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a b s t r a c t

In this paper we discuss the implementation of a discrete, piecewise power-law grain-size distribution
method into a numerical multifluid MHD code as described in Sumpter and Van Loo (2020). Such a
description allows to capture the full size range of dust grains and their dynamical effects. The only
assumptions are that grains within a single discrete bin have the same velocity and charge. We test
the implementation by modelling plane-parallel C-type shocks and compare the results with shock
models of multispecies grain models. We find that both the discrete and multispecies grain models
converge to the same shock profile. However, the convergence for the discrete models is faster than for
the multispecies grain models. For the pure advection models a single discrete bin is sufficient, while
the multispecies grain models need a minimum of 8 grain species. When including grain sputtering
the necessary number of discrete bins increases to 4, as the grain distribution cannot be described by
a single power-law as in the advection models. The multispecies grain models still need more grain
species to model the distribution, but the number does not increase compared to the pure advection
models. Our results show that modelling the grain distribution function using a discrete distribution
reduces the computational cost needed to capture the grain physics significantly.

© 2022 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/).
1. Introduction

Although the typical grain-size distribution in the Interstellar
edium (ISM) follows the Mathis et al. (1977) (MRN) distribution,

ocal variations are expected as the grain-size distribution is
ubjected to different grain processes such as dust production
Maercker et al., 2018), grain growth by coagulation and mantle
ccretion (Jones and Williams, 1985; Liffman and Clayton, 1989;
ssenkopf, 1993; Inoue, 2003; Ormel et al., 2009; Asano et al.,
013; Ysard et al., 2016; Jones et al., 2017), and destruction
rocesses like sputtering, shattering and vaporisation (Tielens
t al., 1994; Jones et al., 1996; Flower and Pineau des Forêts,
003; Hirashita and Yan, 2009; Guillet et al., 2007, 2009, 2011;
nderl et al., 2013). These grain processes do not only affect the
verall grain distribution, but also have significant effects on the
ynamics of the ISM. In the outflows of Young Stellar Objects
YSOs), dust grains are important charge and current carriers
nd therefore determine the structure of C-type shocks (Van Loo
t al., 2009). Furthermore, grain-processing leads to observational
ignatures. In typical ISM conditions silicon is adsorbed onto
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dust grains. However, gas phase SiO is detected in the clumpy
structure of YSO outflows due to the shock-induced sputtering
releasing silicon into the gas phase (e.g. Martin-Pintado et al.,
1992; Mikami et al., 1992). Thus, it is essential to accurately
follow the evolution of the dust grain distribution to model both
the dynamics and emission signatures.

A number of different approaches have been used to model
the dynamics and processing of dust grains in C-type shocks. In
the simplest method, i.e. the multispecies grain model, only a
few dust species with specified radii, i.e. typically, one or two
grain species representing small and/or large dust grains, are
evolved (e.g. Draine et al., 1983; Van Loo et al., 2009, 2013).
This approach captures not only the dynamical importance of
dust grains to the shock structure, but also the sputtering pro-
cess of the grains. However, the limited number of dust species
fails to represent the grain-size distribution adequately and is
furthermore restricted in use as it cannot model grain–grain
processes such as shattering and vaporisation (Sumpter and Van
Loo, 2020). A more rigorous approach uses a discrete distribu-
tion function in which the grain-size distribution is modelled
using different size bins spanning the full radial range (e.g. Jones
et al., 1996; Guillet et al., 2007, 2009, 2011; Anderl et al., 2013).
While both sputtering and grain–grain processing are followed
to provide a more realistic shock and emission profile, these
models only follow the total dust mass and approximate the dust
rticle under the CC BY license (http://creativecommons.org/licenses/by/4.0/).
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umber density. McKinnon et al. (2018) improved this method
y using a linear piece-wise discretisation in a grain size bin
o conserve both mass and number density and showed it to
e second-order accurate in number of size bins. However, this
till requires 50–100 bins to achieve an accuracy of the order
f 1%. A further improvement was suggested by Sumpter and
an Loo (2020, hereafter Paper I): they show that a power-law
iscretisation of the distribution function preserves the global
istribution properties to a high degree even with small bin
umbers.
In this paper we will implement this discrete power-law

ethod in a multifluid magnetohydrodynamics (MHD) code (Sec-
ion 2). Then, in Section 3, we will compare the profiles of oblique
-type shocks obtained with both the power-law discretisation
nd multispecies approaches, while, in Section 4, we will present
he results for the sputtering of grain cores with the aim of deter-
ining the number of size bins required to accurately model this
estructive grain sputtering process. Finally, Section 5 contains a
iscussion of the results and conclusions.

. Numerical model

.1. Dynamics of discrete grain distributions

To model a weakly-ionised dusty plasma, we use the multi-
luid MHD code MG with the chemical network described in Van
oo et al. (2009, 2013). The numerical scheme underlying the
ode solves the continuity, momentum and energy equation for
he neutral particles. In the limit of small mass densities for
he charged fluids, their inertia can be neglected and, also, the
harged fluids are in thermal balance as their heat capacities are
mall. Therefore we can restrict ourselves to solving the continu-
ty and reduced momentum equations for all charged fluids and
he reduced energy equations for ions and electrons only (as the
ust grains can be treated as a pressureless fluid). Furthermore,
he neutral and charged fluids are coupled by mass, momentum
nd energy transfer coefficients. These equations are solved using
second-order hydrodynamic Godunov solver for the neutral

luid equations. The charged fluid densities are calculated us-
ng an explicit upwind approximation to the mass conservation
quation, while the velocities and temperatures are calculated
teratively from the reduced momentum and energy equations.
he magnetic field is calculated using the induction equation with
he resistivities obtained from Ohm’s law. The magnetic field is
dvanced explicitly, even though this implies a restriction on the
table time step at high numerical resolution (Falle, 2003).
However, we make three modifications. While Van Loo et al.

2013) modelled grain sputtering and thus grain mass loss, the
ass loss was not taken into account when determining the grain
ynamics. Our first modification is to relax this assumption. The
econd change concerns the dust grain’s charge. While in previous
odels the grains are always assumed to be negatively charged,

his is also relaxed and, in specific conditions, grains can attain a
ositive charge. The final change relates to the calculation of the
elocities of the charged particles from the reduced momentum
quations and provides a more robust derivation of these. The
atter two modifications are described in Appendices A and B.

When incorporating the grain-size distribution in the mul-
ifluid MHD scheme the equations governing the (pressureless)
rain fluids need to be modified. As the description of the imple-
entation is detailed in Paper I we only give a short summary
ere. We assume that the grain number density distribution in
in i, given by the size interval [ai, ai+1], has a power-law shape,
.e.
∂n(a, t)

⏐⏐⏐⏐ = Aia−αi , (1)

∂a i

2

where Ai is the power-law coefficient and αi the power-law
index which both implicitly depend on time. Then, by integrating
the continuity equations and reduced momentum equation over
the grain number density distribution in bin i, the governing
equations for bin i become
∂ni

∂t
+ ∇ · (niv̄i) = Si,sputt, (2)

∂ρi

∂t
+ ∇ · (ρiv̄i) = S ′

i,sputt, (3)

⟨Z⟩ieni (E + v̄i × B) + niρnK ∗

gn(vn − v̄i) = 0, (4)

where ni is the total number density in bin i, ρi the total mass
density, and ⟨Z⟩ie the average grain charge. Furthermore,

K ∗

gn =
8π
3

⟨a2⟩i

(
2kBTn
πmn

)1/2 (
1 +

9π (vn − v̄i)2

128kBTn

)1/2

, (5)

is the mean specific collision coefficient between neutrals and
grains in bin i (and is determined by integrating the collision
coefficient Kgn). Here, the average value of a variable f is given
by

⟨f ⟩i =
1
ni

∫ ai+1

ai

da f
∂n
∂a

⏐⏐⏐⏐
i
, (6)

The only assumption made in the derivation of these equations
is that all the grains within a bin have the same velocity (v̄i).

hile this is not necessarily valid, it is expected to only have
minor effect. The grain velocity depends effectively on the

rain radius through the Hall parameter, which is the ratio of
he gas–grain collision frequency to the gyrofrequency, β =

eB/(mρnKgn) ∝ a−1. For small Hall parameters, i.e. when |β| <

.1, the grains move with the neutrals, while, for |β| > 2 they
ove with the electrons and ions. Thus, there is only a small

ange of β values, or grain radii, for which grains have a velocity
n between these limits.

Si,sputt and S ′

i,sputt represent the sputtering losses in bin i and
re calculated as described in Paper I. For this, we specifically
eed to calculate the rate of change of the grain radius, i.e. ȧ,
n each bin due to sputtering. The sputtering yields due to H2,
O, O, Mg, H2O and SiO projectiles are calculated using the same
xpressions as in Van Loo et al. (2013). It is important to realise
hat ȧ is not explicitly dependent on the grain size, only implicitly
via the grain-neutral relative velocity. Given that the velocity
is assumed to be the same for all grains in a bin, this relative
velocity, and thus also ȧ is also constant in each bin (which is
implicitly assumed in Paper I).

2.2. Initial conditions

We follow Van Loo et al. (2009) and Van Loo et al. (2013)
for the initial set-up of the shock models. This assumes that
the initial flow profile corresponds to that of a discontinuity
similar to a J-type shock. The upstream magnetic field is B0 =

µG(nH/1 cm−3)1/2, where nH is the upstream value of the num-
ber density of hydrogen nuclei. A shock propagates with a speed
vs at an angle θ = 45◦ with respect to the upstream magnetic
field. We will consider two different shock set-ups corresponding
to models with or without grain sputtering. For the advection
only models (no sputtering), the pre-shock density is either nH =

104 cm−3 or nH = 106 cm−3 with a shock speed vs = 25 km s−1,
hile, for the sputtering models, the shock propagates with a
igher speed of 40 km s−1. We adopt this larger shock speed for
puttering as 25 km s−1 is the threshold speed for core sputtering
nd would have little effect on the dust distribution. Furthermore
e adopt the same fractional abundances for the upstream chem-

cal species, that is the upstream gas phase fractional abundances
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Fig. 1. Shock width (solid line) and maximum neutral shock temperature
(dashed line) as function of number of multispecies grains (blue) or discrete
bins (amber) for vs = 25 kms−1 and nH = 104 cm−3 .

of O, Mg, H2O and SiO are 4.25×10−4, 10−7, 0 and 0, respectively.
The fractional abundance of CO we keep constant at 5 × 10−5

throughout the numerical domain.
The dust grains are modelled using an initial power-law size

distribution of grain cores with an index of −3.5 (Mathis et al.,
1977, referred to as the MRN distribution function) and set the
lower and upper radial limit of the distribution to amin = 5 ×

10−7 cm and amax = 3 × 10−5 cm, respectively. We do not
include grain mantles in this paper as we consider a shock speed
above ≈ 20km s−1 for which grain mantles are completely, but
also rapidly, eroded (Guillet et al., 2011; Van Loo et al., 2013).
In the upstream region, one percent of the mass is contained in
grains. The full radial range of the initial distribution is divided
up logarithmically with a spacing determined by

∆a =
log(amax/amin)

N
, (7)

where N is the number of bins. Then the edges of bin i are
effectively ai = aminei∆a and ai+1 = amine(i+1)∆a. The number
density ni in each bin i can then be calculated as

ni =

∫ ai+1

ai

da
∂n
∂a

⏐⏐⏐⏐
i
, (8)

and the mass density ρi as

ρi =
4π
3

ρgni⟨a3⟩i, (9)

where ρg is the density of the grain material. For models with
the multispecies grains, an appropriate radius āi needs to chosen
for each bin. As the average mass per grain is given by ρi/ni, it is
clear that āi =

(
⟨a3⟩i

)1/3.
3. Advection of the grain distribution

While Paper I studied a numerical approach for accurately
evolving a dust grain-size distribution undergoing grain process-
ing, it only suggested an implementation of the technique in
a (magneto)-hydrodynamical code. Therefore, it is yet unclear
whether a discrete distribution function can adequately be used
for modelling the dynamics. Here we compare the shock struc-
tures using both single-species and discrete distributions with the
number of species (or bins) ranging from 1 to 16.

Figs. 1 and 2 show characteristic measures for the shock struc-
ture: the shock width measured as the part of the shock with
3

Fig. 2. Shock width (solid line) and maximum neutral shock temperature
(dashed line) as function of number of multispecies grains (blue) or discrete
bins (amber) for vs = 25 kms−1 and nH = 106 cm−3 .

neutral temperatures above 100 K (as in Anderl et al., 2013)
nd the maximum neutral temperature as hotter temperatures
re achieved in thinner shocks with a narrower radiating layer.
e find that the shock is thinnest (2–2.5 times) and hottest (25%)

or the model with one grain species. As more multispecies grains
re included, the shock width and maximum temperature seem
o converge. This convergence is more apparent if we compare
he results with the ones from the discrete distribution func-
ion. Both models tend to the same values. However, contrary to
he multispecies grain models, the shocks widths and maximum
emperatures for the discrete distribution models have quasi-
onstant values even for a low number of bins. For the nH =

04 cm−3 runs the relative variation in the shock width is less
han 1%, while it is slightly higher for the nH = 106cm−3 model
t 6%, compared to 52% and 56% for the multispecies grain models
espectively.

To understand this behaviour, we need to understand the
hysical process governing the shock structure. In particular, the
hock width is set by balancing the Lorentz force with the drag
orces. From summing the reduced momentum equations (Eq. (4))
or the charged particles together, we find

× B + ρn

∑
i

ρiKin(vn − vi) = 0. (10)

lthough dust grains are not necessarily the dominant charge
arriers (they are for nH = 106 cm−3, but not for nH = 104 cm−3),
hey do contribute significantly to the drag force. In regions with
ow ionisation fraction χ , i.e. χ < 3 × 10−9(vs/km s−1), as
n these models, the drag force of the neutral-grain collisions
ominates the ion-neutral drag force (Van Loo et al., 2009). As the
eutral-grain drag force is proportional to ρgKgn, where ρg is the
rain mass density, the smaller grains in a MRN size distribution
ontribute the most to the drag.
In the discrete distribution models, the collision coefficient is

veraged over all of the grain radii within a bin (see Eq. (5))
o that the evaluation of the drag force only depends on the
umber of bins needed to adequately describe the distribution
unction. For nH = 104 cm−3 all grains move with the electrons
nd ions as seen in Fig. 3. This means that the dust distribution
eeps the same initial power-law distribution as the grains move
rom upstream to downstream and can, thus, be described by
ingle discrete bin. However, the nH = 106 cm−3 models show
more complicated situation. The higher neutral density implies
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Fig. 3. Shock structure for different models of a shock propagating at 25 km s−1 through nH = 104 cm−3 . From left to right: 1 grain species, 1 discrete bin, 16 grain
pecies and 16 discrete bins. Top panel shows the normal velocity in the shock frame of the neutrals, ions/electrons and grains normalised to the shock velocity,
hile bottom panel shows neutral, electron and ion temperatures as well as the absolute value of the grain charge.
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n increased collision frequency and the larger grains become
ecoupled from the electrons and ions (see Fig. 4) and even move
long with the neutrals for a short distance. This is because, for
H = 106 cm−3, the grains become the dominant charge carriers

depleting the available free electrons that attach to the grains
causing the largest grains to become quasi-neutral. Consequently,
their Hall parameter is smaller than unity and the grains start
moving with the neutrals so that these grains do not contribute
to the drag force. The distribution function then needs to be mod-
elled using more than 1 discrete bin. However, as the contribution
of the large grains to the dust drag is limited, the overestimation
of the drag force is small as can be seen in Fig. 2.

For the single-size models the collision coefficient is not eval-
ated across a range of grain radii, but just at āi. Remember that
his value is determined from the initial distribution function (see
ection 2). When considering only one grain species or discrete
in, it is possible to compare the drag force exerted by the dust,
.e. the ratio of the single size to discrete bin model is given by
gKgn/ngK ∗

gn = ⟨a3⟩2/3/⟨a2⟩ where the average is determined
cross the full grain size range [amin, amax]. For an initial MRN
istribution this ratio is then ≈ 2.4 which also is the relative
ifference observed in the shock widths between the single size
nd discrete bin models in Figs. 1 and 2. Including more grain
pecies will reduce this overestimation in the drag force until
onvergence. We find that at least 8 to 16 grains species are
equired for the results to converge.

Both the discrete models and the multispecies grain models
onverge to the same values giving confidence that the dis-
rete distribution models reproduce the correct shock structures.
he importance of using a discrete distribution of grain sizes is
emonstrated, with multispecies fluids only accurately achieving
he same shock profile as the distribution for upwards of about
fluids. While discrete models with a single bin produce good

esults, it is useful to use a minimum of two bins to model
he different dynamics of small and large grains. This becomes
specially important when including grain processing physics
uch as sputtering in the next section.

. Sputtering of the grain distribution

Here we explore the effect of sputtering as the initial MRN
istribution is advected through the shock front. In the previous
ection we found that, for advection-only models, only two dis-

rete bins are necessary to correctly simulate the shock dynamics. b

4

However, grain sputtering depends on the relative velocity be-
tween the grains and the impacting particles which can either be
ions or neutrals. Therefore it is not only important to describe the
grain size distribution but also the velocity distribution. As the
grain velocity in a size bin is assumed to be constant, the velocity
distribution of the grains is better described by more size bins as
will be the sputtering of those grains.

Figs. 5 and 6 show the shock properties for a 40 kms−1 shock
ropagating in a nH = 104 cm−3 and 106 cm−3 medium as
unction of the number of discrete bins or multispecies while
ncluding grain sputtering. Similarly to the advection models
Figs. 1 and 2) the shock width and the maximum neutral temper-
ture converge as more discrete bins or multispecies are used to
odel the grain distribution. This is more so for the multispecies
odels than for the discrete bin models. For nH = 104 cm−3, the
ultispecies models have a relative variation in the shock width

rom 19% for N = 2 and dropping below 5% for N = 8, while
he discrete bin models are all within 2%. For nH = 106 cm−3, the
elative differences are larger as in the pure-advection models:
4% and 12% for the multispecies and discrete distribution models
espectively when N = 2, but fall below 5% for N = 4 for the
iscrete models and N = 8 for the multispecies models. Similarly
he maximum neutral temperature exhibits the same convergent
ehaviour although the variation is smaller, i.e. all relative dif-
erences are smaller than 5% except for the multispecies grains
or N = 2 when the variation is 6% and 10% for nH = 104 cm−3

nd 106 cm−3 respectively. Note that the maximum neutral tem-
erature for the nH = 106 cm−3 models is above 4000 K which
s when H2 dissociation becomes important (Draine et al., 1983).
hen molecular cooling is significantly reduced and it is unlikely
hat a C-type shock can exist in these conditions. However, as
e do not include H2 dissociation, the transition from C-type
o J-type shock does not naturally occur in our models. When
ncluding sputtering, more discrete bins are needed before con-
ergence of the shock properties. Furthermore, the multispecies
odels still need to include more multispecies grains than bins
eeded in the discrete distribution models, i.e. N = 8 compared
o N = 4.

When including sputtering the shocks widths are larger than
or the advection-only models. This can be readily explained by
he neutral-grain drag force: as the grains experience sputtering
he grain distribution alters. At the small grain radii the distri-

ution drops below the typical MRN distribution function (see
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Fig. 4. Shock structure for different models of a shock propagating at 25 km s−1 through nH = 106 cm−3 . From left to right: 1 grain species, 1 discrete bin, 16 grain
pecies and 16 discrete bins. Top panel shows the normal velocity in the shock frame of the neutrals, ions/electrons and grains normalised to the shock velocity,
hile bottom panel shows neutral, electron and ion temperatures as well as the absolute value of the grain charge.
Fig. 5. Shock width (solid line) and maximum neutral shock temperature
(dashed line) as function of number of multispecies grains (blue) or discrete bins
(amber) for vs = 40 kms−1 and nH = 104 cm−3 and including sputtering. The
green lines show the converged shock properties for the same model without
sputtering.

e.g. Fig. 7). As the smallest grains contribute most to the neutral-
grain drag, the total drag force decreases. To maintain the force
balance in Eq. (10) the shock width needs to increase (as j× B =

∇ × B) × B ∝ B2/L where L is the shock width). This can be
also inferred from Fig. 8 which shows the normal velocity for the
ion and neutral species for both advection and sputtering models.
While the ion velocity does not change between the models,
the neutral velocity shows a slower deceleration in the shock
frame. The deviation starts when the relative velocity between
the ions and neutrals gets above 25 kms−1. This corresponds
o the threshold for grain core sputtering (most grains move
ith the ions and electrons). As the distribution changes due to
puttering and the grain-neutral drag reduces, the neutrals are
ot decelerated as quickly as in the advection only model.
Furthermore the neutral-grain drag force also explains the

elative difference of 1–2.5% in the shock width between the
iscrete distribution and multispecies grain models contrary to
he convergence seen in the advection only models. We see in
5

Fig. 6. Shock width (solid line) and maximum neutral shock temperature
(dashed line) as function of number of multispecies grains (blue) or discrete
bins (amber) for vs = 40 kms−1 and nH = 106 cm−3 . The green lines show the
converged shock properties for the same model without sputtering.

Fig. 7 that the multispecies distribution function has the same
overall shape as the discrete power-law distribution function,
but lies a bit higher. This is because, in our models, grains are
assumed to be completely destroyed if their radius drops below
amin = 5 × 10−7. As the discrete distribution describes grains
with a power-law size-distribution in each bin, dust grains with
radii close to amin will lose enough mass due to sputtering to
reduce their radius below amin. In the multispecies grain model
with N = 8 grain species, the smallest grains, with radius ā0, do
not experience enough sputtering for their radius to be reduced
below amin. Hence, the number of grains remains constant in the
multispecies models and decreases in the discrete model. Note
that, if N becomes large enough in the multispecies models, the
smallest grains will be also removed from the distribution. This in
return changes the amount of drag experienced between neutral
and charged particles and changes the shock width.

While we already discussed the fact that the dust grains are
sputtered and that the grain-size distribution alters, we have not
discussed how the sputtering process affects different grain sizes.



R. Sumpter and S. Van Loo Astronomy and Computing 42 (2023) 100669

t

i
v
t
r

T
l
d
l
i
w
c
H
∆

a
n
W
d
A
m
l

t
t
s
i

t
S
o
t
a
e
b
o
t
T
a
t
t
l
n
t
g
u
w

Fig. 7. Grain size distribution normalised to the MRN distribution for both
he discrete (amber) and single-size (blue) models for vs = 40 kms−1 and
nH = 104 cm−3 with N = 8. The symbols show the total number density of
each bin or fluid (i.e. a2.5ni). The values for the discrete bins are positioned at
the average grain radius of the bin. The solid lines show the discrete distribution
function (amber) and the MRN distribution (green) (i.e. a3.5 dn

da ).

Fig. 8. Normal velocity in shock frame for a vs = 40 kms−1 shock propagating
n nH = 106 cm−3 . The solid line shows the ion velocity (red) and neutral
elocity (blue) for the model without sputtering, while the dashed line shows
he model with sputtering. The green dotted line shows the position where the
elative velocity difference between ions and neutrals is first 25 kms−1 .

his differs between the low and high density models. For the
ow density models, the grains contribute to the drag force, but
o not carry much of the charge. As a result, all dust grains have a
arge Hall parameter and move with the other charged particles,
.e. the electrons and ions. As the relative velocity difference
ith the neutrals is then the same for all grains, the rate of
hange of the grain radius da/dt is independent of grain radius.
owever, although all grains experience the same rate of change
a, its effect is more readily seen at small grain radii as it is
larger fraction of their initial size. Fig. 7 shows this effect by
ormalising the distribution with the initial MRN distribution.
hile the large grains still follow the initial MRN distribution, the
istribution at small grain radii has a smaller power-law index.
s seen before, both the multispecies models and discrete bin
odels produce similar results although the multispecies models

ie slightly higher. Sputtering actually removes about 13% of the
6

Fig. 9. SiO abundance for multispecies (blue) and discrete distribution (amber)
models with vs = 40 kms−1 (solid) and nH = 106 cm−3 (dashed), when including
sputtering.

total number of grains in the discrete model, while the multi-
species models do not lose any. Thus the difference is mainly due
to the normalisation with different total grain numbers. However,
we note that the mass lost in both the single-size and discrete
distribution models is similar at about 4% as the small grains that
are lost do not contribute much to the total grain mass. For the
higher density models, the grains do carry a significant amount
of the total charge. In fact, they dominate the free electrons in a
large region of the shock front. Due to the lack of free electrons
the large grains are close to zero or even positive charge and,
thus, have a small Hall parameter. The large grains then move
predominantly with the neutrals. As the dominant sputtering
projectile is H2, the sputtering yield from the larger grains is non-
existent. Only the small grains (up to 6 × 10−6cm) contribute
to the sputtering and release of grain material such as silicon.
However, the resulting downstream grain distribution function
has a similar shape as the one for nH = 104 cm−3 (Fig. 7) with
he large grains following the MRN distribution and a turn-over
o lower power-law indices at small grain radii. So, although
puttering acts differently at the two densities, this cannot be
nferred from the downstream distribution function.

As the dust grains loose mass due to sputtering, silicon returns
o the gas phase as SiO. Fig. 9 shows the post-shock abundance of
iO for both background densities. Again we notice a convergence
f the values as the number of bins or species increases. However,
he relative difference is quite small: the only relative difference
bove 5% is when using a multispecies model with N = 2 and
ven that is only 8%. All other models have relative differences
elow 2%. Note that the shape of the SiO abundance as function
f number of bins or fluids for nH = 104 cm−3 follows that of
he shock width, but does not for the nH = 106 cm3 models.
his is because, as discussed above, in the lower density model,
ll grains move together with the other charged particles and
he sputtering region within the shock front is a fraction of
he shock width. On the other hand, for the higher density, the
arger grains decouple from the magnetic field and move with the
eutrals. With lower number of bins or fluids, it is not possible
o correctly capture the velocity distribution across the entire
rain size distribution and the sputtering yield is either over- or
nderestimated and is no longer a constant fraction of the shock
idth as in the lower density models.
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. Discussion and conclusions

In this paper we implemented a discrete grain-size distribu-
ion method into a numerical multifluid MHD code as described
n Paper I. Such a description allows to capture the full size range
f dust grains and their dynamical effects. The only assumptions
ade are that grains within a single discrete bin have the same
elocity and charge. We tested the implementation by modelling
lane-parallel C-type shocks and compared the results with shock
odels of multispecies grain models.
For models without grain processing the advection of the dust

istribution function is to very good accuracy modelled by a
ingle discrete size bin even for models where the large and small
rains have a different velocity. The error in the characteristic
easures is 1% for nH = 104 cm−3 and only 6% for nH =

06 cm−3. This is not surprising in the low density case as all
grains have large Hall parameters and move with the same veloc-
ity as the ions and electrons throughout the shock front. However,
for the high density case, the large grains move not with the
electrons and ions. Then a single discrete bin still produces very
accurate shock profiles because the shock structure of C-type
shocks is dominated by the dust-grain drag exerted by the small
grains. Furthermore, the grain-size distribution does not vary
much from the initial distribution as it is advected through the
shock front. Contrary to the discrete bin models, shock profiles
produced with multispecies grains cannot reproduce the shock
structure with a single grain species. They actually produce much
hotter and thinner shock structures. The models require the use
of minimal 8 grain species for the shock profile to converge to the
same result as the discrete bin models.

Following the pure-advection models we considered the effect
f grain processing. In this paper we only take into account grain
puttering as the discrete bin models are directly comparable
ith multispecies grain models. We use the method described in
aper I for number-conserving processes. Similarly to the pure-
dvection models, the discrete bin models converge quicker than
he multispecies grain models. As the grain sputtering changes
he size distribution, especially at the smaller size range, the
istribution no longer can be described with a single bin, but
as to be increased to about a minimum of 4 bins. The main
eason for this is that sputtering changes the grain size distri-
ution throughout the shock as material is removed from the
rains. However, this is still less than for the multispecies models
hich need a minimum of 8 species. The converged results of
he multispecies and discrete bin models are not identical but
imilar to a relative error of a few percent. This is because the
puttering process is treated slightly different in the two models,
.e. in the discrete bin models grains with radii below amin are
emoved from distribution.

We find that sputtering increases the shock widths of the
-type shocks as this grain process removes a fraction of the
mall grains and, thus, reduces the dust-grain drag balancing
he Lorentz force. Furthermore, as material is removed from
he grains, SiO is released into the gas phase. While sputtering
as a large effect on the shock properties, especially for the
ultispecies grain models, the effect on the SiO abundance is
uch less. The relative error when modelling the distribution
ith N = 2 discrete bins or multispecies grains is less than
0%. Furthermore the fraction of Si removed from the grains is
n agreement with the results of Van Loo et al. (2013) whose
odels did not include the mass loss of the grains in determining

he shock structure. Because only a small part of the shock front
ontributes to sputtering and thus to releasing SiO, the dynamical
ffects do not have a significant impact on the sputtering result.
Our results show that the implementation of the dust distri-

ution function within a multifluid MHD code modelling C-type
7

shocks is successful as the piecewise power-law and multispecies
grain models converge. The only assumption that remains is
that the velocity of the grains in each bin is equal. Therefore
this method can be readily applied to other problems in which
single or multispecies dust models have been used such as in
e.g. dust transport and evolution in galaxies and protoplanetary
discs. Most studies in these research areas either follow the
dust distribution evolution (Asano et al., 2013; Aoyama et al.,
2018; Granato et al., 2021) or the transport of a single dust
species (Kanagawa et al., 2018; Hu and Bai, 2021). However it is
obvious that the dust distribution affects the dust dynamics and
vice versa. Recent studies of planets in protoplanetary discs (e.g.
Drażkowska et al., 2019; Karlin et al., 2023) reveal the interplay of
multiple grain species on each others dynamics. Also, simulations
of the streaming instability which plays a role in the early stages
of planet formation show that, when multiple dust species are
considered, the resulting instability growth rate depends strongly
on the number of dust species considered (Krapp et al., 2019). Zhu
and Yang (2021) show that, in the regime of slow growth rate, the
number of species required to achieve convergence of the growth
rate is very large (of the order of 1000 species). It is clear that
the discrete power-law method would be highly beneficial in this
case.

The only other method incorporating dust dynamics and grain
size evolution in hydrodynamical simulations is by McKinnon
et al. (2018) who use a piecewise linear method in the moving-
mesh code AREPO. They demonstrate its applicability on de-
termining the contribution of different grain processes, such as
sputtering, shattering, coagulation and dust growth on setting
the dust grain size distribution. However, they do not investigate
the resolution of the dust distribution on the results. In Paper I
we showed that the piecewise power-law method needs signif-
icantly less bins than the piecewise linear method to achieve
the same accuracy. With a minimum of 4 discrete bins for just
modelling grain sputtering using the power-law method, this
means that it is unclear whether the piece-wise linear method
is useful in practise. In a subsequent paper we will investigate
the additional effect of grain shattering and vaporisation on the
dust-distribution throughout a C-type shock and compare it to
the piecewise linear method.
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ppendix A. Grain charge calculation

The calculation of the equilibrium grain charge is modified
ith regard to the previous models of Van Loo et al. (2009, 2013),
here grains are always assumed to be negatively charged. In this
aper we relax that assumption.
Our strategy of calculating is similar to the one of Draine and

utin (1987) and Havnes et al. (1987). For average grain charges
¯g of order unity, we calculate the equilibrium charge probability
istribution f (Zg ) using

e(Zg )f (Zg ) + Γi(Zg )f (Zg − 1) = 0, (A.1)

here Γe(Zg ) is the current of electrons and Γ (Zg ) the current of
ons onto grains carrying a charge of Zg and, then, calculating the
verage from

¯g =

∑
Zg

Zg f (Zg ). (A.2)

n the other hand, for larger values of |Z̄g |, we use

e(Z̄g ) + Γi(Z̄g ) = 0. (A.3)

or both calculations we use the currents as expressed by Havnes
t al. (1987). If Zg ≤ 0, the expressions are

i(Zg ) = πa2nie
c2i
2vig

{(
1 + 2

(
vig

cj

)2

− 2Zgξi

)

× erf
(

vig

ci

)
+

2(vig/ci)
√

π
exp

(
−

(
vig

ci

)2
)}

, (A.4)

nd

e(Zg ) = −πa2nee

√
8kbTe
πme

exp(Zgξe), (A.5)

hile, for Zg > 0, we use

i(Zg ) = πa2nie

√
8kbTi
πmi

exp(−Zgξi), (A.6)

nd

e(Zg ) = −πa2nee

√
8kbTe
πme

(1 + Zgξe), (A.7)

here a is the grain radius, ni the ion number density, ne the
lectron number density, vig the relative drift velocity between
he grain and the ions, ci the sound speed of the ions and ξ =
2/akBT . Note that the expression for Γi(Zg > 0) implies that the
elative velocities between the grains and the ions are smaller
han the ion sound speed. This assumption is made because it
ignificantly simplifies the calculation of the grain charge.
Using the expression of the current, Eq. (A.3) can be expressed

s

+ βφ − exp(−φ) = 0, (A.8)

here φ = |Zg |ξ for both negative and positive values of Zg and
and β are positive constant that depend on ni, ne, Ti, Te and

gi. This transcendental equation is similar to the one obtained
y Spitzer (1941) and can be easily solved using Halley’s method
hich has cubic convergence (while Newton’s method is only
uadratic). Then, for each different grain size we can calculate
ts grain charge. However, as a plasma is charge-neutral, that
s −ne + ni +

∑
j Zg,jnj = 0 and the dust grains in the ISM

re predominantly negatively charged, this can only be achieved

f the electron density is a free parameter. Consequently, the

8

equilibrium condition is only found by iteratively calculating the
grain charges and then the electron density ne, until all converge.
ote that Eq. (A.8) only has a root if α < 1 which in effect puts
lower limit on ne. If we ignore the relative velocity of the ions
nd grains or vgi = 0, we find that this corresponds to

e,min ≈ ni

√
Ti
Te

me

mi
. (A.9)

When this situation occurs, the small grains in the distribution
are negatively charged, while the larger grains become neutral or
positively charged, as can be seen, for example, in Fig. 4.

Appendix B. Charged particle velocities

In a weakly-ionised plasma the momentum equations for a
charged species i reduce to

αiρi(E + vi × B) + ρiρnKin(vn − vi) = 0, (B.1)

where ρi is the density of the charged particles, ρn the neutral
density, αi the charge-to-mass ratio of the charged species, Kin the
collision coefficient between the neutrals and the charged species,
vi the velocity of the charged species, vn the neutral velocity, E the
electric field and B the magnetic field. Combined with Ohm’s law,

E = −vn × B + r0
J · B
B2 B + r1

J × B
B

− r2
(J × B) × B

B2 , (B.2)

with r0 the resistivity along the magnetic field, r1 the Hall resis-
tivity, r2 the ambipolar resistivity and J the current, we can derive
the charged velocities.

It is often easier to work in the frame co-moving with the
neutral fluid. Using ui = vi − vn we can rewrite Eq. (B.1) as

(E∗
+ ui × B) −

B
β
ui = 0, (B.3)

where we also substituted in the Hall parameter of the charged
species βi = αiB/ρnKin and E∗

= E+ vn × B is the electric field in
he neutral frame. This equation can also be expressed in matrix
orm as⎛⎜⎜⎜⎜⎜⎝

B
βi

−Bz By

Bz
B
βi

−Bx

−By Bx
B
βi

⎞⎟⎟⎟⎟⎟⎠
( ux,i

uy,i
uz,i

)
=

⎛⎝ E∗
x

E∗
y

E∗
z

⎞⎠ . (B.4)

It is then straightforward to find the charged velocities from

( ux,i
uy,i
uz,i

)
=

⎛⎜⎜⎜⎜⎜⎝
B
βi

−Bz By

Bz
B
βi

−Bx

−By Bx
B
βi

⎞⎟⎟⎟⎟⎟⎠
−1⎛⎝ E∗

x
E∗
y

E∗
z

⎞⎠ , (B.5)

as long as the matrix is invertible. As the determinant of the

matrix equals B3
βi

(
1 +

1
β2
i

)
, we find that this is satisfied as long

as βi is not too large. However, this cannot be guaranteed in
simulations making the numerical scheme unstable.

In order to avoid this from occurring, a different choice of
coordinate frame is necessary. We set the z-axis along the mag-
netic field and the x-axis along the current perpendicular to the
magnetic field, i.e. B = (0, 0, B) and J = (J⊥, 0, J∥). This simplifies
the expression for the electric field to E∗

=
(
r J , −r J , r J

)

2 ⊥ 1 ⊥ 0 ∥
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a⎛⎜⎜⎜⎜⎜⎝

w
f⎛⎜⎝
A

i

u

a

u

T
u

nd Eq. (B.4) to
B
βi

−B 0

B
B
βi

0

0 0
B
βi

⎞⎟⎟⎟⎟⎟⎠
( ux,i

uy,i
uz,i

)
=

⎛⎝ E∗
x

E∗
y

E∗
z

⎞⎠ . (B.6)

We can see that the velocity along the magnetic field can be
calculated easily as

uz,i =
βi

B
E∗

z = r0
βi

B
J∥, (B.7)

hile the velocities perpendicular to the magnetic field can be
ound from

B
βi

−B

B
B
βi

⎞⎟⎠( ux,i
uy,i

)
=

(
E∗
x

E∗
y

)
. (B.8)

s the determinant of the matrix equals B2
(
1 +

1
β2
i

)
, this matrix

s unconditionally invertible and we find

x =
β2
i

1 + β2
i

(
r2
β

− r1

)
J⊥
B

, (B.9)

nd

y = −
β2
i

1 + β2
i

(
r2 +

r1
βi

)
J⊥
B

. (B.10)

his solution shows that, for βi → ∞, ux,i = r1J⊥/B and
y,i = r2J⊥/B, while, for βi → 0, both ux,i and uy,i are zero

and the charged particles move with the neutral, as expected.
Furthermore, using J =

∑
i αiρiui and substituting the charged

velocities from Eqs. (B.7)–(B.10), we find that J = (J⊥, 0, J∥),
as required. Thus, this way of deriving the charged velocities is
robust although it does require extra calculations to rotate the
frame of reference, first, along the local magnetic field and then
back to the original frame.
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