). Moreover if A, (resp. A;i2) is nonempty, then C; ;42 and Ci_g;
(resp. Ci—1,i+1 and Cjq1,4+3) are anti-complete.
Proof. Let a € Aj—1, b € Bj ;1. Suppose there is a vertex ¢; € Cj ;42 such that ac; ¢ E
or cg € CZ',QJ' such that aco Qf E. By (P12), bCl,bCQ ¢ E. Then {cl,vi+2,vi,2,vi,1,a, b}
or {c2,vi—2,v;—1,a,b,v;11} induces a Ps. This proves the first part of the claim. Suppose
that ¢; € Cj 42 and ¢ € Cj_o; are adjacent, then {a,c1, c2,v;} induces a diamond. O

(P24) Suppose that A; U A;;q is nonempty. Then B; ;41 is complete to A;;3. Moreover if B; ;41
contains two or more vertices, then A;;3 is empty.
Proof. By symmetry suppose that a1 € A;, ax € A;j13, b € B; ;11 such that bay ¢ F.
By (P3), aias € E. By (P6), ba; ¢ E. Then {b,v;, a1, a2, v;t+3,vi+2} induces a Ps. This
proves the first part of the claim. Suppose that b1,b2 € B;iy1, a € Aijps. By (P4),
biby € E. Then {v;, b1,bs,a} induces a diamond. O

(P25) If B; ;41 is nonempty, then C;_o; (resp. Cit1,+3) is anti-complete to A; (resp. A;y1).

Proof. Suppose that a € A;, b € B; 11, ¢ € Cj_; such that ac € E. By (P6), ab ¢ E.
By (P12), bc ¢ E. Then {a, ¢, v;—2,vit2,v;+1,b} induces a Py. O

(P26) If B;;+1 is nonempty, then Z is anti-complete to Cjt1,i13 U Cit3;.

Proof. By symmetry suppose that b € B; i1, ¢ € Cit1,i+3 and z € Z such that cz € E.
By (P12), bc ¢ E. By (P21), bz ¢ E. Then {z, ¢, vj+3, Vit+4, v;, b} induces a Py. O

4 The y-Bound of (Fs;, diamond)-Free Graphs

In this section, we prove the following theorem.

Theorem 5. Let G be a (Pg, diamond)-free graph, then x(G) < max{6,w(G)}.

This theorem is an improvement of the result of Cameron, Huang and Merkel [7] that
X(G) < w(G) + 3 for a (Pg, diamond)-free graph G. To prove Theorem 5, we use Theorem 6
below.

Theorem 6. Let G be a connected imperfect (Ps, diamond)-free graph with no clique cutsets
or comparable vertices. Then x(G) < maz{6,w(G)}.

Proof of Theorem 5. If G is perfect, then x(G) = w(G). If G is disconnected and is the union of
components {Hy, ..., Hy,}, then x(G)=maz{x(H1),...,x(Hy)} and w(G)=max{w(H1),...,w(Hy)}.
If G is connected and contains a clique cutset S, G — S is the disjoint union of subgraphs
{Hi,...,Hp}, then x(G)=max{x(G[V (H1)US], ..., x(G[V(Hy)US]} and w(G)=max{w(G[V (H)U
S],...,w(G[V(H,)US]}. If u and v are nonadjacent vertices in G such that N(u) C N(v), then
X(G)=x(G — u) and w(G)=w(G — u). Then the theorem follows from Theorem 6. O



Proof of Theorem 6. Let G = (V, E). We use the partitioning of V' from Section 3. Let w :=
maz{6,w(G)}. In the following we give an w-colouring for G. When we say that two vertex
sets do not conflict, we mean that no edges between the two sets have two ends of the same
colour.

Claim 1. If V' \ Z has an w-colouring such that one colour of {1,...,w} is not used in C U F,
and F' is coloured with at most 2 colours, then we can extend it to an w-colouring of G.

Proof. Let K be an arbitrary component of Z. By (P21), Ng(K) C C U F. If K contains
exactly one vertex, then colour it with the colour not used in C U F'. Now suppose that K
contains at least two vertices.

It is proved in [7] that if K has no neighbours in C, then K is 3-colourable. (See Claim 1
in [7]. The conditions that G is connected and has no clique cutsets or comparable vertices are
necessary.) Since F' is coloured with at most 2 colours, we can colour K with the w — 2 colours
not used in F' if K has no neighbour in C'. Now suppose that K has a neighbour in C.

Let ¢ € C; ;42 be a neighbour of some vertex z; € K. If there is a vertex z9 in K such that
z1z9 € F and z9c ¢ E, then {29, 21, ¢, v, Vit4, vi13} induces a Ps. So ¢ is complete to K. Then
{c} UK is a clique since G is diamond-free. If there is more than one vertex in C' complete to
K, then K U N¢(K) is a clique since K contains a K.

Suppose that ¢, c2, cs are three neighbours of K in C, then {cj, 2, c3} is a clique. By (P8),
we may assume that ¢; € C; 42, c2 € Ciy1,i43, ¢3 € Cig2,44UC;43,. Then either {c1, ¢z, ¢3,vi42}
induces a diamond if ¢3 € Cjy2444, or {c1, ¢, c3,v;} induces a diamond if c3 € Cj13;. So K has
at most two neighbours in C.

Since K is a clique of size at least two, each vertex in Np(K) is either complete to K
or adjacent to exactly one vertex in K, and no more than one vertex in F' is complete to K
by (P13). If f € F is complete to K, then K U N¢(K) U {f} is a clique, and then N¢(K)
contains only one vertex by (P8) and (P18). Let Y = {v € C U F : v is complete to K}, then
Y is a clique of size at most 2. Then each vertex z in K must have a neighbour in F'\ Y, or
else Y U (K \ {z}) is a clique cutset.

Now suppose that K contains three vertices z1, 22, 23. Let f1, fo, f3 € F'such that z; f; € E if
and only if i = j for 7,5 € {1,2,3}. By symmetry we may assume that f; € F;, fo € Fi11, f3 €
Fi+2UFl'+3. Then either {fl, Vi+3, fg, 29,23, fg} induces a P6 if f3 € Fi+2, or {fl, Vi, f3, 23,292, f2}
induces a Py if f3 € F;13. So K contains exactly two vertices. Since K has at most 2 neighbours
in C, and F' is coloured with at most 2 colours, there are at least 2 colours left for K since
w > 6.

Colour each component of Z this way, then Z and V'\ Z do not conflict. O

Now we will consider all cases and give an w-colouring for each case. In the following, when
we say that we colour a set with a certain colour, we mean that we colour each vertex in the
set with that colour. When we say that we colour a clique or the disjoint union of some cliques
with a set of colours, we mean that we colour each clique using the smallest colours available
unless stated otherwise. For example, let A; be the disjoint union of three cliques K1, Ko, K3
of size 1,2,3 in order, when we say that we colour Ay with colours in {1,3,4,5}, we mean that
we colour K7 with colour 1, Ky with colours 1,3 and K3 with colours 1, 3, 4.

By (P5), we may assume that B = By 3UDB, 5. In the following, we give a proper w-colouring
of V'\ Z such that one colour of {1,...,w} is not used in CUF, and F is coloured with at most
2 colours. Then by Claim 1, G is w-colourable. We consider three cases: both B3 and By s
are nonempty, exactly one of B 3 and By 5 is nonempty, and B is empty.



Case 1. Both By 3 and Byj5 are nonempty.

Case 1.1. Both By 3 and By s contain at least two vertices.

01:1

BQ’g .

V3w —2 vy 01

Figure 2: Diagram of the colouring of Q@ U AU B U C in the proof of Case 1.1.
Edges in AU B U C are not drawn.

By (P20), A; U A3 U Ay is empty. By (P24), one of Ay and Aj is empty. By symmetry we
assume that As is empty. In the following we give a proper colouring of Q,B,A,C,F in turn.
When we give a colouring of a vertex set, we prove that it does not conflict with the vertices
we already coloured. So the whole colouring is proper. We give a diagram of the colouring of
QU AU BUC in Figure 2.

e Colour vy, ...,vs with colours 1,w,w — 2,1,2 in order.

e By (P4), each of By3 and By is a clique of size at most w — 2. Colour Bys with
colours in {3,...,w}. Exceptionally, when By 5 contains exactly w — 3 vertices, we use colours
{3,4,...,w —2,w} instead of colours {3,...,w—1}.

e Since G is diamond-free, the edges between Bs3 and B, 5 form a matching. Sort the
vertices in By 3 by the colour of their neighbours in By 5 in ascending order, putting the vertices
with no neighbours in By s at the end of the queue. Then colour the vertices in the queue with
colours 1,2,...,w —3,w — 1 in order. This ensures that for each edge between the two sets, its
end in By 3 has a smaller colour than the end in By 5. So By 3 and By 5 do not conflict.

e Let K be an arbitrary component of As. By (P1), K is a clique of size at most w — 1.
Then the edges between By 5 and K form a matching since G is diamond-free. Sort the vertices
in K by the colour of their neighbours in By 5 in ascending order, putting the vertices with
no neighbours at the end of the queue. Then colour the vertices in the queue with colours
1,...,w—11in order. Colour each component of A, this way. Then Ay and By 5 do not conflict.
By (P6), Ay and Bz 3 do not conflict.

e By (P8), each C} ;42 can be coloured with one colour. Colour Ci3,C24,C55,Cy1,C52
with colours 2,w — 1,w,w — 2,3 in order. By (P12), B and C do not conflict. By (P11), Cy 3 is
anti-complete to each nontrivial component of As. (Note that each component of As of size j
is coloured with colours 1,...,j.) By (P25), Cs 2 is anti-complete to As.



Suppose that a € Ay with colour w — 1 is adjacent to ¢ € Cz4. Then a belongs to a
component K in Ay of size w — 1. By (P9), K U {v2, c} is a clique of size w + 1.

Suppose that a; € Az with colour w —2 is adjacent to ¢ € Cy 1. Let b be the vertex of colour
3 in By 5. By the way we colour Ay, a1b ¢ E, and there is a vertex as € Ay adjacent to ai, such
that asb ¢ E. (Note that every vertex in As which is adjacent to b is coloured with colour 1.)
By (P10), agc ¢ E. Then {ag,a1,c,v1,vs5,b} induces a Ps. So C' and A do not conflict.

e Colour F1,..., F5 with colours w — 1,w — 1,w,w — 1,w — 1 in order. By (P13), this is a
proper colouring of F. By (P18), F' and C do not conflict. By (P17), By 3 and F'\ F5 do not
conflict. Note that if f € F5 and b € By 3 have the same colour w — 1, then B3 U {f, v, v3}
is a clique of size w + 1 by (P17). So F' and Bj 3 do not conflict. Similarly, F' and By s do not
conflict.

By (P14), F,; and F5 do not conflict with As. By (P15), F» and vertices in Ag of colour w—1
do not conflict, or else there is a clique of size w + 1 in Fy U Ay U {va}. Suppose that a; € Agy
with colour w — 1 is adjacent to f € F;. Let b be the vertex of colour 3 in By 5. By the way we
colour A, we have a1b ¢ E, and there is a vertex ay € Ay adjacent to a; such that asb ¢ F.
By (P16), asf ¢ E. Then {ag, a1, f,v1,vs,b} induces a Ps. So A and F do not conflict. Now
we have a proper colouring of V'\ Z, so that the colour 1 is not used in CUF, and F' is coloured
with w — 1 and w.

Note that in the above proof, the fact that both B 3 and By 5 contain at least two vertices
is only used to ensure that A = A,. To prove that the colouring is indeed a proper colouring,
we do not require Bg 3 or By 5 to contain at least two vertices. We state this so that some other
cases can reduce to this case.

Case 1.2. One of By 3 and By 5 contains at least two vertices while the other contains exactly
one vertex.

By symmetry we assume that Bs 3 contains at least two vertices. By (P20), A; and Ay are
empty. By (P24), one of A2 U A3 and Aj is empty.

Case 1.2.1. As is empty.

By (P19), A3 is stable. Based on the colouring of Case 1.1, colour By s with colour 3 and
As with colour 1. By (P2) and (P6), A3 do not conflict with Ay or By 3. This gives a proper
colouring.

Case 1.2.2. As is nonempty.

By symmetry it is equivalent to the case that By s contains at least two vertices while Bj 3
contains exactly one vertex, and As is nonempty while A4 U A5 is empty. Then it reduces to
Case 1.1.

Case 1.3. Both By 3 and By contain exactly one vertex.
Case 1.3.1. One of Ay and As is nonstable.

By symmetry we assume that A is nonstable. By (P19), A; and As are stable while A4 and
As are empty. If A; is empty, then it reduces to Case 1.2.1. Now suppose that A; is nonempty.

e Colour vy, ...,v5 with colours 2,w, 1,3, 1 in order.

e Note that b € By has at most one neighbour in each component of As. Colour each
component of As with colours in {1,...,w — 1} so that the neighbour of b is coloured with
colour 1, if it exists. Colour A; with colour 1 and Ag with colour 2.

e Colour B33 with colour 2 and By 5 with colour w — 2.

e Colour C3,C24,C35,C41,C5 2 with colours 3,w — 1,w — 2,w,w — 1 in order. By (P23),



C24 and C5 2 do not conflict.

Suppose that a; € Az with colour w—2 is adjacent to ¢ € C35. Let b € Bys. Then a1b ¢ E,
and there is a vertex as € Ao adjacent to a; such that asc,asb ¢ E. Then {ag,ai,c,vs,vq,b}
induces a Fs. So A and C3 5 do not conflict. The reason why C73UC24UC5 2 does not conflict
with A is similar to Case 1.1. So C' and A do not conflict.

e Colour F1,..., F5 with colours w — 1,w,w — 1,w — 1,w in order. The reason why F' does
not conflict with A is similar to Case 1.1.

Case 1.3.2. Both Ay and As are stable.
By (P19), Ay, A3 and Ay are stable.

Case 1.3.2.1. A; is nonempty.
e Colour vq,...,vs with colours 4,2,1,4, 3 in order.
e Colour A4, ..., As with colours 1,1, 3,2,2 in order.
e Colour B33 with colour 3 and By 5 with colour 2.

e Colour C13,C24,C35,Cy1,Cs2 with colours 5,3,4,6,4 in order. By (P22), Cy4 and As
do not conflict. By (P23), (35 and C5 2 do not conflict.

e Colour F1, ..., F5 with colours 6,6,6,6,5 in order.
Case 1.3.2.2. A; is empty while A3 U A4 is nonempty.

By symmetry we assume that Ag is nonempty.

e Colour vq,...,vs5 with colours 3,4, 1, 3,2 in order.

e Colour As, A3, Ay, A5 with colours 2,2,1,1 in order.

e Colour B33 with colour 2 and By 5 with colour 1.

e Colour 01’3, 0274, 0375, 0471, 05,2 with colours 4, 5, 6, 5, 3 in order. By (P23), 0274 and 0471
do not conflict.

e Colour F1, ..., F5 with colours 6,6,6,5,6 in order.
Case 1.3.2.3. A; U A3 U Ay is empty.

If one of Ay and Ajs is empty, then it reduces to Case 1.1. Now suppose that both A, and
As are nonempty.

Now we prove that each vertex in Cy4 U C35 is complete to one of Ap and As, and anti-
complete to the other. By symmetry, it suffices to show that each vertex in C54 is complete
to one of As and As and anti-complete to the other. Figure 3 is a diagram of the following
proof. Let a; € A, ag € A5, b € Ba3, ¢ € Ca4. By (P3), a1ap € E. By (P6), ba; ¢ E.
By (P12), be ¢ E. By (P24), bay € E. If ajc,azc € E, then {a1, ag, ¢, v2} induces a diamond.
If ajc,azc ¢ E, then {c, vy, v3,b,a2,a1} induces a Ps.

a a2

Figure 3: Diagram for Case 1.3.2.3.
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e Colour vy, ...,v5 with colours 1, 3,5,4, 3 in order.
e Colour Ay with colour 1 and A with colour 2.
e Colour Bj 3 with colour 1 and By 5 with colour 2.

e Colour C 3,C4,1,Cs 2 with colours 6, 3,5 in order. Colour the vertices in C 4 U C3 5 which
is adjacent to Ay with colour 2, and those adjacent to A5 with colour 1. Suppose that ¢; € Ca 4
and co € U35 are adjacent and have the same colour, say 2, then both of them are adjacent to
some vertex a € Ag, and so {a, ¢1, c2,v2} induces a diamond. So Cy4 and C35 do not conflict.

e Colour Fy,..., F5 with colours 6,5,6,6,6 in order.
Case 2. Exactly one of B3 and By 5 is nonempty.

By symmetry we assume that Bj 3 is nonempty. By (P19), {A1,..., As} contains at most
two nonstable sets. If there are two nonstable sets, they must be A, and Ag; if there is one
nonstable set, it can be Ay, A3 or As.

Claim 2. Suppose that B3 is nonempty. If a € As and c € C35UCs2 are adjacent, then G is
w-colourable.

Proof. By symmetry suppose that ¢ € Cs5. Let Q" = {c,v2,v3,v4,v5}, then @’ induces a Cs.
By (P12), c¢ is anti-complete to Ba 3. Let b € Ba 3, then Ng/(b) = {v2,v3} and N (a) = {c,vs}.
Then it reduces to Case 1. O

So in Case 2 we assume that As and C35 U Cs 2 are anti-complete.
Case 2.1. Both Ay and Ag are nonstable.

By (P19), Ay, A4 and Aj are empty.

e Colour vy, ...,vs with colours 1,w,1,2,3 in order.

e Colour A3 with colours in {2,...,w}. For each component of Ay, colour it with colours in
{1,...,w — 1} using the largest colours available.

e Colour U35,y 1, Cs 2 with colours w, 3,1 in order. For each vertex in C 3, colour it with
colour 2 if it has a neighbour in C3 5, otherwise colour it with colour w. For each vertex in Cy 4,
colour it with colour w — 1 if it has a neighbour in Cs 2, otherwise colour it with colour 1.

Suppose that a € Ay and ¢ € (4 are adjacent and have the same colour 1. Then a is in a
component K in Ag of size w — 1. Then K U {v9,c} is a clique of size w + 1 by (P9). Suppose
that a € Az and ¢; € Uy 4 are adjacent and have the same colour w—1. Then ¢; has a neighbour
ca € Cs9. By (P25), aca ¢ E. Then {a,vs,c1,c2} induces a diamond. So Ay and Ca4 do not
conflict. Similarly, Az and C 3 do not conflict.

Now we prove that Cy; is anti-complete to every nontrivial component of Ay and Az. By
symmetry suppose that ai,as € As such that ajax € E, and a; has a neighbour ¢ € Cy 1.
By (P10), asc ¢ E, and there is a vertex a3 € Az such that agc ¢ E since Ag is nonstable. Then
{az, a1, ¢,vq,v3,a3} induces a Ps. So A and C' do not conflict.

e Now we prove that there is at most one vertex in Bp 3 which has a neighbour in Cly ;.
Since every vertex in Cy; has at most one neighbour in By 3 by (P12), we may assume that
b1,ba € Ba3, c1,c2 € Cy 1 such that bicy,baca € E. Let a be a vertex in a nontrivial component
of As. Then aci,acy ¢ E, and so {c2,v1, c1,b1,v3,a} induces a Pg.

Colour Bj 3 with colours in {2,...,w — 1} so that the vertex which has a neighbour in Cy
is coloured with colour 2, if it exists. So B and C' do not conflict.

e Colour F1y,..., F5 with colours w,w — 1,w,w — 1,w — 1 in order.
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Case 2.2. Exactly one of Ay and Ag is nonstable.
By symmetry we assume that Ag is nonstable. By (P19), A4 and As is empty.
e Colour vy, ...,vs with colours 1,w,2,1,2 in order.
e Colour A with colours in {1,...,w — 1}, A; with colour 2 and Ag with colour 1.
e Colour Bj 3 with colours in {1,3,4,...,w — 1}.

e Colour C 3,C24,C3 5 with colours 3,w — 1,w in order. If A; is empty, then colour Cy
with colour 2 and Cjs 2 with colour w — 2, otherwise colour Cy4; with colour w — 2 and Cs 2 with
colour w — 1.

By (P23), C34 and C52 do not conflict. By (P25), A2 and Cs2 do not conflict. If A; is
nonempty, then B3 contains only one vertex with colour 1 by (P20). So Bg3 and C4; do
not conflict. Suppose that a; € Ay and ¢ € Cy; are adjacent and have the same colour 2
or w— 2. Then there is a vertex ag € Ay such that ajas € E and asc ¢ E. Let b € Byjs.
Then {ag, v, b, c,vq,v5} or {az,ai,c,vq,v3,b} induces a Py, depending on whether b and c¢ are
adjacent. So Ay and C4,1 do not conflict.

e Colour Fy,..., F5 with colours w,w — 1,w,w — 1,w — 1 in order.

Case 2.3. Ajs is nonstable.

By (P19), Ay and A3 are empty.

e Colour vy, ...,v5 with colours w — 2,1,2,1,w in order.
e Colour By 3 with colours in {3,...,w}. Exceptionally, when By 3 contains exactly w — 3
vertices, we use colours {3,4,...,w — 2,w} instead of colours {3,...,w —1}.

e For each component of As, sort its vertices by the colours of their neighbours in B3 in
ascending order, putting the vertices with no neighbours in B 3 at the end of the queue. Then
colour the vertices in the queue with colours 1,...,w — 1 in order. Colour A; with colour 1 and
Ay with colour 2.

e Colour C3,C24,C5 2 with colours 3,w,w — 1 in order. If A, is empty, then colour Cs5
with colour w — 2 and Cy41 with colour 2, otherwise colour C3 5 with colour 3 and (41 with
colour w — 2.

By (P23), C13 and C35 do not conflict. If A4 is nonempty, then Bj 3 contains only one
vertex with colour 3 by (P20). So By 3 and C4; do not conflict. Note that we assume that As
and C3 5 U C5 2 are anti-complete. The reason why As and C7 3 do not conflict is similar to the
reason why As and C41 do not conflict in Case 1.1. So A5 and C' do not conflict.

e Colour Fy,..., F5 with colours w,w — 1,w — 1,w,w — 1 in order.
Case 2.4. None of Aq,..., A5 is nonstable.

e Colour vy, ...,vs with colours 1,3,2,1,3 in order.

e Colour Ay,...,As with colours 2,1,1,4,2 in order.

e Colour By 3 with coloursin {1,4,5,...,w}. Note that if A4 is nonempty, then Bs 3 contains
only one vertex with colour 1 by (P20). So A4 and By 3 do not conflict.

e Colour Cy4,Cs55,Cy 1 with colours 5,6,3 in order. If A; is empty, then colour Cs o with
colour 2, otherwise colour Cs9 with colour 5. If A4 is empty, then colour C; 3 with colour 4,
otherwise colour C 3 with colour 6.

Note that we assume that As and Cs o are anti-complete. By (P23), C 3 and C35, Ca 4 and
C5,2 do not conflict.
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e Colour F,..., F5 with colours w, 5,w, 5,w in order.
U1

V2 Us

V3 V4

Figure 4: The graph series S,,. B is a clique of size n such that B is complete to {ve,v3} and anti-
complete to {vy,v4,v5}.

Case 3. B is empty.

Let S7 be the graph with 6 vertices obtained from C5 by adding a vertex adjacent to exactly
two adjacent vertices of the C5 (see Figure 4). If G contains an Si, then it reduces to Case 1 or
Case 2. Now assume that G is Si-free. We have the following two results:

Claim 3. If G is Si-free, then C; ;12 is anti-complete to A; U Aj4o.

Proof. By symmetry, it suffices to show that Cj;is is anti-complete to A;. If a € A; and
¢ € Cj 2 are adjacent, then {v;, ¢, vit2,Viy3, Vita, a} induces an Sj. O

Claim 4. If G is Si-free and A;y1, Aiys and A;14 are all nonempty, then each vertex in Cj ;o
is complete to one of Ajy1 and A4z U Airq, and anti-complete to the other.

Proof. Let a1 € Ajt1, ag € Ajq3, a3 € Aiqa, ¢ € Ciipo. By (P2), agas ¢ E. By (P3),
ajaz,a1as € E. If ajc,asc,azc € E, then {ay, ag, a3, c} induces a diamond. If ayc, asc,azc ¢ E,
then {c,v;, vit4,as,a1,a2} induces a Ps. If ajc ¢ E, and exactly one of ay and as, say as, is
adjacent to ¢, then {v;,c, a3, a1,a2,v;43} induces a Ps. If ajc € E, and exactly one of ag and
as, say ag, is adjacent to ¢, then {as, a1, as, viys, vit4,c} induces an Sy. O

By (P19), {A1,..., A5} contains at most two nonstable sets, and A; and A; are nonstable
only if |i — j| = 1.

Case 3.1. {A;,..., A5} contains two nonstable sets.

By symmetry, we assume that Ay and As are nonstable. By (P19), A; U A4 U A5 is empty.

e Colour vy, ...,v5 with colours 1,w, 1,2, 3, in order.
e Colour Ay with colours in {1,...,w — 1}. By (P16), each component of A3 contains at
most two vertices which have a neighbour in F» U F;. Colour A3 with colours in {2,...,w} so

that the vertices which have a neighbour in F» U Fy are coloured with colours in {2, 3} if exist.

e Colour C'1 3,05 4, C35,C4,1, Cs,2 with colours 2, w—1,w, 3,1 in order. By Claim 3, C3 4UC} 2
and Ay, 1 3UC3 5 and Az do not conflict. The reason why C4 1 and A do not conflict is similar
to Case 2.1. So C' and A do not conflict.

e Colour F1,..., F5 with colours w,w — 1,w,w — 1,w — 1 in order.

Case 3.2. {Aj,..., A5} contains exactly one nonstable set.
By symmetry, assume that As is nonstable. By (P19), A4 U Ajs is empty.
e Colour vy, ...,vs with colours 3,w, 1,2, 1 in order.

e Colour A with colours in {1,...,w — 1}, A; with colour 1, As with colour 2.
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e Colour C13,C24,C35,Cy1,C52 with colours 2,w —1,w —2,w, 3 in order. By Claim 3, A
and Co4 U Cs 9, A3 and C1 3 do not conflict.

Suppose that a; € Ay with colour w — 2 is adjacent to ¢ € C35. Then there is a vertex
ay € Ay such that aga; € F and azc ¢ E. Then {ai, ¢, vs,v1,v2,a2} induces an S;. So C' and
A do not conflict.

e Colour Fy,..., F5 with colours w,w — 1,w,w — 1,w — 1 in order.
Case 3.3. {Ay,..., A5} contains no nonstable sets.
Case 3.3.1. One of {Ay,..., A5} is empty.

By symmetry, assume that A; is empty.

e Colour v1,...,v5 with colours 1, 3,2,1,2 in order.

e Colour As, As, A4, A5 with colours 1,1, 2,3 in order.

e Colour 01,3,0274,037570471,0572 with colours 6, 2,3,4,5 in order. By Claim 3, 0274 and
Ay, C35 and As do not conflict.

e Colour F1,..., F5 with colours 6,5,6,6,6 in order.
Case 3.3.2. None of {44,..., A5} are empty.

e Colour vy, ...,vs with colours 3,2,4,1,4 in order.

e Colour Ay,...,As with colours 1,1, 3,2,2 in order.

e Colour Ca 4, Cy 1, C5 2 with colours 4,5,6 in order. By Claim 3, C7 3 and Ay, C35 and As
do not conflict. By Claim 4, each vertex in Cj 3 is complete to one of Ay and A4 U As and
anti-complete to the other, and each vertex in C35 is complete to one of A; U Ay and A4 and
anti-complete to the other. Colour C; 3 and Cs 5 with colours in {1,2} so that C' and A do not
conflict. Suppose that ¢; € C13, ca € C35, cica € E. If ¢1 and co have the same colour, say 1,
then both of them are adjacent to some vertex a € Ay, and so {a, ¢1, c2,v3} induces a diamond.
So C1,3 and (35 do not conflict.

e Colour F1y,..., F5 with colours 5,6,6,6,6 in order.

This completes the proof of Theorem 6. O

5 Computing the Chromatic Number of (F;, diamond)-Free
Graphs in Polynomial Time

In this section we prove the following Theorem 7:

Theorem 7. The chromatic number of (Pg,diamond)-free graphs can be computed in polynomial
time.

This answers an open question from [7]. To prove Theorem 7, we use Theorem 8 below.

Theorem 8. The chromatic number of (Pgs,diamond,Kg )-free graphs can be computed in poly-
nomial time.

To prove Theorem 8, we use the following three theorems.
Theorem 9. There is one 6-vertex-critical (Ps,diamond)-free graph with clique number 3.

Theorem 10. There are no G-vertex-critical (Ps,diamond)-free graphs with clique number 4.
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Figure 5: The complement of the 27-vertex Schlafli graph. The unique 6-vertex-critical (Ps,diamond)-
free graph G with clique number 3 is obtained by removing the vertices with labels z and y.

Theorem 11. There are no 6-vertex-critical (Ps,diamond)-free graphs with clique number 5.

Proof of Theorem 7. Let G be a (Pg,diamond)-free graph. We can calculate 9(G) in polynomial
time [19]. When 9(G) > 5, since w(G) < I(G) < x(G) [19] and x(G) < mazr{w(G),6}
(i.e. Theorem 5), we have x(G) = [¥(G)]. Then we just have to deal with the case that

Y(G) < 5, which implies that w(G) < 5. Then the theorem follows from Theorem 8. O

Note that we could also prove Theorem 7 using the fact that the clique number of a diamond-
free graph can be computed in polynomial time: if w(G) > 6, then x(G) = w(G); otherwise
w(G) < 5 and then we use Theorem 8. However, we chose to use the Lovdsz theta function,
since it is a more general strategy that could possibly also be useful for other graph classes.

Proof of Theorem 8. By Theorem 5 and Theorem 3, we only need to consider 5-colouring. By
Theorem 2, we need to prove that there are a finite number of 6-vertex-critical (Ps,diamond, Kj)-
free graphs. By Theorem 4, every 6-vertex-critical (Ps,diamond)-free graph has clique number
at least 3. Then the theorem follows from Theorem 9, Theorem 10, and Theorem 11. O

The unique 6-vertex-critical (Pgs,diamond)-free graph G with clique number 3 from Theo-
rem 9 has 25 vertices and can be obtained from the complement of the Schlafli graph by deleting
the vertices labelled = and y in Figure 5. This graph can also be inspected at the House of
Graphs [12] at: https://hog.grinvin.org/graphs/45613.

The proof of Theorem 9 uses computational methods. In the Appendix we give a computer-
free proof of a weaker version of Theorem 9 (i.e. Theorem 12). This weaker theorem still suffices
to give a complete computer-free proof of Theorem 7 and Theorem 8 (but leads to a less practical
algorithm as it does not determine the 6-vertex-critical (Ps,diamond)-free graphs with clique
number 3).

Proof of Theorem 9. We used the generation algorithm for k-critical H-free graphs from [8, 18]

and extended it to generate 6-vertex-critical (Ps,diamond,K)-free graphs. The algorithm termi-
nated in less than 5 minutes and yielded the graph G as the only 6-vertex-critical (Pg,diamond, K )-
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free graph. The source code of the program can be downloaded from [17]. We refer to [8, 18]
for more details on the algorithm and the proof of its correctness. O

Our polynomial time algorithm for computing the chromatic number of a (Pgs,diamond)-free
graph G is as follows:

e Step 1. Calculate ¥(G). If 9(G) > 5, then x(G) = [¥(G)]. Otherwise, go to Step 2.

e Step 2. Check whether G contains the unique 6-vertex-critical (Ps,diamond, Kg)-free graph
G from Theorem 9. If yes, then x(G) = 6. Otherwise, go to Step 3.

e Step 3. Use the algorithm from [11] for 4-colouring of Ps-free graphs to determine whether
G is 4-colourable. If not, then x(G) = 5. Otherwise, go to Step 4.

e Step 4. Use the algorithm from [11] for 4-colouring of Ps-free graphs to determine whether
G V K is 4-colourable. If not, then x(G) = 4. Otherwise, go to Step 5.

e Step 5. Check whether G contains a Cs. If yes, then x(G) = 3. Otherwise, x(G) = J(G).

The remainder of this section is organized as follows. In the first subsection we prove some
lemmas which we will use in the next two subsections to prove Theorem 10 and Theorem 11,
and in the Appendix to prove Theorem 12.

5.1 Lemmas

Lemma 2. Every 6-vertex-critical (Pg,diamond)-free graph with clique number w (w = 4,5) is

Sw—o-free. (See Figure 4 for Sy.)

Proof. Let G = (V,E) be a 6-vertex-critical (FPs,diamond)-free graph with clique number w
containing an S, _o. In the proof of this lemma, we follow the partitioning of V' from Section 3.
Let the C5 in the S,,_2 be @), and the other two or three vertices in the S, _s, denoted by b1, by
(and b3 if it exists), be in By 3. By w(G) = w, By 3 contains no vertices other than these two or
three vertices, and Fj5 is empty. By (P20), A; U A4 is empty. By (P24), one of AyU A3 and Aj is
empty. Assume that B = By 3U B4 5. Then the edges between Bp 3 and By 5 form a matching.

Claim 5. B = 3273.

Proof. Suppose that By s is nonempty.

Now we prove that if u; € By 3 and us € By s are nonadjacent, then both u; and ug have no
neighbours in C'. Assume that ¢ € Cy; is adjacent to u;. Then {vs, u1,c,v1,v5,us} induces a
Ps. So uy and Cy; are anti-complete. Similarly, ug and Cj 3 are anti-complete. By (P12), both
u1 and ug have no neighbours in C.

We discuss two cases based on the value of w, and give a contradiction for each case.
Case 1. w=A4.

Let by € Bys. Then one of by and bo, say by, is nonadjacent to bs. Then both by and b4 have
no neighbours in C.

If A5 is empty, we consider the degree of b;. Since b; has two neighbours vo,v3 in @, one
neighbour by in By 3, at most one neighbour in By 5, and no neighbours in AU C U F', we have
d(by) < 4.
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If Ay U As is empty, we consider the degree of by. Since by has two neighbours v4, vs5 in @,
at most one neighbour in By 3, at most one neighbour in By 5 U F>, and no neighbours in AUC,
we have d(bg) < 4.

Case 2. w=5.

Now we prove that either Bys contains at most one vertex, or Bs3 and By are anti-
complete. Suppose that by, bs € By s such that byb; € E. We may assume that bsby ¢ E. Recall
that if u; € B3 and us € By are nonadjacent, then both u; and us have no neighbours in
C. Since both By 3 and Bys contain at least two vertices, Ba3 and Cy41, Bss and C; 3 are
anti-complete. If ¢ € Cy 1, then {ba, b1, bs, v5,v1,c} induces a Ps. So Cy is empty. If f € F3,
then {v1, f,vs3,b1,b4,bs5} induces a Ps. So F3 is empty. Similarly, Cq 3 U Fy is empty. Then
d(v1) < 3. So either By s contains at most one vertex, or By 3 and By s are anti-complete.

Let by € B4 5. Suppose that by has no neighbours in AoUA3. If By 5 contains only one vertex,
since by has two neighbours vy, v5 in @), at most one neighbour in Bs 3, at most one neighbour
in F5, and no neighbours in AU C, we have d(bs) < 4. If By 3 and By 5 are anti-complete, since
by has two neighbours vy, v5 in ), at most two neighbours in B4 5 U F5, and no neighbours in
By 3 UAUC, we have d(by) < 4. So by has a neighbour in Ay U Az. Then As is empty. By
symmetry we may assume that bjbs ¢ E, then b; has no neighbour in Cy;. Since by has two
neighbours vg,v3 in @), two neighbours be, b3 in B3 3, no neighbours in AU By s U C, we have
d(by) = 4. O

Then by 0(G) > 5, each vertex of By 3 has at least 6 —w neighbours in Cy; U A5. Moreover,
no pairs of vertices in By 3 can have a common neighbour in C4 1 U A5 since G is diamond-free.
Claim 6. A, U Ag is empty.

Proof. By symmetry suppose that a € Ay. Then Aj is empty and by has a neighbour ¢ € Cy ;.

Then {bg, ve,a,c,vg,v5} or {a,ve, by, c,vy,vs5} induces a Ps, depending on whether a and ¢ are
adjacent. O

Claim 7. C52 U35 and As are anti-complete.

Proof. By symmetry, it suffices to show that C52 and As are anti-complete. Suppose that ¢ €
Csz2 and a € As are adjacent. Let Q' = {c,v2,v3,v4,v5}. Then Ng(b1) = N (b2) = {v2, v3},
Ng(a) = {c,v5}, moreover Ngy(bs) = {va,v3} if by exists. This contradicts with Claim 5. [

Claim 8. If a € As has a neighbour in By 3, then a has no neighbours in As.

Proof. Suppose that a1,as € As such that a1b1,a1a2 € E. Then agby,a1bs ¢ E, moreover
a1b3 §é Eif bg exists. Let Q/ = {al, bl,'UQ,Ul,U5}. Then NQ/(bg) = NQ/(Ug) = {bl, UQ}, NQ/(ag) =
{a1,vs}, moreover Ng/(b3) = {b1,v2} if b3 exists. This contradicts with Claim 5. O

Claim 9. If a € A5 has a neighbour b € By 3, then a is complete to Cy1 \ Ng, , (D).

Proof. Suppose that ¢ € Cy 1 such that ac,bc ¢ E, then {c,v4, v5,a,b,v2} induces a Ps. d

Claim 10. If ¢ € Cy1 has a neighbour b € By 3, then c is complete to As \ Na,(b), and As is
stable.

Proof. Suppose that a € As such that ac,ab ¢ E, then {vs,b, c,v1,vs5,a} induces a Ps. So ¢ is
complete to As \ Na,(b). Suppose that aj,as € As such that ajas € E. Then a1b,a2b ¢ E by
Claim 8, and so ajc,agc € E. Now {a1,ag,c,vs} induces a diamond. O
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Claim 11. Cy 4 U C1 3 and As are complete.

Proof. By symmetry, it suffices to show that C5 4 and A5 are complete. Suppose that ¢ € Ca 4
and a € As are nonadjacent. Since a has at most one neighbour in By 3, we may assume that
bia ¢ E. Then {by,v9,c,v4,v5,a} induces a Py. O

Claim 12. If there are at least two vertices in B3 which have a neighbour in Cy 1, then Cy
and Cs 2 U C35 are complete.

Proof. By symmetry, it suffices to show that (41 and C52 are complete. Figure 6 is a diagram
of the following proof. Let c1,co € C41 such that ciby,cobe € E, c3 € C52. Suppose that
c3c1, e300 ¢ E, then {c1,v4, c2,b2,v2,c3} induces a Ps. So c3 is adjacent to at least one of ¢;
and cp. By symmetry assume that ¢jc3 € E. Let ¢4 be an arbitrary vertex in Cy; \ {¢1} with
cycs ¢ E. Then {cq,bo,b1,c1,c3,05} or {cq,v4,c1, 3,02, b2} induces a Py, depending on whether
¢4 and b are adjacent. (Note that ¢4 is adjacent to at most one of by and bs.) O

U5

Figure 6: Diagram for Claim 12.

Claim 13. If there are at least two vertices in B3 which have a neighbour in Cy 1, then Cy
and Cy 4 U C 3 are anti-complete.

Proof. Let both b; and by have a neighbour in U4 1. By symmetry, it suffices to show that Cjy ;
and Cy 4 are anti-complete. Let ¢; € Ca4. Since G is diamond-free, ¢; has at most one neighbour
in C4,1. Suppose that ca € Cy 1 is adjacent to c;. Since co is adjacent to at most one vertex in
{b1, b2}, assume that bica ¢ E. Let c3 € Cy; be a neighbour of b;. Then {c1, ¢z, v1,¢3,b1,v3}
induces a Fg. ]

Now we give a 5-colouring of G as follows.
Case 1. There are at least two vertices in By 3 which have a neighbour in Cy ;.
By Claim 10, As is stable.
e Colour vy, ...,vs with colours 4,3,4,2,1 in order.
e Colour b1, by, b3 with colours 1,2,5 in order.
e Colour As with colour 4.

e Colour C13,C24,C35,C4,1,C52 with colours 3,1,2,3,2 in order. By Claim 13, C 3 and
C4,1 do not conflict. Note that C4; contains a 2K;. So C52 and C35 are anti-complete by
Claim 12 since G is diamond-free.

e Colour F' with colour 5. Note that Fy is empty, so F' and Bs 3 do not conflict by (P17).
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e Let K be an arbitrary component of Z. If K contains only one vertex, colour it with colour
4. If K contains at least two vertices, then either K is 3-colourable if K has no neighbours in C,
or KUN¢(K) is a clique of size at most 4 if K has a neighbour in C' (cf. the proof of Claim 1).
So K can be coloured with colours in {1,2,3,4}. Colour each component of Z this way.

Case 2. There is at most one vertex in Bp 3 which has a neighbour in Cy ;.
Let b; have no neighbours in C41. Moreover if w = 5, let by have no neighbours in Cy ;.
e Colour vy, ...,vs with colours 4, 3,4, 3,1 in order.
e Colour b1, by, b3 with colours 1, 2,5 in order.

e Colour each nontrivial component of As with colours in {2,3,4,5}. Colour each trivial
component of A5 with colour 3. By Claim 8, A5 and By 3 do not conflict.

e Colour C13,C24,C35,Cy1,C52 with colours 1,1,3,1,4 in order. By Claim 7, C52 U C3 5
and As do not conflict.

If w = 4, then by has at least two neighbours in As. If w = 5, then both b; and by have at
least one neighbour in As. So there are two nonadjacent vertices a1, as € As which are complete
to Cy41 by Claim 8 and Claim 9. Note that {a1,a2} and C24 U C} 3 are complete by Claim 11.
Then Cy,1, C24 and C 3 are pairwise anti-complete.

e Colour F' with colour 5. By (P14), F; U F3 is anti-complete to As. If a1 € A5 with colour
5 and f € Fy U Fy are adjacent, by symmetry assume that f € Fj. Let as € A5 be adjacent
to ay, then asf ¢ E by (P16), and so {as,a1, f,v1,v2,b1} induces a Ps. So As and F' do not
conflict.

e The colouring of Z is similar to Case 1.

So G is 5-colourable, a contradiction. O

U1

V2 U5

S

)

U3 (%

Figure 7: The graph D;.

Lemma 3. FEvery 6-vertex-critical (Pgs,diamond)-free graph with clique number 8 is Di-free.
(See Figure 7 for Dy.)

Proof. Let G = (V,E) be a 6-vertex-critical (FPgs,diamond)-free graph with clique number 3
containing a D;p. In the proof of this lemma, we follow the partitioning of V' from Section 3.
Let the C5 in the D; be @, and the other two vertices by € Ba3, by € By 5 such that biby ¢ E.
By UJ(G) = 3, B = {bl,bQ}.

Claim 14. 0173 U C471 UAsUAsU Fy U Fy is empty.
Proof. By symmetry, it suffices to show that Cy1 U A4 U F» is empty. Suppose that ¢ € Cy 1,
then {vs, b1, c,v1,v5, b2} or {b1,va,v1, ¢, v4,be} induces a Pg, depending on whether b; and ¢ are

adjacent. Suppose that a € Ay, then {v1,v2,b1,a,vy,b2} induces a Ps. Suppose that f € Fj,
then {ba, v4,vs, f} induces a K4 or a diamond. O
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Claim 15. Ay contains at most one vertex.

Proof. Suppose that a1,as € Ay. By the properties from Section 3, A; is stable, complete to
B273 U B475 U C572 U C274 U 0375 and anti-complete to Ao U A5 U F3 U FyU Z.

Suppose that f € Fj such that a;f € E, then asf ¢ E as the graph is diamond-free,
then {ag,b1,a1, f,v4,v5} induces a Ps. So Aj is anti-complete to Fj. Then a; and as are
comparable. ]

Then by §(G) > 5, by has at least two neighbours in Aj, and be has at least two neighbours
in Ay. Let ay,a2 € Na,(b2). By the properties from Section 3, Ay and As are stable, and Aj is
complete to A5 U By 5 and anti-complete to A1 U Ba3U Cs52 U Fy U Z. Now we prove that aq
and ag are comparable by showing that their neighbourhoods in C 4 U C3 5 U F7 U F3 are equal.

e {a1,a2} is anti-complete to Cy4: Suppose that ¢ € Cy 4 such that ajc € E, then ¢ has
no neighbours in As U As other than a; because of the diamond-freeness. Let ag € As, then
{ag2,as,a1,c,vq,v3} induces a Pg.

e For each vertex ¢ € Cyp, either ajc,azc € E or ajc,ac ¢ E: Suppose that ajc € E,
aze ¢ E. Let ag € As, then agc ¢ E, then {as, a3, a1, c,vs,v4} induces a Py.

e {a1,az} is complete to Fi: Suppose that f € Fj such that a; f ¢ E, then {ay, b, vs,v1, f,v3}
induces a Fg.

e {a1,as} is complete to F3: Suppose that f € F3 such that a1 f ¢ E, then {ay, b2, vs, f,vs, b1}
induces a Fg.

Then a; and ag are comparable. This completes the proof of Lemma 3. O

U1

(%) Vs

(=

b2

U3 Vg

Figure 8: The graph Ds.

Lemma 4. Fvery 6-vertex-critical (Pgs,diamond)-free graph with clique number 8 is Dy-free.
(See Figure 8 for Ds.)

Proof. Let G = (V,E) be a 6-vertex-critical (Pgs,diamond)-free graph with clique number 3
containing a Ds. In the proof of this lemma, we follow the partitioning of V' in Section 3. Let
the C5 in the Dy be @, and the other two vertices by € Ba 3, bo € By s such that b1by € E. Then
B = {b1,b2}. By the properties from Section 3 and w(G) = 3, Aj, A3z and A4 are stable, and
F5 U F5 is empty.

Claim 16. One of A1 and A3 U Ay is empty.

Proof. Suppose that a1 € Ay, ag € As, then {a1,az, b1, b2} induces a diamond. O

Claim 17. By 3 and Cy 1, Bss and Cy 3 are complete.

Proof. Suppose that b € By 3 and ¢ € Cy are nonadjacent, then {vs, b1, b2, vs,v1, ¢} induces a
Ps. O
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Claim 18. Aj and Cy1, As and C1 3 are complete.

Proof. Suppose that a € Ay and ¢ € Cy; are nonadjacent, then {a, v, b1, ¢, vq,v5} induces a
Ps. O

Claim 19. If Ay is nonempty, then A and Bss, As and By 3 are complete.

Proof. By symmetry let a; € Ag such that ajbe ¢ E. If ay € Ay, then {a1,ve,v1,a2,b2,v4}
induces a Fg. ]

Claim 20. A and As are stable.

Proof. By symmetry suppose that Ay is nonstable. Then A4 U As is empty. If a € Ay, then
Ay U{vg, by} contains a diamond by Claim 19. If ¢ € Cy 1, then Ay U{v, ¢} contains a diamond
by Claim 18. So A; U Cy,; is empty. Since by has two neighbours vy, v3 in @), a neighbour bo,
and no neighbours in AUC U F, d(b;) < 3. O

Claim 21. A3 and C1 3, Ay and Cy;1 are anti-complete.

Proof. By symmetry suppose that a € A3, ¢ € (13 such that ac € E. By Claim 17, cby € E.
Then {a, ¢, by, v3} induces a diamond. O

Now we give a 5-colouring of G as follows.

Suppose that V'\ Z has a 5-colouring such that one colour of 1,...,5 is not used in C; 3 U
C41 UF, and F is coloured with at most 2 colours, then we can extend it to a 5-colouring of
G as follows. For each component K of Z, if K is trivial, colour it with the colour not used in
C13UCy 1 UF, since Z and Cy 4UC35UCs o are anti-complete by (P26). If K is nontrivial, then
either K U N¢(K) is a clique of size at most 3 if K has a neighbour in C, or K is 3-colourable
if K has no neighbours in C', then K can be coloured with the three colours not used in F.
Therefore, it remains to give a colouring of V' \ Z, so that one colour of 1,...,5 is not used in
C13UCy1 UF, and F is coloured with at most 2 colours.

Case 1. A3 U Ay is empty.
Case 1.1. One of Ay and Aj is empty.
By symmetry assume that As is empty.
e Colour vy, ...,v5 with colours 2,3,1,3,1 in order.
e Colour A; and A with colour 1.
e Colour B33 with colour 5, By 5 with colour 2.

e Colour C3,C35,C41,Cs 2 with colours 3,5,4,2 in order. For each vertex in C3 4, colour
it with colour 1 if it has a neighbour in C5 2, otherwise colour it with colour 2. If there is a
vertex in Cp 4 with colour 1, then Ay is empty by (P23). If a € Ay and ¢; € Cy4 with colour
1 are adjacent, then there is a vertex ¢z € Cs 2 adjacent to ¢1, and so {a, vz, ¢, c2} induces a
diamond or K4. So C and A do not conflict.

e Colour Fy, F3, Fy with colours 5, 5,4 in order.
Case 1.2. Both A and As are nonempty.

Each vertex in Co 4 U (3 5 is complete to one of Ay and As, and anti-complete to the other.
The proof can be reviewed in Case 1.3.2.3 of Theorem 6, Section 4.

e Colour vy, ...,vs with colours 2, 3,4, 3,5 in order.
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e Colour Ay, As, A5 with colours 4, 1,2 in order.
e Colour B33 with colour 1, By 5 with colour 2.

e Colour C 3 with colour 3, Cy1 with colour 5. Colour C5 > with colour 2 if A; is nonempty,
otherwise colour Cj o with colour 4. Colour the vertices in Ca 4 U C3 5 which are adjacent to A
with colour 2, and those adjacent to As with colour 1. Note that Cs o is anti-complete to As
by (P25), and anti-complete to Cz 4 U C3 5 when A; is nonempty by (P23).

e Colour Fy, F3, Fy with colours 5,3, 5 in order.
Case 2. A3 U Ay is nonempty.
Then A; is empty by Claim 16. By symmetry assume that A3 is nonempty.
e Colour v1,...,v5 with colours 1,4, 3,1,5 in order.
e Colour As, As, A4, A5 with colours 1,1, 2,3 in order.
e Colour B33 with colour 1, By 5 with colour 2.

e Colour C 3,02 4,C3.5,Cy4,1,C5 2 with colours 5,2,4,2,3 in order. Note that Co4 and Cy 3
are anti-complete by (P23), Cp4 and A4 are anti-complete by (P25), Cy; and Ay are anti-
complete by Claim 21.

e Colour Fy, F3, Fy with colours 5,4,5 in order.

So G is 5-colourable, a contradiction. ]

Lemma 5. Every 6-vertez-critical (Pg,diamond)-free graph with clique number 3 is Sp-free.
(See Figure 4 for Si.)

Proof. Let G = (V, E) be a 6-vertex-critical (FPs,diamond)-free graph with clique number 3
containing an S7. In the proof of this lemma, we follow the partitioning of V' from Section 3.
Let the Cs in the S7 be @, and the other vertex b in Bz 3. By Lemma 3 and Lemma 4, G is
(D1,Ds)-free, and so B = {b}. Since w(G) = 3, F5 is empty.

Claim 22. C59 U C35 and As are anti-complete.

Proof. By symmetry suppose that ¢ € Cs 2 and a € A5 are adjacent. Then {c, v, v3,v4,v5,b,a}
induces a Dy or Ds. O

Claim 23. A; U Ay and Cy1 are anti-complete.

Proof. By symmetry suppose that a € A; and ¢ € Cy; are adjacent. By (P7), ab € E.
Then either {a, b, c,v;} induces a diamond, or {v;, ve,v3,v4, ¢, b,a} induces a Ds, depending on
whether ¢ and b are adjacent. O

Now we give a 5-colouring of G as follows.

Suppose that one colour of 1,...,5 is not used in C1 3 U Cy4 U Cy 1 UF, and F' is coloured
with at most 2 colours. For each component K of Z, if K is trivial, colour it with the colour
not used in C13UCy4UCy UF, since Z and C35 U Cs o are anti-complete by (P26). If K is
nontrivial, then either K U N¢(K) is a clique of size at most 3 if K has a neighbour in C, or
K is 3-colourable if K has no neighbours in C, then K can be coloured with the three colours
not used in F. Now we give a colouring of V' \ Z, so that one colour of 1,...,5 is not used in
C13UCy4UCs1 UF, and F is coloured with at most 2 colours. We consider four cases which
are similar to the subcases of Case 2 in Section 4.

Case 1. Both Ay and A3 are nonstable.
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e Colour vy, ...,v5 with colours 1, 3,1, 3,2 in order.

e Colour A with colours in {1, 2} so that the trivial components are coloured with colour 1.
Colour A3 with colours in {2,3} so that the trivial components are coloured with colour 2.

e Colour b with colour 2.

e Colour Cy 4,C35,C41,Cs 2 with colours 4,3,5,1 in order. For each vertex in Cf 3, colour
it with colour 2 if it has a neighbour in C3 5, otherwise colour it with colour 3.

e Colour Fy, Fy, F3, Fy with colours 5,5,5,5 in order.
Case 2. Exactly one of As and Ag is nonstable.

By symmetry assume that A, is nonstable. If A; is empty, then it reduces to Case 1. Now
suppose that A; is nonempty.

e Colour vy, ...,vs with colours 1,4,2,1,2 in order.

e Colour A with colours in {1, 3} so that the trivial components are coloured with colour 1.
Colour A; with colour 2, A3 with colour 1.

e Colour b with colour 1.

e Colour C3,C24,C35,C41,C52 with colours 4,3,5,2,3 in order. By Claim 23, A; and
C4,1 do not conflict.

e Colour Fy, Fy, F3, Fy with colours 5,5,5,3 in order.
Case 3. Aj is nonstable.

Now we prove that Cj 3 U Cy 4 is empty. By symmetry suppose that ¢ € C 3. Since As is
nonstable, let a1, as € As such that ajas € E. Then at least one of a; and as is nonadjacent to
b1, assume that a;b ¢ E. Then ca; € E, or else {b,vs, ¢, v1,v5,a1} induces a Ps. So asb € E, or
else cag € FE and then {c,a1,c2,vs} induces a diamond. Then {b, v, v1,vs, as, a1, vs3} induces a
Dq. So 0173 U 0274 is empty.

e Colour vy, ...,v5 with colours 4,2,4,1,5 in order.

e Colour A5 with colours in {1, 2} so that the trivial components are coloured with colour 1.
Colour A; with colour 1, A4 with colour 2.

e Colour b with colour 3.
e Colour C35,Cy 1, C5 2 with colours 3,5,4 in order.
e Colour Fy, Fy, F3, Fy with colours 5,3, 3,5 in order.
Case 4. None of Ay, ..., A5 is nonstable.
Case 4.1. A; U Ay is nonempty.
By symmetry assume that A4 is nonempty.
e Colour vy, ...,v5 with colours 2, 3,1, 2,3 in order.
e Colour A4, ..., As with colours 1,2, 2, 3,1 in order.
e Colour b with colour 4.

e Colour (' 3,C2.4,C35,Cy 1 with colours 5,4, 5,3 in order. If A; is empty, then colour Cj o
with colour 1, otherwise colour Cs 2 with colour 4. By (P23), C24 and Cs 2, C) 3 and C3 5 are
anti-complete. By Claim 22, Cs52 and As do not conflict. By Claim 23, A4 and Cy; do not
conflict.

e Colour Fy, Fy, F3, Fy with colours 5,4,5,4 in order.
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Case 4.2. A; U Ay is empty.
e Colour vy, ...,v5 with colours 1,2,1,2,4 in order.
e Colour As, As, As with colours 1,2, 3 in order.
e Colour b with colour 5.

e Colour C 3,C24,C35,C5 2 with colours 4,5,2,1 in order. For each vertex in Cy 1, colour
it with colour 3 if it has a neighbour in C} 3, otherwise colour it with colour 4. Suppose that
c1 € Cy,1 with colour 3 is adjacent to a € As, then there is a vertex ca € ('3 adjacent to ¢y,
then either {v1, c1, c2,a} induces a diamond, or {vs, v, ca, c1,a,v5} induces a Py, depending on
whether a and ¢ are adjacent. So Cy 1 and As do not conflict.

e Colour Fy, Fy, F3, Fy with colours 5,5, 3,5 in order.

So (G is 5-colourable, a contradiction. O

Lemma 6. Every G-vertez-critical (Pgs,diamond)-free graph with clique number w (w = 3,4,5)
is (K, + K1)-free.

Proof. Let G = (V, E) be a 6-vertex-critical (FPg,diamond)-free graph with clique number w. By
Lemma 2 and Lemma 5, G is S,_o-free. Let A = {ai1,...,a,} be a K, in G. Let B; = {v €
VNA:va; € E}fori=1,...,w, B=;_,; Bi, C =V \ (AUB). Since A is an arbitrary K,
we just need to prove that C' is empty.

Since G is (diamond, K, ;1)-free and 6(G) > 5, we have some obvious properties of B:
e By,..., B, are pairwise disjoint.

e Each component of B; is a clique of size at most w — 1.

e Every b € B; has at most one neighbour in each component of B; for ¢ # j.

e Each B; contains at least 6 — w vertices.

Claim 24. Each vertex in C is anti-complete to B; for some i € {1,...,w}.

Proof. Let ¢ be an arbitrary vertex in C. Since every B; is nonempty, suppose that {b1,...,b,} C
Np(c) such that b; € Bj for j =1,...,w. Since G is S,,_o-free, by,..., b, are pairwise adjacent.
Then {b1,...,by,c} induces a K, 1. O

Claim 25. No vertices in C have a neighbour in B; and a neighbour Bj for i # j.

Proof. Suppose that ¢; € C has two neighbours b1 € By and by € By. Since G is S, _o-free,
b1by € E. Moreover, for each neighbour b of ¢; in B, bby € E if b ¢ By, and bby € E if b ¢ Bs.
So Np(c1) is connected, and forms a clique since G is diamond-free. Since G has no clique
cutsets, G — Np(c;) is connected. Assume that c1,ca,...,cn,b3,a; (n > 2) is a shortest path
between ¢; and A in G — Np(c1). Then ca,...,¢c, € C. If n > 3, then {c1,c2,...,cn, 03,0405}
contains a Ps for some j. Son = 2.

Since {¢1, c2, b1, ba} cannot induce a diamond, either byca, baca € E or byca, baco ¢ E. Assume
that bica, bacy € E. By symmetry assume that b3 ¢ By. Then bibs € E, and so {c1, c2,b1,b3}
induces a diamond. So bjce,bece ¢ E. Since {c1,b1,bs, b3} cannot induce a diamond, b3 is
nonadjacent to at least one of by and by. If bibs ¢ E, then b3 € By, or else {b1,c1,c2,b3,a:,a;}
induces a Py for some i, j. Similarly, if bobs ¢ E, then bs € By. So by symmetry we may assume
that b3 € By, b1bs ¢ FE and bybs € E.

By Claim 24 we may assume that b4 € B3 is nonadjacent to c¢1. If coby € E, then b3by € E.
Then either {ca, bo, b3, by} induces a diamond, or {by, 2, ¢1, b2, az, a1} induces a Ps, depending on
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whether by and by are adjacent. So coby ¢ E. Then {CQ, c1,ba, b4, as, a1} or {Cg,cl, bo, as, as, b4}
induces a Py, depending on whether by and by are adjacent. O

Now suppose that ¢; € C has a neighbour in b; € By, then ¢; has no neighbours in B\ By by
Claim 25. If ¢; has no neighbours in C, then Ng(c1) € Ng(aq). So ¢1 has a neighbour ¢ € C.
This implies that C has no trivial components. By Claim 25 we may assume that by € By is
nonadjacent to co. If coby ¢ E, then {ca,c1,b1,b2,a2,a3} or {co,c1,b1,a1,a2,b2} induces a Py,
depending on whether b; and by are adjacent. So Np(c2) € Np(c1). Moreover by symmetry
and transitivity, every vertex in a component K of C has the same neighbourhood in B. Then
either Np(K) is a clique cutset, or K U Ng(K) contains a diamond. So C' is empty. O

5.2 Proof of Theorem 10

Let G = (V,E) be a 6-vertex-critical (FPg,diamond)-free graph with clique number 4. Let
A ={a1,a2,a3,a4} bea Ky in G, Bi={veV\A:va; € E} fori=1,2,3,4, B= U?:lBi. By
Lemma 6, G is (K4 + Kj)-free. So V= AU B and we may use the properties of B mentioned
in Lemma 6.

Claim 26. B\ B; is not 2-colourable for i =1,2,3, 4.

Proof. By symmetry suppose that By U Bs U By is 2-colourable. Then G has a 5-colouring:
colour a; with colour 1, By U{azg, a3, a4} with colours in {2, 3,4}, and By U B3 U By with colours
in {1,5}. O

Claim 27. If B; contains a K3, then B; contains no K3 for j # 1.

P’FOOf. Let K = {bl, b2, bg} be a Kg in Bl, and L = {b4, b5, b6} be a Kg in BQ. Let b7 € Bg. Since
G is (diamond, K4 + K )-free, by has exactly one neighbour in K and exactly one neighbour in L,
assume that b1b7, byby € E. At least one of b5 and bg is nonadjacent to by, assume that bsb; ¢ E.

One of by and b3 is nonadjacent to bs, assume that babs ¢ E. Then {bs, a2, as, bz, b1, b2} induces
a PG. ]

Claim 28. B contains no Cs.

Proof. We use some properties from Section 3 to prove this claim. Let Q={v1,ve,vs,v4,v5}
induce a C5 in B with edges v;jv;y; for i = 1,...,5, all indices modulo 5. By (P2) and (P21),
QCBU Bj. Assume that vy, vs € By, v9,v4,v5 € Bs.

Let u be an arbitrary vertex in Bs U Bs. By symmetry let v € Bs. If u has no neighbours in
Q, then {u, as,a1,v1,vs,v4} induces a Ps. By (P21), u is adjacent to two or three nonsequential
vertices in Q. If u has exactly two neighbours v; and v;12 in @, then {aq4,as,u,v;, vit4, vit3}
induces a Ps. Since vy and vs are in the same component of By, Ng(u) # {v2,vs,v5}. So
Ng(u) = {vi,v2,v4} or {v1,v3,v4} or {v1,v3,v5} or {va,v3,v5}. Note that each B; contains at
least two vertices. Then by (P13), Bs U By is stable, and each of Bs and By contains exactly
two vertices.

By Claim 26, By U B3 U By contains a K3 or a C5. If B; U Bg U By contains a Cj, then Bo
contains exactly two vertices, a contradiction. So By U B3 U By contains a K3. Since there are
no edges between B3 and B4, B contains a K3. Then Bs U B3 U By contains no K3 by Claim 27
and so contains a (5. Then B; contains exactly two vertices, a contradiction. ]

Claim 29. For every component K of B; of size 3, there is a Ky in B containing one vertex
in each of B1,..., By, and containing one vertex in K.
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Proof. Assume that K = {b1, by, b3} is a K3 in B;. By Claim 26, Claim 27 and Claim 28, there
are by € Ba, bs € B3, bg € By such that L = {b4,bs,bs} is a K3. Since G is diamond-free, every
vertex in K cannot have exactly two neighbours in L. If some vertex in K is complete to L,
then we are done. So suppose that every vertex in K has at most one neighbour in L. Suppose
that b1by € E. By symmetry we may assume that bobs ¢ E. Then {ba, b1, by, b5, a3, as} induces
a Ps. So K and L are anti-complete, and then K U {aj,bs} induces a K4 + K;. O

Claim 30. If no B; contains a K3 for j = 1,2,3,4, then for every component K of B; of size 2,
there is a K4 in B containing one vertex in each of By, ..., By, and containing one vertex in
K.

Proof. Assume that no B; contains a K3 for j = 1,2,3,4, and K = {b1,b2} is a K> in B;. By
Claim 26 and Claim 28, there are bs € Bg, by € B3, bs € By such that L = {b3,by,bs} is a K3.
Since G is diamond-free, every vertex in K cannot have exactly two neighbours in L. If some
vertex in K is complete to L, then we are done. So suppose that every vertex in K has at most
one neighbour in L. By a similar proof as for the proof of Claim 29 we have that K and L are
anti-complete.

Since A is not a clique cutset, B is connected. Assume that b1, u1,...,uy,, b3 is a shortest
path between K and L in B. Since K is a component of By, u; ¢ Bj, and so vou; ¢ E.
Note that u, is either complete to L, or nonadjacent to b4, b5 since G is diamond-free. If u,
is complete to L, then L U {uy, b2} induces a K4 + Kj. So upby,unbs ¢ E. If n > 2, then
{b2,b1,u1,...,up,bs,bs} contains a Ps. So n = 1. If uy € By, then {ba, b1, u1,bs,bs,as} induces
a Ps. If uy ¢ By, by symmetry assume that uy ¢ Bs, then {bo, by, u1, b3, ag, ag} induces a Ps. [

If every B; is stable for ¢ = 1,2, 3,4, then G is 4-colourable. So one of By, ..., By contains a
component of size 3 or 2. By Claim 29 and Claim 30, we may assume that A" = {by, b, b3, by}
is a K4 in B such that b; € B; for 1 = 1,2, 3,4, and there is a vertex v; adjacent to a; and bq.

Since G is (K4 + Ki,diamond)-free, every vertex in V' \ (AU A’) is adjacent to exactly one
vertex in A and exactly one vertex in A’. Let vg be a neighbour of v; in V'\ (AU A’). Because
G is diamond-free, vy is adjacent to ap if and only if it is adjacent to by. By w(G) = 4, v; has
at most one neighbour in V' \ (AU A’) which is adjacent to a; and b;. Now assume that vo
is nonadjacent to a;. There are two cases up to symmetry: voao,voby € E or voas,vobs € E.
In either case, {by,b1,v1,v2,a2,a3} induces a Ps. So v; has no neighbours in V' \ (AU A')
which are nonadjacent to a;. Then d(v;) < 3, a contradiction. So there are no 6-vertex-critical
(Ps,diamond)-free graphs with clique number 4.

5.3 Proof of Theorem 11

Let G = (V,E) be a 6-vertex-critical (FPg,diamond)-free graph with clique number 5. Let
A ={a1,a2,a3,a4,a5}t bea K5in G, B; ={veV\A:va; € E}fori=1,2,3,4,5, B = U?Zl B;.
By Lemma 6, G is (K5+ K1 )-free. So V = AUB and we may use the properties of B mentioned
in Lemma 6.

Claim 31. If B; contains a K3, then B; contains no K3 for j # i.

Proof. Let K = {b1,by,b3} be a K3 in By, and L = {b4,bs5,bs} be a K3 in By. Now we prove
that K U L and B\ (By U Bg) are anti-complete. Suppose that b; € Bs is adjacent to by,
then brby, bybs ¢ E. Since each of b; and by has at most one neighbour in L, assume that
byby,bsby ¢ E. We may assume that boby ¢ E by symmetry. Then {by4, as, as, by, b1, ba} induces
a Ps. So KUL and B\ (By U By) are anti-complete.
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Since A is not a clique cutset, B is connected. Assume that by, uq,...,uy,bs is a shortest
path between K U L and B\ (B; U By) in B. By symmetry assume that bs € Bs. Then
ULy ..., Uy € BiUBsg. If bouy ¢ E, then {ba, b1, u1,...,un,,bs,as,as} contains a Ps. So bauy € E,
and then K U {u1} is a K4 in By. Then n = 1, or else K U {uq,a1,bg} induces a K5 + Kj.
Since each of b; and u; has at most one neighbour in L, assume that bsbi,bsu; ¢ E. Then
{b1,u1,bs,as,as,bs} induces a Py. O

Claim 32. Every B; is K4-free.

Proof. Suppose that K = {b1, b2, b3,bs} is a K4 in By. If B\ By is stable, then G is 5-colourable.
So let L = {b5,bs} be a Ky in B\ Bj, then each of b; and bg has exactly one neighbour K.

First we assume that b5 and bg are in the same B;, say Bo. Then their neighbours in K are
different. Figure 9 is a diagram of the following proof. Assume that bibs, bobg € E. Suppose
that b5 has a neighbour b7y € Bs. Then bgby ¢ E. At least one of bg and by is nonadjacent to
by, assume that bsby ¢ E. Then {bg, b5, b7, as,a1,bs} induces a Ps. So bs has no neighbours in
B3 U B4 U Bs. By Claim 31, since B; contains a K4, b5 has only one neighbour bg in Bs. By
d(bs) > 5, bs has a neighbour bg € By \ K. Then bgbg ¢ E. By d(b3) > 5, bs has a neighbour
bg € B \ Bl. Then b5b9,b6b9 gé E.If bgbg ¢ E, then {bg,b5,b§,b2,b3,bg} induces a P6. If
bobg € E, then {bg, by, as, bg, b2, by} or {bs, by, b3, ba, bg, az} induces a Ps, depending on whether
bg € By. So b; and bg cannot be in the same B;.

bo bs

by

as

Figure 9: Diagram for Claim 32. Some unimportant uncertain edges are not drawn.

Now we assume that bs € By, bg € B by symmetry. Let bibs € FE and babg ¢ E. 1If bibg ¢ F,
then {bo, by, b5, bg, as, as} induces a Ps. So bibg € E. Note that K U{a1} is a K5, while A\ {a1}
is a K4 in the neighbourhood of a; and L is a K5 in the neighbourhood of 1. Then we can get
a contradiction by symmetry. O

Claim 33. B contains no Cs.

Proof. Let Q={v1,v2,v3,v4,v5} induce a C5 in B with edges v;v;41 for i = 1,...,5, all indices
modulo 5. By the properties from Section 3, we may assume that vi,v3 € B1, v, v4,v5 € Ba.
Then for any w € B3 U B4 U Bs, Ng(u) = {vi,v2,v4} or {vi,v3,v4} or {v1,v3,v5} or {va,v3,vs5}.
And then BsU B4U Bs is stable and contains at most 4 vertices whose neighbourhoods in Q) are
pairwise different. Let by € B3, by € By. Note that there exist v;, v; € @ such that {b1,v;,v;, b2}
induces a Py. Then {as,as, b1, v;,v;, b2} induces a P. O
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Claim 34. B\ (B; U By) is not 2-colourable for i # j.

Proof. Suppose that Bs U By U By is 2-colourable. Then By U Bs is not 3-colourable, or else G
is 5-colourable. Since B; U Bs contains no K4 by Claim 32, By U By is imperfect. Then By U By
contains a Cjy, contradicting with Claim 33. O

Since G is not 5-colourable, at least one of By, ..., Bs is nonstable. By Claim 32, the largest
component among B, ..., B is of size 2 or 3.

Claim 35. Let K in B; be a largest component among Bi,...,Bs. Then there is a K4 con-
taining one vertex in each of K, B, Bj,, Bj, for every combination of three sets Bj , Bj,, Bj,
in {Bi,...,Bs} \ {Bi}.

Proof. Let K = {by,ba} or {b1,be,b3} in B;. By Claim 31, Claim 33 and Claim 34, there are
by € Ba,bs € Bs,bg € By such that L = {b4,b5,bs} is a K3. If some vertex in K is complete
to L, then we are done. So suppose that every vertex in K has at most one neighbour in L.
Suppose that b1by € E. By symmetry we may assume that babs ¢ E. Then {ba, b1, b4, b5, a3, as}
induces a FPs. So K and L are anti-complete.

Since B is connected, assume that {by,u1,...,uy,bs} is a shortest path between K and L
in B. Note that u; ¢ By, so bouy ¢ E. If n > 3, then {ba,b1,u1,...,un,bs} contains a Ps. If
n = 2, then uy is complete to L, for otherwise {ba, b1, u1, uz, by, b5} induces a Ps. By symmetry
we may assume that ui, us ¢ Ba. Then {by, b1, u1, ug, by, as} induces a Ps. Son = 1. If u; € Bo,
then u1bs ¢ E, or else {u1,by,bs,as} induces a diamond. Then {bg, by, u1, bs, b5, as} induces a
Ps. If uy ¢ Bo, by symmetry assume that uy ¢ Bs, then {bo, b1, u1, by, az,as} induces a Ps. [

Claim 36. Let K be a largest component among By, ..., Bs, then there is a K5 in B containing
one vertex in each of B1,...,Bs, and containing one vertex in K.

Proof. Let K = {b1,ba} or {b1,b2,b3} in By. By Claim 35, there are by € By, bs € B3, bg € By
such that {by, b4, bs,b6} is a K4, and there is a vertex b; € Bs which has a neighbour in K. If
b7 is complete to {by, bs,bs}, then b7b; € E and so we are done. Suppose that b7 has at most
one neighbour in {by4, b5, bs}. By symmetry assume that b7bg, bybs ¢ E.

If b7 is adjacent to be or b, by symmetry assume that byby € E, then {b7, ba, b1, by, az,as}
induces a Ps. So by is adjacent to by. Then b7bg ¢ E, or else {b1, b7, bg, b5} induces a diamond.
Then there are bg € By and by € B3 such that {b1, b7, bs, by} is a K. Since {bg, b7, bs, bg} cannot
induce a diamond, at least one of bg and bg is nonadjacent to bg, by symmetry assume that
bsbg ¢ E. Since {bg, by, b5, bs} cannot induce a diamond, at least one of by and b5 is nonadjacent
to bg. If b8b4 ¢ E, then {bg, b7, as, a4, b6, b4} induces a PG. If bgb5 ¢ E, then {bg, b7, as, a4, b6, b5}
induces a Fg. ]

Now we may assume that A" = {by, by, b3, by, b5} is a K5 in B such that b; € B; for i =
1,2,3,4,5, and there is a vertex v adjacent to a; and b;. Similarly as in the proof of Theorem 10
we consider the neighbourhood of v;. Then d(v;) < 4, a contradiction. So there are no 6-vertex-
critical (Ps,diamond)-free graphs with clique number 5.

6 Conclusion
In this paper, we improved the y-bound of (Ps, diamond)-free graphs from x(G) < w(G) + 3 [7]
to x(G) < max{6,w(G)}. Moreover, we proved that the chromatic number of graphs in the class

of (Ps, diamond)-free graphs can be calculated in polynomial time. We suspect that similar
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results can be obtained for other hereditary graph families: if a hereditary graph family has
a x-bound in the form of x(G) < w(G) 4+ C where C' is a constant, then it may be possible
to improve the bound to max{C’,w(G)} where C’ is a constant. If that is the case, it may
also be possible to compute the chromatic number in polynomial time for this family of graphs.
However, this is not always possible since determining the chromatic number is NP-hard for
the hereditary family of line graphs, which has a y-bound in the form of x(G) < w(G) + C. So
it would be interesting to find other hereditary graph families for which the chromatic number
can be determined in polynomial time in this way.
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Appendix

A Computer-Free Proof of a Weaker Version of Theorem 9

The proof of Theorem 9 uses computational methods. In this section we give a computer-free
proof of a weaker version of Theorem 9. This weaker theorem still suffices to give a complete
computer-free proof of Theorem 7 and Theorem 8.
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Theorem 12. There are finitely many 6-vertex-critical (Pgs,diamond)-free graphs with clique
number 3.

Proof of Theorem 12. Let G = (V, E) be a 6-vertex-critical (Ps,diamond)-free graph with clique
number 3. Let A = {aj,a2,a3} be a K3 in G, B = {v € V\A:wva € E} for i = 1,2,3,
B =J}_, B;. By Lemma 6, G is (K3 + K1)-free. So V = AU B and we may use the properties
of B mentioned in Lemma 6.

Claim 37. B\ B; is Ks-free and not 3-colourable for i =1,2,3.

Proof. By symmetry assume that i = 3. Since G is Ky-free, each B; cannot contain a K3. If
{b1,b2,b3} is a K3 in B1U By, by symmetry assume that by,bs € By, bs € Ba, then {b1, b2, b3, a1}
induces a diamond. So B;U B> is K3-free. If B; U By is 3-colourable, then we have a 5-colouring
for G: colour a1, as, ag with colours 1,2, 3 in order, colour B with colours in {1,2} and By U By
with colours in {3,4,5}. So B; U Bs is not 3-colourable. O

Claim 38. B\ B; is an induced subgraph of the Clebsch graph for i =1,2,3.

Proof. By symmetry let ¢ = 3. By Theorem 4 and Claim 37, every B1U B contains the Grotzsch
graph. Let K be a component of By U By such that K contains the Grotzsch graph. Let L be a
graph obtained from K by successively deleting the vertex with the smaller neighbourhood of
every pair of comparable vertices (if the neighbourhoods are equal, pick any of the two vertices).
Let uz, be the last deleted vertex, if it exists. Then L contains the Grotzsch graph, and is an
induced subgraph of the Clebsch graph by Theorem 4. Let L = {vg, ..., v10,...}, whose indices
correspond to Figure 1. Note that each of v11,...,v15 may either exist or not exist.

Now we prove that every vertex in (Bj U Bz) \ L has a neighbour in L. Suppose that
u € (B1 U B3) \ L has no neighbours in L. Since By and Bs are Ps-free, every induced Cj in
B1UB> has the property that two nonadjacent vertices of the C5 belong to one of By and Bs, and
the other three vertices belong to the other of B; and By. Now we consider {vg, v7, v8,v9,v10}, by
symmetry we may assume that vg, vg € By, v7,v9,v19 € Ba. Then vy € By. Then {u, vg, v19, a2}
or {u,vs,vs, a1} induces a K3+ K, depending on whether u belongs to By. So every vertex in
(B1 U Bg) \ L has a neighbour in L. This implies that By U By is connected.

Now assume that uy exists, and by symmetry assume that uy € By. Since uy is the last
deleted vertex when we obtain L, there is a vertex u; € L such that N (up) C Np(up). There
is a vertex ug € Np(u1) such that upus € E. Note that every Ky in L is in a C5 in L. Let
{u1,u2,u3,uq,us} be an arbitrary C5 in L containing w; and wug, such that vjv;4; € E for
i=1,...,5, all indices modulo 5. Now we prove that upus ¢ E. Suppose that upus € E. Now
we discuss two cases, depending on u.

Case 1. uj € Bs.

Since B; and By are Ps-free, us and us belong to By and Bs, respectively, by symmetry
assume that ug € Bi, us € By. Note that for every P; in L, there is a vertex in L which is
anti-complete to that P;. Let v; € L be a vertex which is anti-complete to {ug,u1,us}, then
viur, ¢ E since Np(ur) € Nr(u1). Then {ag,u1,us,v;} or {a1,ur,us,v;} induces a K3 + K.

Case 2. u; € Bj.

Since uy, and uy are not comparable in G, Naup,(ur) € Naups(u1). Let b € Bs such that
bur, € E, buy ¢ E. Since By and Bs are Ps-free, ugus € Ba, and at least one of ug and uy is
in By. If us,us € By, then one of usz and u4 is adjacent to b, or else {ay,us, uq,b} induces a
K3+ K. If one of uz and uy is in Bs, say us, then one of us and ug is adjacent to b, or else
{b,as,a1,u1,uz,us} induces a Ps. So b is adjacent to at least one of ug, us, u4, us. Suppose that
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bus € E. Then each vertex in V' \ {b,ur,u2} is adjacent to exactly one vertex in {b,ur,us}.
So buy € E, bug,bus ¢ E. Suppose that bug € FE, then we have buy ¢ E. Then buy ¢ E, or
else {b, us,uy,us } induces a K3+ Kj. Then bus € E, or else {b,as,a1,us, us,us} induces a Py.
So by symmetry we may assume that bue, buy € E, bus,bus ¢ E. Note that for every Ko in L,
there is another Ky which is anti-complete to the former Ks. Let {v;, vj} be a K9 in L which
is anti-complete to {uj,us}. Since every vertex in V' \ {ug,ur,b} has exactly one neighbour in
{ua,ur, b}, we have v;b,v;b € E. Then {b,v;,v;,u1} induces a K3+ K.

So urus ¢ E. Note that every Ps3 in L is in a C5 in L. Since {uj,ug,us,us,us} is an
arbitrary C5 in L containing u; and us, ur, has only one neighbour us in L. Note that for every
vertex v in L, there is a P5 in L such that v is an end of the P5. Then L U {uy} contains a
Ps. So up, does not exist. This implies that By U By contains no comparable vertices. Then
By U By = L is an induced subgraph of the Clebsch graph. O

Since every B\ B; contains at most 16 vertices, G contains at most 27 vertices. So there
are only finitely many 6-vertex-critical (Pg,diamond)-free graphs with clique number 3. O
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